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ensor-structured methods In R basic rank-structured tformats

Rank-structured representation of higher order tensors

A=laj. i ] €RMXXnd L=1,....d,

for n; = n, N = n? —“curse of dimensionality”.

= We need structured representation of tensors:

Tensor product of vectors u(f) = {uff)}}’ﬁzl € R'¢ forms the canonical rank-1 tensor
Agy=uM @ ... ®u? = [z,

with entries u; = ufll) ol Storage: dn << n9.

ig

Definition 3. The canonical format, Cg

R
A(R) = Zk:lckuil) X...Q u,((d), ck € R, (1)

with normalised u,(f) € R" and the canonical rank < R.
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ensor-structured methods In X basic rank-structured tformats

Tucker tensor format

Definition. Given the rank parameter r = (r1, ..., ryq), define the Tucker tensor format [Tucker '66].
_ n rd (1) (d)
A(r) 721/1:1'“21/‘1:1/81/1..&‘1 Vi ®~-~®Vud 3 (2)

with orthonormal v,%) €V, =R’ (1 <y, <rp), and the core tensor

B = [ﬁul,...,ud] € By = RMXXMd

Using side matrices v = [vfz) oo vSf)] € R" X" and tensor-by-matrix contracted product,
A(r) = ﬂ X1 V(l) X2 V(z) X3 ... Xyg V(d).

(3)
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Storage: r 4 drn < nd.
W Tensor methods in quantum chemistry
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ensor-structured methods In X basic rank-structured tformats

Mixed Tucker-canonical (TC) tensor format

R
Ay = <Z b ..o ug’)) 21 V) sy V) g VIO,
k=1

3 B
. (3 KE)
Z g bl/— + *b/_r

|:|'2 . | @ Ru@

3
v@ " o) u(rl)
R<=r2
nd 1 d+drn

Advantages of the Tucker tensor decomposition:

1. Robust algorithm for approximating full format tensors of size n.
2. Rank reduction of the rank-R canonical tensors with large R.

3. Efficient for 3D tensors since r* is small.

he (th W Tensor methods in quantum chemistry 5 /37



ensor-structured methods In K" lensor product operations

Multilinear operations in canonical tensor format

Ry
=S aule. . eu’ Z boviy) ® ... @ v
k=1

Euclidean scalar product (complexity O(dR; Ran) < n9),

R Ry
(A1, A2) ZchbmH@k V).
k=1 m=1
Hadamard product of Aj, Az
R Ry
A1 © Ay = Z Z Ccikbm (u,El) ® v,(,,1)> ®...® (u,((d) ® v,(nd)> .
k=1 m=1

Convolution, for d = 3 (complexity O(RiRanlogn) < n3logn (3D FFT))

R R
AL x Ay = Z Z ckbm(u,(,}) * V,EI)) ® (u,(,?) * V,EZ)) ® (u,(,?) * v,((3))
k=1 m=1




ensor-structured met

lensor product operations

The unfolding of a tensor along mode £ is a matrix
Ay = lag] € R X (Mes1-nam - ne—1)

whose columns are the respective fibers along /-mode.

I )

Given a tensor A € R1%-ld and a matrix M € R%¢*/t, we define the mode-¢ tensor-matrix
product by
B=A X g M € Rll><...><IZ_1><JZ><I£Jr1...><ld7

ng
where by oy jesig—1,mnig = ‘Zl iy, ip—tigrig—1,eerig Migde>  Je € Jo-
lg=

"
3
n3 n3
"2 2
X —_ q
" 1

he (th W Tensor methods in quantum chemistry 7/37



[ S lg VeV ¢=To i T=idgTe L OIS Sl VVy lucker was important

Tucker tensor approximation

Multilinear algebra for the problems of chemometrics, psychometrics, data processing, etc.
[Tucker '66, De Lathauwer et al, 2000]

Ao €Va: f(A):=|Ay) — Aoll> = min over A€ T,. (3)

The minimisation problem is equivalent to the maximisation problem
T T2
gV v(@) .= HAO 1 VIOT o xy v H —5 max (4)

over the set of V(8 ¢ Rrexre,
For given V{9, the core 3 in minimizer of (3), A =B X1 VD xp . xg V@ is

B=Agx1 VDT 5 xy VT g X xra

Complexity for d = 3, O(n* + n®r + n?r? + nr3), r = maxy ry.

For function related tensors, [B. Khoromskij 2006]:

||A(,) — Aol < Ce™ ", with r = mlin re.




ensor-structured methods In K" VWhy lucker was important

Full-size tensor to Tucker

Algorithm ALS Tucker (Vi — T.n). Given the input tensor A € V.

o

9

Compute an initial guess VO(Z) (¢ =1,...,d) for the £-mode side-matrices by truncated SVD
applied to matrix unfolding A(g) (cost O(n?*1)).

For k =1 : kmax do: for each g = 1,...,d, and with fixed side-matrices v(0) ¢ rrxre,
£ # q, optimise the side matrix V(9) via computing the dominating rg-dimensional
subspace (truncated SVD) for the respective matrix unfolding Bqy € R"*7,

Tq = rn..rq—1rq+1...rq, corresponding to the g-mode contracted product

By =Ax1 VT x . xq VDT v@DT oy y@T

Each iteration costs O(drY"nmin{r9=1 n}), since 7; = O(r?~1).
Compute the core 3 as the representation coefficients of the orthogonal projection of A
onto Tn = ®¢_, Ty with T, = span{v}}/* ,,

B=Axi VO x x,v@T ¢B,,

at the cost O(r%n).



ensor-structured methods In X

VWhy lucker was important

Functional Tucker approximation [B.N. Khoromskij, VKH '06 (CEJM '07)]

fx), x = (x(1), x() xB))T ¢ &3 is discretized in [a, b]3. Sampling points: x;;) =ap + (ip — %)(bn—;), ig=1,2,...np.

= We generate a tensor A € R X2 X113 with entries a = f(xl_(l), X;2)v x‘(f)),

B @
o u
5o .
o
o - "

ny

8o, oy -

P w0

& .- |

L I .
. - s - v o 4
gy RGN ) (]
, 1140 — Al 140l = 1A I maxie 7 129, — 3|
Example: Slater function f(x) = exp(—«||x||), Egy = Aol Epg = Mo T , Ec = Wv

ortagonalvcirs, 26
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ensor-structured methods In K" VWhy lucker was importan

Multigrid Tucker for 3D periodic structures

[VKH "10 (TU Berlin, dissertation)]

Complexity for d = 3: O(

Slater function, MZA Tucker,

n3) (instead of O(n*)).

N (solid), EEN (dashed)

===n=512
- - +n=256
10 - [===n=128 ;
=64 N

==en

2 6 8 10 12
Tucker rank

The “multi-centered Slater potential“ obtained by displacing a single Slater potential with
respect to the m x m x m spatial grid of size H > 0, (here m = 10)

m

g(x) = Z i i e—a\/(x1—iH)2+(X2 —jH)?+(x3—kH)?

i=1 j=1 k=1




ensor-structured methods In K" Canonical to lucker tensor approximation

Canonical to Tucker Approximation

[B.N. Khoromskij, VKH 08 (SISC '09)] T heorem.
Let A€ Cry. Then the minimisation problem

A€CrA CVn:  Ag =argminyer, , [A— Vv, (5)
R 2
(zM, ...,z = argmax ()¢ pq, || 2 v (V(l)T ul(})) ®..® (V(d)T ul(/d)) 7
lv=1 v,

Init. guess: RHOSVD Z{") = the truncated SVD of U(® = [u{?...u{")],
under the compatibility condition

re < rank(U®))  with U = [ugz)...ug)] e R™R,
Error bounds for RHOSVD

d min(n,R)

R
A=A < el S0 S 22 where [lc? =0 &
v=1

(=1 k=rp+1
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ensor-structured methods In Canonical to lucker tensor approximation

C2T + T2C rank reduction

[B.N. Khoromskij, VKH '07 (SICS '09)]

R
1 2 3
A= ch®u,(()®2ug()®3u,(()
k=1
(©)
u 3)
ny ! n, L}R
" //"2 Y, 'ty a .
L‘%) ot Tg) — %y T2 1
I’\l "l n1 nl " "t
o ) =
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ensor-structured methods In Canonical to lucker tensor approximation

Tensor formats for higher dimensions

Matrix product states tensor factorization (MPS): [white 1992], [Cirac, Verstraete 2004] [Vidal 2003]
(reinvented as tensor train format by [Oseledets, Tyrtyshnikov 2009])

— H nlXny X n3Xng Xn r—1Xr — —
Qi ,in,igsia,is = H Bi(ix), A€ER 2 4205 B € Rk=17"k g =r5 = 1.

Quantized tensor format (for function related vectors/tensors):[Knoromskij 2009, (CA '11)]
2t >> 2112, r=1 for e_o‘”XH, r = 2 for sin(x), etc.

N=2
L=log N=3

o @ r @ﬁ/h/




ensor-structured methods In R

Grid-based approaches and related tensor formats

]
]

Sparse grids: M. Griebel, H. Yserentant, C.Schwab, et al. 1990.

Wavelets with canonical format: G. Beylkin, M. Mohlenkamp (2002),
R. Schneider, H.-J. Flad, W. Hackbusch, B. Khoromskij (2005).

Functional Tucker, canonical-to-Tucker transform (2006-2008)
tensor-structured numerical methods, 3D convolution integrals (2008)
V. Khoromskaia, B. Khoromskij.

3D grid based solvers for the Hartree-Fock equation (2009-2012),
3D grid-based TEI (2011-12):

V. Khoromskaia, B. Khoromskij, H.-J. Flad, R. Schneider.
Matrix Product States, Tensor Train (TT):

S. White (1992), Cirac, Verstraete (2004),

I. Oseledets, E. Tyrtyshnikov (2009).

Quantized vector/tensor low rank approximation:

B. Khoromskij (2009).

QTT library:

I. Oseledets, B. Khoromskij, S. Dolgov, et. al. (2009-2012).
Hierarchical Tucker, hierarchical SVD of tensors:

W. Hackbusch, L. Grasedyck (2009). D. Kressner, C. Tobler, (2010)

Best TT approximation:
R. Schneider, T. Rohwedder, S. Holtz (2010-2012).
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The Hartree-Fock equation, standard Galerkin scheme

Nonlinear eigenvalue problem

1
.FQD;(X) = (_EA + Vet Vi — ’C)(,O,(X) =X ‘:DI(X)7 i=1,..., Nop.

Norb
The Fock operator F depends on 7(x,y) =2 > pi(x)ei(y).

T(y,y) 1 7(x,y)
Feo A / dylp — - / ———= p(y)dy.
Z Hx—a»H g3 [Ix —yll 2 Jrs Ix =yl

Numerical challenges: high accuracy, 3D and 6D singular integrals, strong nonlinearity.
Standart computational scheme.

Expansion of molecular orbitals in {g,}1<,<n,.

b
:Zci#gl—b(x)v i=1,..., Norb,
yields the Galerkin system of nonlinear equations for coefficients matrix C = {Cfu} € RNorb X Np
(and density matrix D = 2CC* € RNo*Ns)
F(C)C =SCA, A =diag(X1,...,\n,), c’sc = Iny,

where F(C) = H+ J(C) + K(C).
m Tensor methods in quantum chemistry 16 / 37



LI LR ST g Ve V=T Vg [ gle: | g {cidg [o]s Ol | he Rartree-Fock (RF) equation

Standard Galerkin scheme

Precomputed: core Hamiltonian H = {h,. }

1
By = f/ Ve - ngdx+/ Ve(x)gugvdx 1< v < Ny
2 Jgr3 R3

and two-electron integrals (TEI)

_ 81 (x)gv(x)gx (v)er(y)
buun)\ - Aa 43 IIX—yII d dy

Then the EVP

F(C)C = SCA
is solved iteratively, using DIIS [puiay '80] and updating F(C) = H + J(C) + K(C),
N, 1 Np
J(C)I—LV = Z b;l,V,K>\DI€>\7 K(C) = _5 Z b,u,)\,VKDnA'
KyA=1 Ky A=1
The ground state energy
Norp Norb
Eur =2 x> (3 -K),
i=1 i=1

where j,' = (QD,', VHQD,') and R,' = ((p,', K(p,').

17 / 37
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Competing grid-based tensor approach to computational quantum chemistry

Benchmark packages (analytic): MOLPRO [wemer et al, GAUSSIAN, CRYSTAL, ...

Grid-based tensor methods in HF calculations: [khoromskij, VKH, Flad, 2009, Sisc '11],

» Example of a compact molecule computed by tensor method: Alanin aminoacid

» 3D lattice structure

» Grid-based tensor numerical methods look promising for computation of
structured extended systems and periodic compounds.

18 / 37
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Basic building blocks

[VKH, Khoromskij '08 - '13]
Canonical, Tucker and QTT tensor arithmetics.

Grid basis {g. }, and core Hamiltonian in (O(n) and O(log n) operations.

Fast 3D tensor convolution in O(nlog n) operations.

Direct/redundancy free factorizations of TEl matrix B = [by,.x2] € RN XN,

Cholesky decomposition (e-approximation) of B:
Compute columns and diagonal of B using precomputed factorization,

B = mat(B) := [bu,xa] ® LLT,  Rg = rank:(B) = O(Np).

QTT compression of the Cholesky factor L € RN; < Rs Ng = N2

orb’

N~ 10N,,p.
» DIIS self-consistent iteration (standard in quantum chemistry).

MP2 energy correction via tensor factorizations.



LI LR ST g Ve V=T Vg [ gle: | g {cidg [o]s Ol | he Rartree-Fock (RF) equation

Discretization of 3D basis functions

(1)
%, 9%

- o -b X1 X1 b

The computational box: [—b, b]3, b= 15 /Z
n x nx n 3D Cartesian grid, n~ 10°

£(x) = pr(x1, x2, x3) ek +E)

the continuous basis functions gix(x) : lo : gk = Bk := Y 8k (xi)Gi(x)-
i€l

wMMm:amlhﬂ(m—mlz&wwwwwzma

rank-1 tensors: Gy = G,El) ® G,E x-Ye ,E ), with G = {gk (xe,ip )} 1 € Rle.



LI LR ST g Ve V=T Vg [ gle: | g {cidg [o]s Ol | he Rartree-Fock (RF) equation

Example: 3D grid-based Hartree potential in 1D complexity

Norp

Vy(x) ::/]R Mdy p(x) 722(#73 , x€R3

s lx =yl
b
@a(x) = Z Caugu(x)7 a=1,.., Norb,

Norp [ Np  Np

Z Z Z CkaCraGr © Gy

a=1l \k=1X=1

©
Q
O]
Il

= Zc um®um)®u,(n), u%) G(Z)GG()GR".

R,(CHs) = 1540, R,(CyHe) = 4656, R,(H,O) = 861
Multigrid C2T + T2C tensor rank reduction: © = @’

rank(@) ~ 10* =  rank(®’) ~ 10°.



tart of tensor-structured numerical methods [[{BRe(elgi]sl{><1AY
Example: 3D grid-based Hartree potential in 1D complexity [Khoromskij, VKH "08 (SISC 2009)]

The Newton kernel Py = [<|I_>1<H’C'>] G p-w.c.,

by sinc-quadratures. Rank(Ppy) ~ 20 = 30. [Bertogiio, Khoromskij '08 (CPC 2012)]

The tensor-product convolution [kneromskij '08], (accuracy O(h?))

VH = p * ﬁ ~ @l * PN
RPr RN
= Z Z Cry by (”S/) * v,El)) ® (”,(j/) * v,EZ)) ® (ul(:,) * v,£3)) .
m’/=1 k=1

The Coulomb matrix

KO = [ 8l VH(g (e ~ [ B (OVi(E ()

~ (G, ® Gy, 0 xPy), 1< v < Np.

WC*C = O(Rp, RNn Iog n)

he (th W
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tart of tensor-structured numerical methods [[fi8BReleIi]s1{>>414Y

Tensor-product convolution vs. 3D FFT

[Khoromskij, VKH "08 (SISC 2009)]

The cost of computation of Vi by tensor product convolution (1D FFT):

Ncwc = O(Rp, Rynlog n)
instead of O(n®log n) for 3D FFT.

[ n®[128% [ 256° | 512° | 1024% | 2048 | 4096° | 81923 | 16384 |

FFTs3 4.3 | 55.4 | 582.8 | ~ 6000 - - — | ~ 2years
CxC 0.2 0.9 1.5 8.8 20.0 61.0 | 157.5 299.2
c2T 4.2 4.7 5.6 6.9 10.9 20.0 37.9 86.0

CPU time (in sec) for the computation of Vi for H>O.

(3D FFT time for n > 1024 is obtained by extrapolation).

" he Tth W
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tart of tensor-structured numerical methods [[{BRe(elgi]sl{><1AY

Example 2: TS computation of the exchange matrix

[VKH, 2010]
_ x)pa(y) _
Kkm-_ ‘ g(y)dXdy7 k7m_17"'Nb
-y
1. Convolution
(v)gm(y) -
Wa,m(x) = / Mdy ~ Wam:=|GnO® chaGu * Py,
R3 [x =yl v=1

2. Scalar products

Np

Vkm,a - / QDa(X)gk(X)Wa m(X)dX ~ Vkm a = Gk ) Z C;LaG,u, 7Wam>~
R3

p=1
3. The exchange matrix

Norp

Kkmfzvkma

24 /37
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Grid-based two-electron integrals (TEI)

[VKH, Khoromskij, Schneider, '12]

X)8v X e
#unk / / g,u( & )g (y)gk( )dXdy = (GM O Gy, Py * (Grc ®© GA)>n®3 5
R3 JR3 [Ix =yl

GN — Gﬁl) ® G;(E) ® GE”) c Ranxn.

6 =6l 0 6] eR™M 1—123
# Y licppsn, B

Factorization (“1D density fitting”) by Cholesky decomposition of GO,

GO = yyOT &) c grxRe () ¢ RM*Re

= number of convolutions is reduced from Ng to Ry < Ny,
n = 32768 (up to 131072),
N2 ~ 28000 (40000 for alanine):

e-rank reduction for glycine: : AN
from N2 = 28900, to Ry ~ 100 -+ 220.
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Fast convolution via tensor approximation of Green's kernel

Tensor approximation of the Newton kernel using Laplace transform and sinc-quadratures:
[Gavrilyuk, Hackbusch, Khoromskij '08]

[Bertoglio, Khoromskij "10]
Green's function for A in R3, via (2M + 1)-term sinc-quadrature approximation

L [ 2Py S I 3 mthed P
mio ¢ tNZCke 7ZC’<H£:16 Co RN

k=—M k=—M
P € R"™MX1 can. rank of Par Ry < 30.

Tensor-product convolution, O(nlog n):
[Khoromskij '08]

[Khoromskij, Khoromskaia '09]

RE Ry
Ux Py = Z Z ckbm(u,(,}) * pl((l)) ® (u,(,f) * p,(f)) ® (u,(,?) * p,Ea))
k=1 m=1
| n® [ 5123 [ 1024% | 2048% | 4096% | 81923 | 16384° | 32768° |
FFT3 [ 37.5 [ 350.6 | ~ 3500 - - — [ ~ 1.2 years
Cre *Cry | 24 6.7 14.6 44 107 236 535

CPU time (in sec) for TEl: ﬁ * gugv, kv =1,...,Np, €= 1077,
HoO, Ny =41, Meletl) R — 71, Ry =27.
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Factorized TEI

The Newton kernel: P(Y) € R"™RN are the factor matrices in the rank-Rxs canonical tensor
PN E RHXHXH.

&, 3 BIVIGV.OM N2 x N?

BB =Y 0f_,VOMOIVE e RN >N

k=1

with the convolution matrix
MO = uOT (PO 4, Uy e RRXRe . k=1, Ry

The diagonal elements and j-column in the TEl matrix B :

Z@l VO MOV

Rnr
. 4 ~T
B(:,j) = Z @2:1 v M,E )V(Z)(HJ)
k=1
Cholesky decomposition (e-approximation)
B := mat(B) = [by,\] & LLT, L€ RMoxFRe,
with Rg ~ Np.

Representation complexity of B using the quantized tensor format can be reduced to O(NbNorb)
(instead of O(N3)). (Np ~ 10Np).



eyl (- Core Hamiltonian

Laplacian in Gaussian basis

[VKH, Andrae, Khoromskij, CPC'12]
For a function in Gaussian basis {gx(x)}1<k<n,, X € R3, the 3D Laplace operator

Ag = {agm} € RMoXNo  with ay, = (Agk(x), gm(x)).
The discete 3D Laplace operator A3z € R xn?
As =2 01D g1 110 gAP g1 110 g1 gAY,

where Ay = }tridiag{—1,2,—1}.
Given G, = 6" ® 6P ® G, Ag ~ A = {3km}

3m = (8:GY, G(l))<G£2),G,(n))< ﬁ%cﬁ))
+(6". e a6 6Py 6

+(6Y, 6y (6P, G&)><Alc£3>, )
- <A3Gk7Gm>'

Complexity (O(n)).

Quantized tensor approximation of O(log n) complexity introduced in [Khoromskij '09,'11]
is used for quantized tensor calculation of the Laplacian in [Kazeev, Khoromskij, '12],



eyl (- Core Hamiltonian

Laplacian in Gaussian basis

[VKH, "13]
15 16 17 18 19 20
n® = 2% | 32767° 655353 1310713 2621433 524287° | 1048575°
[ err(Ag) | 0.0027 [ 6.8-10~* | 1.7-10°* [ 42-10°> [ 1.0-10~> [ 2.6-107° |
| RE | - | 1.0-107° | 8.3-10°° | 261077 | 33.10°10 | 0 |
[ time (sec) | 12.8 ] 17.4 | 25.7 | 42.6 | 77 ] 135 |
Aay 49 12 3 0.7 0.19 0.0480
RE - 0.3 0.0014 | 33-10° | 33-10—° | 3.3-107°
3D grid-based quantized tensor calculations for the water molecule (H2O):
accuracy and times vs 3D grid size for the Laplace Galerkin matrix err(Ag)
(discretized basis of N, = 41 Cartesian Gaussians).
m Tensor methods in quantum chemistry 29 /37



eyl (- Core Hamiltonian

Tensor-based nuclear potential

[VKH, Andrae, Khoromskij, CPC’'12]
[VKH, '13]

M
VC(X Z ”X_a&” Zo >0, aq GRa, PC:ZZaPC,Ou

Vim = [ | VelEk()En()dx % (6 ® G, Pe), 1< kom < N,
R

V. for ethanol molecule (C2HsO0H) at two levels: z =0 and z = 0.75 au,

Tensor methods in quantum chemistry
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eyl (- Core Hamiltonian

Tensor-based Core Hamiltonian

Laplace and nuclear potential calculations for CHg, (N, = 55).
Difference between the 3D grid-based and analytical calculations in Galerkin matrices

A — Acll Ve — Vsl
Er(Ag) = —————, Er(Vg)=————"
Al vl
N3 =2% T 81923 163843 32768° 65536° | 1310723
h(in au) | 0.0036 0.0018 | 89-10~* | 44.107% | 22.10~*
[ Er(Ag) | 0.02 ] 0.052 ] 0.0013]32-10 %] 8-10° |
| RE ] - [26-10-% ] 0]20-107°5]17-10"8 |
[ Er(Vg) ] 0012 0.0029 [ 7.0-107* [17-10-% ] 43-1075 |
| RE | -[26-1007]20-10°[3.0-10°]1.2-10°7 ]

Note: 2.2 - 10~ %au = 1.164 A = 11.64 femtometers (10715 m), which is ~ to size of atomic radii in a molecule
(Atomic radius of Oxygen is 60 pm, Hydrogen 25 pm.)

o
1fm =10~ 15 m, 1pm = 1012 m, 1 A= 10710 m.

e (th W Tensor methods in quantum chemistry 31 /37
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Self-consistent iteration for nonlinear EVP

[VKH, '13, preprint]
[VKH, Khoromskij "13]
EVP algorithm for black-box solver:

F(C)C =SCA, F=Ho+ J(C) - K(C),

@ |Initial guess for J =0, K =0, F(0) =
@ solve EVP [Hp + J(C) — K(C)]C = SCA .
@ Update of J(C) and K(C):
> Coulomb matrix: given D = vec(D),
vec(J) = BD ~ L(L" D).
> HF exchange: using D =2CCT and B = LLT,

Nors Rg

;Lu - - Z Z Z L;L/\kC/\I)(Z Canuk)

i=1 k=1
[L,vk] = reshape(L, [Ny, N, Rg]) is the N, x Np, x Rp-folding of the Cholesky fact. L.

@ DIIS for providing convergence.



~ black-box HF solver

scheme “ADb:

TEI based nonlinear 3D EVP solver

[VKH, 2013]
DIIS iteration for amino acids glycine (C; HsN O) with TEI on n® = 1310723
and alanine (C3H7N O3) with TEl on n® = 327683.

Gycine, TEIwih 131 Alanine, TE1wih n=32k

—errin Lambdal
Residual
10° —Error in EO 10° ——Error in E0
10° 10°
10 10
10 10 20 30 40 50 60 70 10 10 20 30 40 50 60 70

75,06
76.021]
76.008]
76,029

-76.03]

5021 ‘WQG—
~s0f 75032

H,O: iteration with core Hamiltonian on 1310723; convergence in energy; last k + 27 iterations.



based extended and periodic systems

Grid-based calculations of large extended/periodic systems

[VKH, Khoromskij Preprint MIS MPG'13]
Main ingredients in tensor approach:

@ Computing large lattice sums of the Newton kernels.
@ Lattice-structured TEI computation.
@ Block-structured representation of the Fock matrix.

@ Fast diagonalisation of the Fock matrix.

/ o .
y 0.74 A .

. o3 o
Flgu F'€. The periodic structure of the size 4.5 X 4.5 X 1.5 A in the box [—b, b]3, with b = 16 au (~ 8.5 A).




rid-based extended and periodic systems |[[olyf-gg:Tof-{-R ol {IdE] )

Lattice sums of electrostatic potentials by assembled tensor approximation

Fast and accurate calculation of lattice sums of electrostatic potentials (absolute accuracy 10~14)

o. 0.
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0.4 0.4

0.3]

0.2]

0

0.5

04
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IV I N

10 s 0 5 10

Assembled vectors along x- y- and z-axis, for a cluster of 32 x 16 x 8 Hydrogen atoms
in a rectangular box of size ~ 55.4 x 33.6 x 22.4 au® (Dirichle bound. cond.).
The resulting sum of 4096 nuclei potentials at cross-section with z = 0.83 au.
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rid-based extended and periodic systems

Resume

¢ €& ¢ ¢

¢ & ¢ ¢

Development of the tensor-structured numerical methods resulted in a
“black box" solver for the Hartree-Fock equation in a general basis.

Grid-based calculation of 3D integral operators with linear scaling in 1D.
Grid-based 3D Laplace and nuclear potential operators with controllable accuracy.
Two-electron integrals in a general basis.

General bases can include any physically relevant functions (local finite elements, AO,
Slater, truncated plane waves, etc).

Robust tensor rank reduction algorithms (C2T+T2C, ACA+QR, etc.).
Numerical tests for compact molecules confirm efficiency of algorithms.
TS numerical methods applicable to post-HF models: MP2.

Tensor numerical methods have a big potential for periodic and quasi-periodic structures.

http://personal-homepages.mis.mpg.de/vekh/

Thank you for attention
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