
Problem Sheet 4

1. Caccioppoli inequality Assume u ∈ W1,p(Ω) is a Q-quasi-minimiser for the functional F [u,Ω] =´
Ω f(x, u,Du), where we assume that

f(x, y, z) ≥ |z|p − θ(x, u)p

|f(x, y, z)| ≤ Λ(|z|p + θ(x, u)p).

Here θ(x, u)p = b(x)|u|γ + a(x) with 1 ≤ γ < p∗ and 0 ≤ b ∈ Lσ(Ω), 0 ≤ a ∈ Ls(Ω) and for some
ε > 0, 1

s = p
n − ε,

1
σ = 1− γ

p∗ − ε. Prove that there exists R0 = R0(|u|Lp∗ (Ω), |b|Lσ(Ω)) such that for all
x0 ∈ Ω, 0 < ρ < R < min(R0, d(x0, ∂Ω) and k ≥ 0,

ˆ
A(k,ρ)

|Du|p dx ≤ C

(R− ρ)p

ˆ
A(k,R)

(u− k)p dx+ c(|a|Ls(Ω) + kpR−nε)|A(k,R)|1−
p
n

+ε.

2. Iteration lemmas

(i) Let α > 0 and let {xi} be a sequence of real positive numbers such that

xi+1 ≤ CBix1+α
i

with C > 0 and B > 1. Show that if x0 ≤ C−
1
αB−

1
α2 , we have

xi ≤ B−
i
αx0.

In particular, xi → 0 as i→∞.
(ii) Let φ(t) be a positive function and assume there exists q, 0 < β < δ and 0 < τ < 1 such that

for every R < R0,

φ(τR) ≤ τ δφ(R) +BRβ φ(t) ≤ qφ(τkR).

Prove that for every ρ < R ≤ R0,

]φ(ρ) ≤ C
((

ρ

R

)β
φ(R) +Bρβ

)
,

where C depends only on q, τ , δ and β.

3. General example Let B1 ⊂ R3 and g ∈ C∞(R3). What can you say about the problem

min
u∈W1,p

g (B1)

ˆ
B1

|Du|4 + |u|3 dx?


