Problem Sheet 3

1. Existence Prove the following existence statement: Suppose 2 C R™ is a Lipschitz domain. Let
[ QxR™ x R™*™ be Carathéodory. Assume

AzlP +elyl! +c2 < f(,y,2) (1.1)
0y f (2,9, 2)| +10: f (2,9, 2)] < C (1+ [y~ +[21P~) (12)
for some \,C > 0, cj,c2 € R, p > ¢ > 1 and almost every z € Q, all (y,z) € R™ x R™™. Assume

f(z,y,-) is convex for every (z,y) € Q x R™. Then,

min Flu] = min / f(z,u,Du)dz
u€WpP (QR™) u€WpP (QR™)

admits at least one solution for g € W”%’p(ag, R™).
2. Quasi-minimality Suppose 2 C R” is a Lipschitz domain. Let A = (A% (x,u,2)), B = (Ba(7,u, 2))
be such that

A0, 2)28 > [P — a (2)

A, u,2)| < AP 4 as(e)  |B,u,2)] < HI2l + b(a)u’

P

"ell(Q),0< b7 T € LLpfifp(Q). Suppose

forsome A >0, 7=p—1,06 = pb
u € thlOC(Q, R™) is a weak solution of the equation
0

8.1/‘1'

Prove that u is a quasi-minimum of the functional

Al (z,u, Du) — By(2,u, Du) = 0.

_p_

Flu, ) :/|Du\p+bpfl|u]p (a1 +al ) da.
Q

3. Caccioppoli inequailty Let f: Q x R™ x R"™*", where 2 C R" is a Lipschitz domain. Assume for
some A\,c>0and 1 <p<n,

Azl < F(z,y,2)  [F(z,y,2)] < c(]z]” + 0(x, u)’).
Here 6(z,u)? = b(z)|u]” + a(z), with v < p* = 2 0<a€L1(Q) and 0 < be L.
Suppose u € WHP(Q, R™) is a quasi-minimiser of Flu fQ x,u, Du) dz. Prove that there exists
Ry > 0, depending only on u, such that for R < Ry and cubes Qr € 9,

. 1 P
[ up st ar | o [ unP ae+ jxl (f |u|dx> + [ gds
QRry2 Qr Qr R

p*
_ e — _ 1 _
for some ¢ > 0. Here g = a + b7, fQR = 1071 fQR and ugp = fQRudx.



