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1. Existence Prove the following existence statement: Suppose Ω ⊂ Rn is a Lipschitz domain. Let
f : Ω× Rm × Rm×n be Carathéodory. Assume

λ|z|p + c1|y|q + c2 ≤ f(x, y, z) (1.1)

|∂yf(x, y, z)|+ |∂zf(x, y, z)| ≤ C
(
1 + |y|p−1 + |z|p−1

)
(1.2)

for some λ,C > 0, c1, c2 ∈ R, p > q ≥ 1 and almost every x ∈ Ω, all (y, z) ∈ Rm × Rn×m. Assume
f(x, y, ·) is convex for every (x, y) ∈ Ω× Rm. Then,

min
u∈W1,p

g (Ω,Rm)
F [u] = min

u∈W1,p
g (Ω,Rm)

ˆ
Ω
f(x, u,Du) dx

admits at least one solution for g ∈W1− 1
p
,p(∂Ω,Rm).

2. Quasi-minimality Suppose Ω ⊂ Rn is a Lipschitz domain. Let A = (Aiα(x, u, z)), B = (Bα(x, u, z))
be such that

Aiα(x, u, z)zαi ≥ |z|p − a1(x)
|A(x, u, z)| ≤ Λ|z|p−1 + a2(x) |B(x, u, z)| ≤ H|z|τ + b(x)|u|δ

for some Λ > 0, τ = p−1, δ = pp
∗−1
p∗ and with 0 ≤ a1, a

p
p−1
2 ∈ L1(Ω), 0 ≤ b

p∗
p∗−1 ∈ LL

p∗
p∗−p (Ω). Suppose

u ∈W1,p
tploc(Ω,Rn) is a weak solution of the equation

∂

∂xi
Aiα(x, u,Du)−Bα(x, u,Du) = 0.

Prove that u is a quasi-minimum of the functional

F [u,Ω] =
ˆ

Ω
|Du|p + b

p∗
p∗−1 |u|p + (a1 + a

p
p−1
2 ) dx.

3. Caccioppoli inequailty Let f : Ω × Rm × Rm×n, where Ω ⊂ Rn is a Lipschitz domain. Assume for
some λ, c > 0 and 1 < p < n,

λ|z|p ≤ F (x, y, z) |F (x, y, z)| ≤ c(|z|p + θ(x, u)p).

Here θ(x, u)p = b(x)|u|γ + a(x), with γ < p∗ = np
n−p , 0 ≤ a ∈ L1(Ω) and 0 ≤ b ∈ L

p∗
p∗−γ .

Suppose u ∈W1,p(Ω,Rm) is a quasi-minimiser of F [u] =
´

Ω f(x, u,Du) dx. Prove that there exists
R0 > 0, depending only on u, such that for R < R0 and cubes QR b Ω,

ˆ
QR/2

|Du|p + |u|p∗ dx ≤ c

 1
Rp

ˆ
QR

|u− uR|p dx+ |QR|
( 

QR

|u|dx
)p∗

+
ˆ
QR

g dx


for some c > 0. Here g = a+ b

p∗
p∗−γ ,

ffl
QR

= 1
|QR|

´
QR

and uR =
ffl
QR

udx.


