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Introduction

The purpose of this thesis is the exposition of some recent results about syzygies of projective
varieties. More specifically, consider an algebraically closed field k of characteristic zero, and a
smooth connected projective variety X over k. Let L be a very ample line bundle on X inducing a
projectively normal embedding

X — P(H%(X,L)) =P’

and let S = S*(H°(X, L)) be the homogeneous coordinate ring of the projective space P” and
Sx = Byez H(X, L) be the homogeneous coordinate ring of the embedded variety X C P".
Then the (extended) minimal free resolution of Sx is the unique shortest possible exact sequence

0O—F—F1—...—F—F—5x—0

where every F, is a finitely generated free graded S-module, called the module of p-th syzygies of
X in IP". We can write

Fy, = @ S(—p—q) ®x Kp,q(XrL)
qeZ

for certain uniquely determined finite-dimensional vector spaces K, 4(X, L). The numbers

def ..
kpg(X,L) = dimy K, (X, L)

are called the graded Betti numbers of X and they encode many of the algebraic and geometric
properties of the variety.

In this work, we are interested in studying the Betti numbers k; ,(X, L%?) as d grows to infinity.
The first natural question to ask is about the vanishing of these numbers. From an intuition
based on results about smooth curves, one could think that the kp (X, L®%) would become more
sparse as d increases. Instead, in their recent article [ ], L. Ein and R. Lazarsfeld proved that
the Betti numbers k4 (X, L®?) become asymptotically nonzero for almost all possible values of
p,q, moreover, they give a precise range of nonvanishings for the case of Veronese embeddings
kp,,(P", Opn(d)). In the thesis, we explain these results, presenting their proof.

The next natural question to ask is about the actual values of the Betti numbers. In particular,
inspired by the article [ ] of L. Ein, D. Erman and R. Lazarsfeld, we prove that the Betti
numbers of smooth curves have an asymptotically normal behavior. More precisely, if X is a
smooth curve, then we define a discrete random variable X,; with distribution

k,1(X, L%
P(X; = p) = P forall p > 0
(Xe=p) Yo K (X, L#7) o=

and then we prove the following result.

Theorem 1. As d — +oco it holds that E[Xy) ~ %, Var[X,] ~ % and moreover

Xa—EX N(0,1)
Var[X,] ’

in distribution.



Following a conjecture of Ein, Erman and Lazarsfeld [ ], we expect that the above result
extends to higher dimensional varieties as well. Then, the next simplest case to consider would be
quite naturally that of Betti numbers of plane Veronese embeddings k; 4(IP?, Op: (d)).

In this case, it is much more difficult to get an hold on the Betti numbers with the methods
used for curves, since the result of Ein and Lazarsfeld [ ] tells us that the Betti table of
(P2, Op2(d)) is very non-sparse as d — +o0. Thus, we need another technique to compute these
numbers: the key point is that we can look at IP? as an SL(3)-homogeneous variety, and then the
Betti numbers are given as the cohomology of certain SL(3)-homogeneous bundles on IP2.

The cohomology of irreducible homogeneous bundles on an homogeneous projective variety
X = G/P is described by the classical Bott’s Theorem and it is quite simple. In the thesis we
present a result, due to G. Ottaviani and E. Rubei [ ], that extends Bott’s Theorem to every
homogeneous bundle, exploiting an equivalence between these bundles and representations of a
certain quiver.

It is quite difficult to implement directly this method in our situation, since the quiver maps
become quickly very complicated, but, under an additional assumption on the SL(3)-morphisms
that is satisfied in all known cases, the problem is reduced to a more tractable combinatorial
statement about representations of SL(2). We do not get to a proof of the asymptotic normality,
but through this strategy we are able to give some partial results and we can write an algorithm
that computes the Betti numbers k;, ,(IP?, Op2(d)) in further cases than existing ones, albeit under
the additional hypothesis.

Turning to the contents of the single chapters, in Chapter 1 we give the basic definitions and
first results relative to minimal free resolutions and Betti numbers in an algebraic and geometric
context, introducing the language of Koszul cohomology.

In Chapter 2 we investigate further some other aspects of Betti numbers. In particular we
discuss syzygy bundles, Castelnuovo-Mumford’s regularity, duality, a Lefschetz-type theorem,
property N, and we conclude by giving examples of Betti numbers for rational normal curves,
elliptic normal curves and Veronese surfaces of low degree.

Chapter 3 is devoted to the exposition of Ein and Lazarsfeld’s results, following their article
[ELIZ].

In Chapter 4 we present the proof of asymptotic normality for the Betti numbers of smooth
curves. To this end, we generalize the computations done for elliptic normal curves in order to
get control on almost every Betti number and then we use some combinatorial computations to
get the result.

Chapter 5 presents the technique of Ottaviani and Rubei [ | for computing the cohomology
of an homogeneous bundles on an Hermitian symmetric variety X = G/P. We discuss the
connection between Bott’s Theorem and quiver representations and we conclude giving the proof
of a plethysm decomposition for SL(2) as an application of the technique over IP!.

In Chapter 6 we apply the methods of the previous chapter to compute the Betti numbers
ky,q(IP%, Op2(d)) through the cohomology of certain homogeneous bundles. In particular, with an
additional hypothesis that is verified in all known cases, we can reduce the problem to a problem
in representations of SL(2), that can be attacked explicitly through known rules for plethysm
decomposition and tensor product decomposition. This allows to write an algorithm that can
compute the Betti numbers in higher degrees than existing ones. In the last part of the chapter we
give partial results towards the proof of asymptotic normality, studying the problem over the full
flag variety.
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Chapter 1

Minimal free resolutions and Koszul
cohomology

In this chapter, we provide the basic definitions and results about minimal free resolutions in the
algebraic and in the geometric context. We will work over a fixed algebraically closed field of
characteristic 0 denoted by k.

1.1 Preliminary results

We begin by recalling some preliminary results about spectral sequences and Schur functors.

1.1.1 Spectral sequences

We expose briefly some facts about first-quadrant spectral sequences, mainly to clarify the notation
(taken from Vakil [Vak]). Let C be any abelian category, and consider a doubly graded object

E= @ £
paEZL
with the EP7 € C, together with two morphisms
drg: EPA — gPHL gt EPA — pPATT
such that ) )
1, g A4+ pa _ g+l o gP9 — gPtLg ,
dritiodri =0, A7 od =0,  dftodl =dl" ol

If EPA = 0 for all p,q < 0, we call this a first-quadrant double complex in the category C.
From this double complex we can define a single complex as follows: we set

Ef= P EPS

p+q=k

and we define a differential d*: EX — EF+1 by dleW = d" + (—1)F’dﬁ'q. The cohomology of this

complex is called the cohomology of the double complex E** or the hypercohomology of the
complex E**°.

Now, for this complex we can build a spectral sequence with rightward orientation, that is a
sequence of objects HEg’q, HEf A _EPA ... such that HEg’q = EP1 together with maps

¥ ¥ —r+1,9+r
dit: JEPT — LE) 1
. . . . ~19— . .
such that _)dg,q = dP{ with a differential relation _,d’"7 o _,d? LT — 0 and an isomorphism

Ker _,d"

—1,9—
Im de—o—r q—r

12

pAq
ﬁEqul
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1.1. Preliminary results

Since we are dealing with a first-quadrant double complex, it is easy to see that we have isomor-

phisms LEP o~ HEf fl for all ¥ > 0 and we denote this object by _EXA.

We can also build a spectral sequence with upward orientation, that is a sequence of objects
TEg’q,TEf’q,TEp’q, ... together with maps
Tdf'ql TEf'q — TEf—H'q_H—l

that behave in the same way as the maps _,d¢"°.
The fundamental result about spectral sequences is the following:

Theorem 1.1.1. The cohomology H*(E®) of the double complex is filtered by both LEN T and TE{;;pfk.
Proof. See [Vak] Section 1.7 . O

1.1.2  Schur functors
Let n be a natural number. A partition of 7 is a sequence of natural numbers
A=AyAz . Am) M ZAZ 2 An Mt Am=n

A partition A can also be represented by its Young diagram: a collection of boxes, with A; boxes
in the first row, A, boxes in the second row and so on. For example the following is the Young
diagram of the partition (3,2,1):

Sometimes we identify a partition with its Young diagram: for example we say that a partition A
has m rows if its Young diagram has m diagram.
For every partition A one can build as in [ ] a Schur functor

S*: Veey — Veoe V= SMV)

where Vecy denotes the category of finite-dimensional vector spaces over k. For example, if
A = (n) then S (V) is simply the n-th symmetric power S"V, whereas, if A = (1,1,...,1)
repeated 1 times, then S(I1)(V) is the n-th alternating power A"V.

Schur functors give a tool to describe the irreducible representations of SL(V) and GL(V).

Theorem 1.1.2. Let V be a vector space of dimension n. Then every irreducible representation of SL(V') is
of the form SM(V') for an unique partition A whose Young diagram has at most n — 1 rows.

Moreover, every irreducible representation of GL(V) is of the form S*(V') @ det”, where A is a partition
whose Young diagram has at most at most n — 1 rows, det is the determinant representation and m € Z is
an integer.

Proof. See [ ]. O

There are some useful rules for computing with Schur functors:

Proposition 1.1.1. Let V be a vector space of dimension n and let A = (Aq,. .., Ay) be a partition with at
most n rows. Then N At
dims' (V)= T[] AMTATITE

1<i<j<n j—i
Proof. See [ ]. O

Theorem 1.1.3 (Pieri’s rule). Let A be a partition and let m be a positive integer. Then, as GL(V)-
representations we have that

SHV) @k S"(V) =P S'(V)

where the sum is over all partitions v whose Young diagram can be obtained from that of A by adding m
boxes, no two on the same column.



1. MINIMAL FREE RESOLUTIONS AND K0OSZUL COHOMOLOGY

Proof. See [ ]. O

Example 1.1.1. Let p and q be two positive integers. Then Pieri’s rule tells us that
APV @y $1(V) = SN (1) ¢ S ()

where by 1" we mean (1,1,...,1) with 1 repeated n times.

-

Pieri’s rule is a special case of the so-called Littlewood-Richardson rule, that tells us how to
decompose an arbitrary tensor product S*(V) ® S#(V). Since we won’t need to use this more
general formula, we will not describe it here, however we will need a further generalization to
arbitrary semisimple groups.

Theorem 1.1.4 (Generalized Littlewood-Richardson’s rule). Let G be a simple algebraic group, let A
and p be two dominant weights for G and let T* and T* be their corresponding irreducible representations.
Moreover, let y = yy, ..., 1, be all the weights of I'". Then

M@ I = @ AtH

i€l
as G-representations, for a certain set I C {1,...,r}.

Proof. See [ ]. O

Now, suppose that the vector space V has dimension 2. Then every irreducible representation
of SL(V) is of the form SP(V) for a certain p € IN. The plethysm problem consist on decomposing
into irreducible representations a representation of the form S"(5”(V)): the Cayley-Sylvester
formula is a classic result in Invariant Theory that gives a complete solution to this problem.

Before stating it we need some notation: for every triple of positive integers 1, m, e we denote
by p(n,m,e) the number of partitions of e in at most n elements bounded by m. More precisely:

pln,m,e) C#{ (i) [ M > > >y >0, g =e}

Alternatively, we can look at p(n,m,e) as the number of Young diagrams for e that can be fitted
into an n X m rectangle: under this point of view it is easy to see that

p(n,m,e) = p(m,n,e) for all n,m,e

indeed, transposition of rectangles gives the desired bijection. Now we can state the Cayley-
Sylvester formula as follows.

Theorem 1.1.5 (Cayley-Sylvester’s formula). Let n,m be two positive integers. Then

Sn(sm(v)) — @SE(V)GBN(n,m,e)

e>0

where

N(n,m,e) tgp (n,m, nm2— e) —p (n,m, nmz— ¢_ 1)

Proof. See [ I O



1.2. Algebra

1.2 Algebra

We will denote by V a finite dimensional vector space over k of dimension dimV = r + 1 and
by S = S*(V) the symmetric algebra over V, with the standard grading S = @,,>¢ 5" (V). We
will denote by m = S, = @,>; $"(V) its maximal homogeneous ideal. Notice that k = S/m is
naturally a graded S-module.

Definition 1.2.1 (Graded resolution). Let M be an S-module. A graded resolution of M is a
complex of S-modules

Fo: ... —F, —F,_1—...—F —F—0

where the F; are homogeneous, the maps are homogeneous of degree 0, and the complex is exact
everywhere except in degree 0 where it has cohomology M. This means that it can be extended to
an exact complex

..—F—F 1—...—F —F—M—70

We say that a resolution F, is projective if every module F; is projective. We say that a resolution
F, is free if every module F; is free.

Definition 1.2.2 (Length of a resolution, Projective dimension). Let M be an S-module and F, a
resolution of M. We define the length of the resolution as

sup {n | F, #0}

We define the projective dimension of M to be the minimum length of a projective resolution of
M and we denote it by projdim(M).

It is easy to see that every graded S-module has a free resolution: if M is such a module, we
can just take a set of homogeneous generators of M and get an exact sequence

F-PM—0

where Fj is a graded free S-module. Then we can take a set of homogeneous generators of the
kernel of ¢ and get another exact sequence

FESE2M—o

It is clear that this process yields a graded free resolution, moreover, if M is finitely generated,
the F; can be taken to be of finite rank. What is nonobvious is the existence of a finite graded free
resolution. We are going to show that it exists but first we need to give some more definitions.

Lemma 1.2.1 (Graded Nakayama’s lemma). Let M be a finitely generated graded S-module.
(a) If mM = M, then M = 0.

(b) If my,...,m, € M are homogeneous elements such that their images my, . .., m, in M /mM generate
it as a k-module, then they also generate M as an S-module.

Proof. (a) By the usual Nakayama’s lemma, there is an element x € m such that (14 x)M = 0.
We write x = x1 + - - - 4 x,, as a sum of homogeneous elements, where each x; has degree i
or is 0. Then for any homogeneous m € M we have that

m4xy-m+x-m+---+x,-m=0

and since this is a sum of homogeneous elements with different degrees (or that are zero), it
follows that m = 0. As M is generated by its homogeneous elements, we conclude.

9
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(b) Let N be the submodule of M generated by the m;. By hypothesis, we have that M =
N 4+ mM, so that m(M/N) = (M/N) and from the previous point, it follows that M = N.
[

Definition 1.2.3 (Minimal free resolution). Let M be a graded S-module. A minimal free resolu-
tion of M is a graded free resolution

Fo:...—FE 2 F  — . —F2E—0

where ¢, (F,) C mF,_4 foralln > 1.
Remark 1.2.1. We observe that a free resolution
F:..—F, —F,_1—...—F —F—0

is minimal if and only if, when tensored by k ®g, it gives a trivial complex, i.e. all the maps are
just the zero maps. This observation will be very useful in the following.

Remark 1.2.2. Let M be a finitely generated graded S-module. We define a set of generators
my, ..., m, to be minimal if their images 77,...,7, in k ®s M form a k-basis for this space.
Observe that from every set of homogeneous generators we can extract a minimal set of generators:
indeed, let my, ..., m, be any set of generators, then we can suppose that 71y, ..., 71 is a basis of
k ®s M as a k-vector space, and from homogeneous Nakayama’s lemma we know that my, ..., m;
generate M. This shows that a minimal set of generators coincide with a set of generators of
minimal cardinality, which is the dimension of k ®s M over k.

Thanks to these two observations, we can show that a minimal free resolution is indeed
minimal how we would expect it to be.

Proposition 1.2.1. Let M be a finitely generated graded S-module. Then a graded free resolution

Fo:...—FE2rFp  — . —FE 2 M—o0

is minimal if and only if each ¢; takes a basis of F; to a minimal set of generators of the image.
In particular, if we write F; = @; S(a; ;), then the restriction ¢;: S(a;;) — Fi—1 is injective.

Proof. By Remark 1.2.1, the resolution F, is minimal if and only if the tensored complex F, ®s k is
the zero complex: since all the maps F, 11 ®s k — Im ¢,,11 ®s k are surjective, this is equivalent
to saying that the maps Im ¢, 1 ®s k — F, ®s k are zero.

On the other hand, the exact sequence

0 —Im¢y1 — F —Ime¢p, —0
tensored with ®g k, gives the exact sequence
Imcan@gk—>Fn®5k—>1m¢n®5k—>0

and from Remark 1.2.1, we see that the map ¢, sends a basis of F, to a minimal system of
generators of Im ¢, if and only if the map Im ¢, ®s k — F, ®s k is the zero map. O

The following result shows that it makes sense to speak of the minimal free resolution.
Theorem 1.2.1. Let M be a finitely generated graded S-module.

(a) If Fo and G, are two minimal free resolutions of M, then they are isomorphic via an unique
isomorphism, that induces the identity on M.

(b) The minimal free resolution is contained as a direct summand in any other free resolution of M.

Proof. See [ 1. O

10



1.2. Algebra

The modules that appear in the minimal graded free resolution can be computed by means of
the Tor functor.

Proposition 1.2.2. Take a finitely generated graded free S-module M and consider its minimal free
resolution

Fo: ... — F—F1—...—F —F—0

then we can write every F; in the form

F = P S(—j) @« Tor? (M, k);
jEZ

Proof. We know that we can write the minimal free resolution as

F—@S ®kB1]
jEZ

for certain finite dimensional k-vector spaces B; ;. These vector spaces count the multiplicity of
S(—j) in F;. Now the Remark 1.2.1 implies that the maps of the complex

F.®Sk: ...—)Fi®5k—>Fi,1®5k—>...—>F1®5k—>F0®5k—>0

are all zero, so that the cohomology in degree i is given precisely by F; ® S. By definition of Tor
this means that

Tor @ k(—j) ®x B; i
JEZ
so that we have a natural identification Tor? (M, k); = B;,. O

Definition 1.2.4 (Graded Betti numbers). Let M be a finitely generated graded S-module. Then
the graded Betti numbers of M are defined as

51',]' = ﬁi,j( ) = dll’nk TOI‘ (M k)

Remark 1.2.3. By definition of Betti numbers, we can write the minimal free resolution of M in
the form

= P S(—)Pi — P S(—j) P — . — P S(—j) P — P S(—j) %P — 0
JEZ JEZ jEZ JEZ

Corollary 1.2.1. Let M be a finitely generated graded S-module. The projective dimension of M coincides
with the length of its minimal graded free resolution, that is

projdim(M) = sup {i € N | Tor; (M, k) # 0} = sup {i € N | B;;(M) # 0 for a certain j }

Proof. We just need to show that every projective resolution of M has length at least equal to the
length ¢ of the minimal free resolution. Let P, be a projective resolution of M: then by definition
of Tor we know that

Tor? (M, k) = H'(P, ®5 k)

and by Proposition 1.2.2, we see that Tor?(M, k)e # 0 so that Py # 0. d

11



1. MINIMAL FREE RESOLUTIONS AND K0OSZUL COHOMOLOGY

1.2.1 The Koszul complex

To compute the Betti numbers of a graded module M we need to compute Tor;-g (M, k) j: thanks to
the symmetry of Tor, to do this we can either tensor a free resolution of M by k (this is what we
have done before) or tensor a free resolution of k by M.

Now we are going to find the minimal free resolution of k: notice that for every p > 0 we have
the natural multiplication map

APVY @ VY — APFIVY i A Ay @ Pt — pr A A i
That induces by duality a natural k-linear map
APV — APV @V g Ao ATy i(—l)ivoA---A@A---Avabvi
i=0
and for every g € Z we can consider the composition
APV @4 STH(V) — APV @ V @4 S1(V) — APV @y STHL(V)

where the first map is obtained by the one above by tensoring with idj; and the second map is
obtained by tensoring the natural multiplication map with idarv.
This way, we have defined the maps

p .
dpg: NPV @KSHV) — APV @ STTHV) oA Aoy @ f = Y (=1 o A ATEA - Avp @ fo;

and taking the direct sum over all g4 and keeping p fixed, we get homogeneous maps of graded
S-modules

dp: APV @y S(—1) — APV @y S
Definition 1.2.5 (Koszul complex). The Koszul complex of V' is the sequence of graded S-modules
Ke(V): 0 — ATV @ S(—r —1) — AV @ S(—1) — ... — V@ S(~=1) — S — 0

We are going to prove that the Koszul complex is the minimal graded free resolution of k.
First we recall Euler’s formula on homogeneous polynomials.

Lemma 1.2.2 (Euler’s formula). Let Xy, ..., X, be a basis of V and let f € S be a nonzero homogenous
element. Then

ax = (deg f)f

Proof. First we notice that the statement to prove is linear in f so that it is enough to suppose that
f is a monomial in the X;. Now, we notice that the statement to prove is also multiplicative in f:
indeed, suppose that the formula holds for two homogeneous elements f, g then

38 = 3, (1% + 5 ) = des) s + deg(f)fs = (deg f + deg ) s = deg(f)fs

Now it is enough to prove the formula in the cases in which f has degree 0 or 1, where it is
obvious. O

Theorem 1.2.2. The Koszul complex Ko (V) is the minimal graded free resolution of k as an S-module.

Proof. In view of the importance of this result, we are going to give two different proofs of it

12



1.2. Algebra

e Standard proof: first we prove that the Koszul complex is actually a complex. For every
p>10,...,v, € Vand f € S9(V) we have

P
dod)(v;A---Nv,®f) =d 1)ty AN ANV, @0if | =
p p

z:l

P
_ z+1z ]+1Z)1/\--'A@/\"'/\@A"'Avp®vaif+
z:l

l+12 ]Ul/\/\’(/)\l/\/\z/)\]/\/\vp@U]Ulfzo
j=i+1

N
I
—_

and since the elements vy A - - - A v, ® f generate APV @ S9(V), it is clear that d od = 0. Now
we show that this complex gives a free resolution of k: the differential V ® S(—1) — S
is given by v ® f +— vf, so that it is clear that the image of this map is m, and then the
cohomology is S/m = k. Now we have to prove that the complex is exact in degree p > 1.
In order to do this, fix a basis X, ... X, of V and consider for every p > 0 the maps

! 0
Dy: APV @ ST (V) — APV @ STHV) oA A0, @ f ZXZ-/\vl/\---/\Up®a>j;
i=0 j

Then, for every p > 1, every f € S9(V) and every choice of 0 < iy < --- < i, <r we have

r of
Iderl ZX]‘/\XZ'I/\"'/\X ®8X
=0

p —
+ Dp—l (Z(_l)h+1xil A--- A Xi;, A---A Xip X Xihf) =
h=1

r P P )
Xy Ao A X, © X; }J; EZ X]-/\Xl-l---/\Xz-h/\---/\X ®tha§

.l\ﬂ*

0

~
Il

r — (X, f)
h+1 1
27 XiNXiy - AXiyg A X, ® a);j

I wa

Xk = q(Xy A AX),

Now, by Euler’s formula we have that };_, X, A %

Zp
whereas Leibniz’ rule tells us that
a(Xihf ) _

of
an - 51}1/]f + Xihain

Plugging this into the above expression yields
(dpt10Dp + Dp10dp)(Xiy A+ A X, ® f) =
=q(X;, /\---AXl-p@f)+hlil(—1)’“+1xih+l AXig Ao AX N AXj @ f =
=P+ Xy A AXi, @ f)
Since the elements X;, A...X; ® f generate \P V @y S7(V) it follows that
dpy10Dp+ Dy 10dy, = (p+q)id

and this implies that the complex is exact in every degree p > 1.

13



1. MINIMAL FREE RESOLUTIONS AND K0OSZUL COHOMOLOGY

¢ Representation-theoretic proof: it follows immediately from the construction of the Koszul
differentials
dpo: NPV @ ST(V) — APV @y STHHV)

that they are GL(V)-morphisms, with respect to the standard action of GL(V'). Now, from
Example 1.1.1 we see that we have a decomposition in irreducible GL(V)- representations

APV @y S1(V) = ST () g @) (1)

where by 1” we mean (1,1, ...,1) with 1 repeated n times. The differentials in the Koszul
complex have the form

dpit,g-
p+1,49-1
—

d
APV @y ST71H(V) APV @y S1(V) 5 APV @y STTL(V)

and after decomposing into irreducible representation we get a sequence

s (vy@ st (v) T SUHLY ) (1) @ (01" () N 52177 (1) g s+ 1) ()
Now, the composition of the two differentials gives a GL(V)-morphism
dpgodyirg1: SOV (V) @SV (v) s 142177 (v) @ s+ 11 ()

and such a map is forced to be zero by Schur’s lemma. This proves that the Koszul complex
is an actual complex.

To show that the Koszul complex gives a resolution of k we can make use again of Schur’s
lemma: if p > 1 the Koszul differential is a GL(V)-morphism

dpq: ST (V) @ SO (V) — ST (v) @ g1 (v)

and, by Schur’s lemma, d,, can either be the zero map or Ker (d,,) = S(@")(V) and

Im (dpq) = S (@+12771) (V). Now, it is easy to prove that dp,q is not zero if ¢ > 0: indeed if
Xo, ..., Xy is abasis of V and f € S7(V) is a monomial in the X; then

p . ~
dpg(Xo N ANXp@f) =) (“1)'Xo A AXi A= ANXp ®eif
i=0

and the latter is different from zero because we know that the elements Xy A - -+ A X; A
-+ A X, ® X; f are linearly independent in AP~ V @y S771(V). This shows that Ker (d,,) =
S@)(V) and Im (d,,) = SUH)(V) if p > 1 and g > 0, and gives immediately the
exactness of the Koszul complex for p > 1.

To see what happens in cohomological degree 0 we just notice that Ker (dg) = S obviously
and Im (d1) = @yz0lm (dpq) = @y>0 ST (V) = m by the computation above, so that the
cohomology in 0 is precisely S/m = k.

These two proofs show that the Koszul complex is a graded free resolution of k. To show that
this is the minimal free resolution is then immediate because the Koszul differentials are given by
multiplication by homogeneous elements of degree 1. O

As we said before, we can use the Koszul complex to compute Torf,(M,k)q, for a finitely
generated graded S-module M. Indeed, tensoring the Koszul complex with M we obtain the
complex:

Ke(V)@sM: 0 — A"V @ M(—n—1) — A"V @i M(—n) — ... — V@ M(=1) — M — 0

14



1.2. Algebra

that in cohomological degree p has the form

S APV @ M(—p — 1) — APV @ M(—p) — APV @ M(—p+1) —

And taking the part of degree g we obtain the complex

M M

d e dy,
o NV @My TR T APV @My APV @i Mgy —

and this tells us that

Ker dM
Torg(M, K)yg=—r P

M
Imdeq p—1

With this in mind we make the following definition:

Definition 1.2.6 (Koszul cohomology of a module). With the notations as above, we define the
Koszul cohomology of M as
Ker dML7

M
Im d p+1lq-1

def
Kpqa(M, V)=

We also define the notation

kpq(M, V) & dim K, (M, V)

Remark 1.2.4. By definition, the Koszul cohomology of M is the cohomology at the middle term
of the complex
APV @i My_1 — APV @i S1(V) — APV @i Mg

Proposition 1.2.3. Let M be a finitely generated graded S-module, then
Kpq(M,V) = Tory (M, k)14
Proof. Follows immediately from what we have said before. O

Remark 1.2.5. This shows that the minimal free resolution of a finitely generated graded S-module
M can be written as :

o — P S(—p—q) ®Kpg(M, V) — ... — P S(—q) ® Koq(M, V) — 0
qeZ qez

Example 1.2.1 (Koszul cohomology of k). From the Koszul complex, it is immediate to see that the
Koszul cohomology of k is given by

APV ifg =0
Kpq(k, V) = {0 ifg#0

Now it is very easy to derive from this an important theorem of Hilbert, that tells us that every
finitely generated graded module over S has finite projective dimension, and actually it gives an
upper bound to this number:

Theorem 1.2.3 (Hilbert’s Syzygy Theorem). Let M be a finitely generated graded S-module. Then the
minimal free resolution of M has length at most r + 1.

Proof. 1t is enough to note that AP V @y M; = 0 for p > r + 1 so that K, ;(M, V) = 0 for every
p>r+landgec Z. O

15



1. MINIMAL FREE RESOLUTIONS AND K0OSZUL COHOMOLOGY

1.2.2 Betti tables
We can summarize the informations about the Betti numbers of a module in a convenient way:

Definition 1.2.7 (Betti tables). Let M be a finitely generated graded S-module and let 8;; = B; (M)
or k;; = k; (M, V) be its graded Betti numbers. Then the Betti table of M is defined as

0 1 2 . 1
I Boj o Pt Pz o B
J+1 | Boj+1 Brjr2 Bzjrz - Bijrirt

or, using Koszul cohomology notations

0 1 2 .. i
j kO,j kl,j k2,]' . ki,]'
jH1 | kojrr kiyjer o kojer oo ki

Example 1.2.2. Suppose that dim V' = 3. Then the Betti table of k as an S-module is

|01 2 3 4
1 331 -

0
1

where the dashes stay for a 0 and all the elements not shown are 0.
In general, if dim V' = r 4 1, then the Betti table of k as an S-module is

| 0 1 2 3 ... r r41
(G I (o T (50 I s IR () BN Gt B

The Betti table of a module cannot have an arbitrary shape: for example we have the following
result.

Proposition 1.2.4. Let M be a finitely generated graded S-module with Betti numbers kpq = kp,(M, V).
Suppose that for a certain p > 0 it holds that ky, = 0 for all ¢ <q. Then ky 4,1 = 0 for all ¢ < g as well.

This means that if the Betti table of M is zero in the p-th column above the g-th row, then it is zero also
in the p 4 1-th column above the g-th row.

Proof. Consider the minimal free resolution of M:
Fo: ... — Fpp1 —F — ...

then we know from Proposition 1.2.1 that every generator of F, ;1 must be mapped to a nonzero
homogeneous element of mF, of the same degree. By hypothesis we know that

F,=@S(—p—q) % =@ S(—p—q)%e

geZ q>q

so that every generator of F, has degree greater or equal than p + 7, and this implies that every
nonzero homogeneous element of mF, has degree greater or equal than p + 7 + 1. By what we
have said above, this means that every generator of F,,1 has degree greater or equal than p +7+1,
that means k.1, =0 for all g < 7. O

16



1.2. Algebra

Remark 1.2.6. Recently there has been much attention on the possible shapes of graded Betti
tables: in particular a new field called Boij-Soderberg theory describes the space of Betti tables
up to a rational multiple, and it has been shown by M. Boij, D. Eisenbud, F.-O. Schreyer and ]J.
Soderberg that these Betti table form a rational polyhedral cone whose extremal rays are spanned
by so-called pure Betti diagrams. It is very interesting that the proof of this fact relies on a duality
with cohomology tables of coherent sheaves on projective space. For a survey of these results, see

[ES].

Hilbert function, Hilbert polynomial and Hilbert series

The minimal free resolution is clearly a complete invariant for a module, but even the knowledge
of just the Betti table gives us control over many fundamental algebraic properties.
The first one of these is the Hilbert function of a module:

Definition 1.2.8. Let M be a finitely generated graded S-module. Then the Hilbert function of
M is defined as
Hpy: Z — N d»—>dimkMd

It is easy to compute the Hilbert function from the Betti table:

Proposition 1.2.5. Let M be a finitely generated S-module with Betti numbers k, 4 = kp,q(M, V') and for
d
every s € Z define K, g[jpzo(—l)i’kp,s_p. Then

r+1 — 3 _|_r
() = 1 (1) dim () = k(17T
p=0 s>0

Conwversely, the Ks can be computed inductively from the Hilbert function by the formula
s—k+r
k<s

Proof. We have the augmented minimal free resolution of M given by
0O —Fy1—...— —F—M—70

where F, = @,c7z S(—p — ) ® Kpq(M, V). Hence, in degree d we get

(Fa=PS(—p—9)a®@Kpg(M, V) = P " P (V) @ Kpq(M, V)
qeZ qeZ
so that
r+1 ) r+1 d—p— 47
() = Y (1) dime(F)s = 1 T (-0 (7P T eam,v)
p=0 p=0gcZ

and it is easy to see that this formula can be rearranged to give the one that we want.
For the second statement, observe that (°~ k+r) = 0if s —k < 0 so that

E () ko ()

k<s k<s

O]

Hilbert actually proved his Syzygy Theorem to show that the Hilbert function is eventually
polynomial:

Corollary 1.2.2. Let M be a finitely generated graded S-module and let Hyt(d) be its Hilbert function.
Then there exists an unique polynomial Py;(t) € Q[t] such that Hy(d) = Pp(d) for d > 0.

17
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Proof. By Proposition 1.2.5 we know that

(@) = L (-0 aima(Fe = 3 0 (7P i)
p=0 p=0gcZ

and if we define m = max{p+q | k,4(M, V) # 0}, then it is easy to show that for every d > m
we have that

(d—p—q%—r)km(M,V): (d—p—q+r)(d—p—q+r—1)-~(d—P—Q+1)kp,q(M,v)

r r!

is a polynomial function in 4 for all p, 4. Then it is clear that Hys is polynomial for all 4 > m and
this polynomial is unique, because its value is determined on infinite points. O

Definition 1.2.9 (Hilbert polynomial). Let M be a finitely generated graded S-module with Hilbert
function Hy. The Hilbert polynomial of M is the unique polynomial Py(t) € Q]t] such that
HM(d> = PM(d) for d > 0.

Another way to get an hold on the Hilbert function is through its generating function.

Definition 1.2.10 (Hilbert series). Let M be a finitely generated graded S-module with Hilbert
function Hy;. Then the Hilbert series of M is defined as the power series

HSm(z) = ) Hu(n)z"
neZ

Proposition 1.2.6. Let M be a finitely generated graded S-module. Then its Hilbert series has the form

Pum(2)

H = M)
Sm(2) (1—z)1

where ®y(z) € Z[z,z7Y] is a Laurent polynomial with integer coefficients.

Proof. Consider the extended minimal free resolution of M
0—Fq1—...— F —F—M—70

This is an exact sequence, so that HSy(z) = Z;J;O(—l)p HSF,(z). Now, it is easy to compute the
Hilbert function for a free module:

Ygez kpq(M,V)zFH
HSp,(2) = Y_kpq(M,V)HSs(p4)(2) = Y_kpg(M, V)" 1HSs(z) = == (110i z)rl
7 q

and the proof is completed. O

Example: Complete Intersections

We can also use the Betti table to detect regular sequences.

Definition 1.2.11 (Regular sequence). Let M be a finitely generated graded S-module. A sequence
(f1,.-., fs) of homogenous elements f; € S is said to be an M-regular sequence if

1. M/ (f1,...,fs)M #0.
2. fiis not a zerodivisor on M/(fi,..., fi_1)M for every i.

Definition 1.2.12 (Complete intersections). A complete intersection is an S-module of the form
S/(f1,..., fr) where the elements (fi,..., fr) are homogeneous and form a regular sequence in S.

18



1.2. Algebra

Example 1.2.3 (Principal ideals). The most basic example of complete intersections is clearly that of
principal ideals: since S is a domain, any nonzero homogeneous element f € S gives a regular
sequence (f), and a complete instersection S/ (f).

If deg f = d, it is quite clear that the minimal free resolution of S/ (f) is

O—>S(—d)i>5—>0

and in particular the Hilbert series of S/ (f) is given by

1—24
HSS/(f)(Z) = W

Example 1.2.4 (The residue field). The residue field itself is a complete intersection: indeed
if Xo,..., X, is a basis of V, then k = S5/ (Xo,...,X;) and (Xy,...,X;) is obviously a regular
sequence, whose minimal free resolution is the Koszul complex.

Example 1.2.5. Suppose that dim V = 3 and let f € S be an irreducible homogeneous polynomial
of degree 2 and g € S an irreducible homogeneous polynomial of degree 3. Then it is clear that
(f,8) is a regular sequence: indeed, as S is a domain and f # 0 it is obvious that f is not a
zerodivisor on S. Moreover, take an element # € S such that gh € (f): then, as f, g are irreducible
and coprime, it must be that h € (f), so that g is not a zerodivisor on S/ (f). Hence, S/(f,g) is a
complete intersection.

What is the minimal free resolution of S/(f,g) ? Clearly, it starts off as

5(—2) & S(—3) Vs .

and to continue we have to determine the kernel of the map (f g), that is the module
K= { (hl,hz) € S(—Z) s> S(—3) | hlf = —hzg}

But since (f, g) is a regular sequence, it is clear that if (1, ;) € K, then we can write h; = gk; and
hy = — fko for certain homogeneous polynomials k1, k>. Plugging this into the relation h; f = —hog
tells us that k; = k. Thus, the next step in the minimal free resolution is given by

(¥
s5) \5Y s(nyesan L Ps o
and, as this last map is cleary injective, the resolution stops here and we get
()
0 — S(-5) i S(—2) @ S(—3) (f_(g) S—0
In particular, the Hilbert series of S/(f, g) is given by

1—-22—-2347°
HSs/(14)(2) = 1—z)r

Now we want to show that the knowledge of the Betti table of a module allows us to decide
whether a certain sequence is regular or not. Actually, this is completely determined by the Hilbert
function already:

Proposition 1.2.7. Let M be a finitely generated graded S-module and let £ = (f1,..., fs) be a sequence
of homogeneous elements of degrees deg f; = d;. Then

HSwen(z) = TT(1 - 24)HSy(2)
i=1

with equality if and only if f is an M-regular sequence (the inequality stands for a term-by-term inequality).
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1. MINIMAL FREE RESOLUTIONS AND K0OSZUL COHOMOLOGY

Proof. First we prove the statement when s = 1. We have the exact sequence

03K — M(—dy) 25 M — M/AM — 0

so that HSp1/fm(z) = (1 — z%)HS ) (z) + HSk(z). Hence, it is clear that HSy am(z) > (1 -
z")HSp(z), with equality if and only if HSk(z) = 0. But this is equivalent to saying that K = 0,
ie. f; is M-regular.

In general, we can use repeatedly the above case to get a chain of inequalities

S

2
HSpy i (2) = (U=2%)HS /s poom = [ [ =2%)HSpy (s, o m(z) = - > [ (1= 2%)HS m(2)
i—1 Pk

and the equality at the two extremes is equivalent to the equality in all the intermediate steps,
and again by the case above, this holds if and only if f is a regular sequence. O

Consider again the example of S/ (f, g) above: if we stare for a bit at the minimal free resolution
we realize that it looks very much like the Koszul complex, and this is no coincidence, as we are
going to see now.

Definition 1.2.13 (Koszul complex of a sequence). Let f = (f, ..., f;) be a sequence of homoge-
neous elements in S and let W = kf; @ ... ® kf; be the vector space with basis fi, ..., f;. Then
the Koszul complex of f is the sequence

K(f)e: 0 — AW RS — AW @S — ... — W@ S — S — 0
where the maps are defined by
P .
ANW @S — AFTTW @k S wi A Awy @8 Y (=) wy A AD A -+ Awp @ wig
i=1

Remark 1.2.7. Of course, we need to change the grading on the various factors APW ®y S to get
maps of degree zero, but we will not denote this explicitly for reasons of clarity.

Theorem 1.2.4. Let f = (f1,..., fs) be a sequence of homogeneous elements in S. Then the following are
equivalent:

1. £ is a regular sequence.
2. The Koszul complex K(£)o is a resolution of S/£S.
Moreover, in this case the Koszul complex is the minimal graded free resolution of S/ £S.

Proof. First, we suppose that f is regular and we prove that K, (f) is the minimal free resolution.
We are going proceed by induction on s, the length of the sequence f. If s = 0,1 then the statement
is clear. For the inductive step, suppose that s > 1 and consider the subsequence g = (g1,...,s-1)-
Then we know by inductive hypothesis that the Koszul complex K(g). is a free resolution of S/gS5.
Now, consider the two exact sequences

Fo: K(fs)e — S/ fsS — 0 Ge: K(g) — S/gS — 0

then if we consider the tensor product of complexes F, ®g G, it is easy to show that it corresponds
precisely to the sequence K(f)s —> S/£S — 0. By definition, the tensor product F, ®g G, is the
complex associated to the first-quadrant double complex

EPT = Plfq ®s Gs+1fp

but now, taking the upward spectral sequence, it is easy to see that +E;"? = 0 for all p, q. Indeed,
since every free module is flat, it is enough to show that the sequence

0—5/85 L 5/g5 — 5/g5®s55/f:5 — 0
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is exact, and this is obvious, as f; is an S/gS-regular element. Thus, the double complex EP
has no cohomology, that is, the complex K(f)s —> S/fS — 0 is exact. It is also clear from the
definition that the Koszul complex is the minimal free resolution of S/fS.

Suppose now that the Koszul complex K, (f) is exact. Observe that the Betti numbers of the
Koszul complex depend only on the degrees (d, .. .,ds) and not on the fact of whether f is regular
or not. In particular, from what we have proved above and Proposition 1.2.7 we see that

’ I (1 —2%)
; HK- (11_ z)r+1

and since K, (f) — S/fS — 0 is exact by hypothesis, it follows that

(1 —z%)
Hg/ts(z) = W

so that f is a regular sequence by Proposition 1.2.7. O

Cohen-Macaulay modules

One other important property of a module that can be read off its Betti table is the Cohen-Macaulay
property.

Definition 1.2.14 (Depth). Let M be a finitely generated graded S-module. The depth of M is
defined as the maximum length of an M-regular sequence of homogeneous elements in S.

Proposition 1.2.8. Let M be a finitely generated graded S-module. Then depth M < dim M.
Proof. See [ ] O

Definition 1.2.15 (Cohen-Macaulay). Let M be a finitely generated graded S-module. We say
that M is Cohen-Macaulay if depth M = dim M, that is, if there exists an M-sequence of length
dim M.

Example 1.2.6. Let Xy, ..., X, be a basis of V. Then it is clear that (X, ..., X;) is a regular sequence
in S, and since dim S = r + 1, this shows that S is Cohen-Macaulay.

The depth of a module is linked to its minimal free resolution by the following fundamental
formula:

Theorem 1.2.5 (Auslander-Buchsbaum formula). Let M be a finitely generated graded S-module. Then
depth M + projdim M = r +1

In particular M is Cohen-Macaulay if and only if
projdim M =r+1—dim M

Proof. See [ ]. O

1.2.3 Koszul cohomology as a functor

First we observe that Koszul cohomology can be defined as a functor. Indeed, fix a vector space
V of finite dimension over k and consider the category GrMods. ) of finitely generated graded
S*(V)-modules (the morphisms in this category are the homogeneous morphisms of degree 0)
and the category Modjy of finite dimensional vector spaces over k. Then it is clear that for every
p,q € Z we have a functor:

Kp,q('/ V): GI‘MOdS-(V) — Modk M — Kp,q(M, V)
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Indeed, for every morphism f: M — N of graded S*(V)-modules we have an induced mor-
phism of complexes M ®g K(V) — N ®s K(V) and the corresponding morphism in cohomology
gives us what we want.

Observe that we can consider also a global functor

Kpe(-,V): GtModg.(y) — GrtMod;y M — K, o(M,V) = P K, 4(M, V)
qeZ

and by definition we have K, 4(-, V) = Torf,.(v) (-, k)(p).
The Koszul cohomology functor inherits the long exact sequence of the Tor functor:

Proposition 1.2.9 (Long exact sequence in Koszul cohomology). Consider a short exact sequence of
finitely generated graded S-modules

0—M  —M-—M —0
then this induces a long exact sequence in Koszul cohomology
oo — Kpy(M', V) — K y(M, V) — Ky y(M", V) — K101 (M, V) — ...
for every p,q € Z.

Proof. This follows immediately from the long exact sequence of the Tor functor.
More concretely, since the Koszul complex is made up of free modules, we have a short exact
sequence of complexes

0— Ke(V)@s M — Ko(V) @s M — Ko(V) @5 M" — 0
and taking the corresponding long exact sequence in cohomology we get an exact sequence
... — Tory (M, V) — Tor,(M, V) — Tor,(M',V) — Tor, 1 (M, V) — ...
that in degree p + g yelds the desired exact sequence. O

Koszul cohomology behaves well with respect to direct sums:

Lemma 1.2.3. Let M, N be two finitely generated S-modules, with minimal free resolutions Fo and G,
repectively. Then Fo ® G, is the minimal free resolution of M & N. In particular

Proof. 1t is clear that F, ® G, is the minimal free resolution of M @& N, and now the statement
about Koszul cohomology groups is obvious. O

1.3 Geometry

Now we want to explain the concepts of Koszul cohomology in a geometric context. Let V be as
before a vector space over k of dimension r + 1, and let S = 5*(V) be its symmetric algebra. Then
we denote with IP(V) the projective space of quotients, i.e.

P(V) = Proj S*(V)
Observe that we have a canonical identification
HY(P(V),0(1)) =V
that in turn induces identifications
H(P(V),0(k)) =S5(V) VkeZ

so that we can consider
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1.3.1 Minimal free resolutions of coherent sheaves

Let F be a coherent sheaf on IP(V'). Then we define the graded group

=D H(P(V), F(k))

keZ

and we note that this has a natural structure of an S*(V)-module, thanks to the multiplication
maps
HY(P(V),O(k)) ® H'(P(V), F(m)) — H(P(V), F(m +k))

Lemma 1.3.1. Let F be a coherent sheaf on P(V') such that there are no closed points in Ass(F), then
R(F,V) is a finitely generated graded S®(V')-module. Conversely, if there is a closed point in Ass(F),
then R(F, V) is not finitely generated.

Proof. See [ ]. O

Definition 1.3.1 (Minimal free resolution of a sheaf). Let F be a coherent sheaf on (V) with no
closed points in its support and let R(F, V) be its associated S-module. Then the minimal free
resolution of F is defined as the sheafification of the minimal free resolution of R(F, V) as an
S-module.

Definition 1.3.2 (Koszul cohomology of a coherent sheaf). Let F be a coherent sheaf on P(V).
Then the Koszul cohomology of F is defined as

def
Kyg(F, V) S Kpg(R(F, V), V)
More concretely, it is defined as the cohomology at the middle term of the complex
ANV @ H(P(V), F(g — 1)) — APV @i HY(P(V), F(q)) — NIV @ H(P(V), F(g+1))

Remark 1.3.1. Let F be a coherent sheaf on IP(V): then the minimal free resolutions of R(F) and
J respectively are given by

O—F —F 1—...—F —F—0
0—F —F1—...—Fg—F —0

where

F, =@ S(—p—q) ®K,4(F,V) =P O(—p—q) @Kp4(F,V)

qeZ geZ

and in particular we see that H°(IP(V'), 7, (k)) is precisely the degree k part of F,. By exactness of
the minimal free resolution at the level of moduli, we see that the sequence

0 — H'(IP(V), F(k)) — H°(P(V), Fr_1(k)) — ... — H°(P(V), Fo(k)) — H°(P(V), F(k)) — 0

is exact. Moreover, taking the direct sum of these sequences for all k € Z we recover the minimal
free resolution of R(F).

Example 1.3.1. Let X be the complete intersection of an irreducible conic and an irreducible cubic
in IP3. Then the minimal free resolution of Ox as a sheaf on IP? has the form

0 — O][)S»(_S) — OJPZS(—Z) @ O]PS(—Z) — O]PS — OX — O
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1.3.2 Koszul cohomology of projective varieties

Let X be a projective variety, L a line bundle on X and V C H°(X, L) a subspace. Then we can
consider the graded ring S = S(X, L, V) = §*(V) and for every coherent sheaf F on X we have
the graded S°*(V)-module

R(F,L) = P H'(X, F ® L)
keZ

Definition 1.3.3 (Koszul cohomology of a projective variety). Let notations be a s before. Then we
define the Koszul cohomology of F with respect to V as

def °
Kpg(X,L,V; F) = Kp4(R(F,L),S*(V))

In particular, if V = H%(X, L) we use the notation Kyq(X,L; F) def Kyq(X,L,V; F) whereas, if
F = Ox we use the notation K, ;(X, L, V) def Ky q(X,L,V;Ox).

Remark 1.3.2. More concretely, the Koszul cohomology K, ;(X, L, V; F) is the cohomology at the
middle term of the complex

APV @ HO(X, F © L20-D) — APV @ HY(X, F @ L) — AV-1V @ HY(X, F & LZ0+)

Remark 1.3.3. If X = P(V) and L = Opy(1) then the Koszul cohomology K, ;(IP(V), Op v (1); F)
corresponds to the Koszul cohomology K ;(F, V) that we have defined before.

Remark 1.3.4. Let X be a projective variety and suppose that L is a very ample line bundle that
defines a closed embedding ¢; : X — IP(H%(X, L)). Then for every coherent sheaf F we see that
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Chapter 2

Techniques of Koszul cohomology

In this chapter we are going to present some properties of Koszul cohomology and some examples
of Betti tables.
2.1 Syzygy bundles

Let X be a projective variety over k and let L be a line bundle on it. Suppose that L is globally
generated: then it defines a morphism

¢r: X — P(H(X,L))
On the projective space IP = P(H%(X, L)) we have the Euler sequence
0 — Qp(1) — HYX,L)® Op — Op(1) — 0
and pulling back this sequence on X via ¢ we obtain the exact sequence

0— M, — H(X,L)® Ox =5 L —0

where ev: HY(X,L) ® Ox — L is the evaluation map and M, &f P71 (Qp(mo(x,))(1)) is a vector
bundle of rank h°(X, L) — 1.

Definition 2.1.1 (Syzygy bundle). Let X be a projective variety and L a globally generated line
bundle over X. Then, in the above notation, M is called the syzygy bundle on X relative to L.

The syzygy bundle is strictly related to the Koszul cohomology of X and L: indeed, from the
exact sequence
0— M, — HYX,L)® — L —0

for every p > 1 we have exact sequences
0 — APMp — APHY(X,L)® Ox — AP IMp ® L — 0
and twisting this sequence by L1 L poa gives the exact sequences
0 — APMp® L1 — APHY(X,L) @ LT — APIMp @ LT — 0
so that, taking cohomology, we have the long exact sequence
0 — HYX,APM; ® L) — APHY(X,L) ® H°(X,L7) — HY(X, AP7IM; @ L1T1) — ...
Now, consider the commutative diagram:
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APHHOY(X, L) @ HO(X, L1 1)

l \dp—kl,q—l

H(X,APM ® L7) —— APHY(X,L) @ HY(X, L9) — HY(X, A\P~'M; ® L1+1)

T

I
AP=THO(X, L) @ HO(X, LA+1)

Where the diagonal maps are the differentials in the Koszul complex and the row is exact. Then
we have:

Proposition 2.1.1. Suppose that L is a globally generated line bundle on X. Then there are canonical
isomorphisms

Ky (X, L) = Coker (\WT'H(X, L) ® H°(X,L971) — H°(X, APM, ® L))
=~ Ker (H'(X, A\PPIMp @ LT71) — APPITHY(X, L) @ HY(X,LI71))
Proof. For the first isomorphism, consider the above commutative diagram: as the map
HY(X, AP IMp @ LTt — APTHY(X, L) @ HO(X, L7TY)
is injective, we see that
Ker(dy,) = Ker (\PH(X, L) ® H°(X,L7) — HY(X, AP"'M; ® L7™1)) = HY(X, \PM| ® L1)

and then it is clear how to conclude.
For the second isomorphism, consider the exact sequence in cohomology given by

APIHO(X, L) @ HO(X, L77Y) — HO (X, APMp @ LT) — HY (X, A\PTIMp @ LT71) — APTLHO(X, L) @ HY (X, 1Y)
O

Corollary 2.1.1. Suppose that L is a globally generated line bundle on X and suppose that for a certain
h > 0 we have

H(X, L") =0  foralli=1,...,h
H(X, L") =0  foralli=1,...,h—1

Then
Kpq(X,L) = H' (X, A\PT"Mp @ L1

Proof. The proof is by induction on #, starting from h = 1: we know from the Proposition 2.1.1
that

Kpa(X,L) = Ker (HY(X, A""'"M; ® LT — APPTHO(X, L) ® HY(X, LT 1))

so that, if H'(X, L9~!) = 0, then it is obvious that K, 4(X, L) = H (X, AP"1M; @ L171).

Now, suppose that the thesis has been proved for & — 1. Then by inductive hypothesis we know
that K, ,(X, L) = H""1(X, AP*"~1M @ L1-"*1), and using the long exact sequence in cohomology
associated to the short exact sequence

0 — APTIMp @ L1771 — APPPHO(X, L) @ L7 — APHIM @ LI7H — 0
it is easy to see that we have

Hh*l(Xl /\P+h*1ML ® Lq*h+1) o~ Hh(X, /\erhML ® Lq*h)
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Corollary 2.1.2. Suppose that L is a globally generated line bundle on X such that dimy H*(X, L) = r +1,
and suppose that for a certain p > 0 it holds that

H(X,L17) =0 foralli=1,...,r—p+1
H(X, L1777 =0 foralli=1,...,r—p
then Ky 4(X, L) = 0.
Proof. From Corollary 2.1.1, we know that in these hypotheses
Kyq(X,L) = H "X, N M @ L1
but A" M; = 0 since M; is a vector bundle of rank r. O
Corollary 2.1.3. Suppose that L is a globally generated line bundle on X such that
HY(X,L9) =0  forallg<0
then
Kpo(X,L) = H*(X,A\PM;)  and  K,o(X,L)=0  forallg<0
Proof. We know from Proposition 2.1.1 that
K,q(X,L) = Coker (A\VT'HY(X,L) ® H*(X,L7") — H(X, A\PM; ® L))
and in our hypotheses H?(X, L7~!) = 0 for all g < 0, so that
Kpq(X,L) = HY(X, APM; ® L) forall g <0
Now, since we have an inclusion H*(X, APM; ® L) C APH?(X,L) ® H°(X, L1), it is clear that
Ky q(X,L) =0 forallg <0
O

Example 2.1.1 (Veronese embeddings). Let V be a vector space of dimension r 4 1 over k and let
IP(V) be the projective space of quotients. Consider the line bundle L = Op(y)(d) for a certain
positive d > 0 and let M; = M|, be the corresponding syzygy bundle: then it is easy to see from
the Corollary 2.1.1 that

Kpg(X,L) = HI(P(V), APH1M,)

Indeed, if g < r we know that line bundles on projective spaces do not have any intermediate

cohomology, that is Hi(X, L) =0 forevery s € Z and every i = 1,...,r — 1. Then we only need

to check the case g > r, but this reduces to the condition H"(IP(V), Op(y)) = 0, that is clearly true.
In particular, we see that K, ;(IP(V), Op(y)(d)) = 0if g > r.

Remark 2.1.1. The above results can be generalized as follows: let L be a globally generated line
bundle on a projective variety X and let V C H°(X, L) be a subspace that generates L. Then we
have an exact sequence

00— My —VO0Ox —L—0

where My is a vector bundle, called the syzygy bundle of V. Now we can rephrase our previous
results as follows:

Proposition 2.1.2. Suppose that X is a projective variety and that L is a line bundle generated by a
subspace V.C H°(X, L). Then, for every JF coherent sheaf on X we have that

Kyq(X, L, V; F) 2 Coker (NT'V @ HY (X, F® L1™') — HY(X, F ® N"My ® L))
>~ Ker (HY(X, F @ AP IMy @ L171) — APTlV @ HY(X, F @ L171))
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Proof. The proof is analogous to that of Proposition 2.1.1. O

Corollary 2.1.4. Let X be a projective variety, L a line bundle on X generated by a subspace V.C H°(X, L)
and F a coherent sheaf on X such that for a certain h > 0 we have the vanishings

H(X,FRLT™) =0  foralli=1,...,h
H(X,FRLT™1) =0  foralli=1,...,h—1

then
Kpq(X, L, V; F) =2 H'(X, F @ APTIMp @ LT71)

Proof. The proof is analogous to that of Corollary 2.1.1. O

In particular, this result tells us that we can recover the cohomology of a sheaf from its Koszul
cohomology wih respect to an appropriate line bundle.

Proposition 2.1.3. Let X be a connected projective variety, L a line bundle on X generated by a linear
subspace V.C HY(X, L) of dimension dimV = r + 1 and F a coherent sheaf on X. Suppose that for a
certain q > 0 we have

H(X,FoL™ =0  foralli=1,...,q—1
H((X,Fo L™ =0  foralli=1,...,q

then
H1(X,F) = Ki 411 (X,L,V;F)

Proof. In these hypotheses, Corollary 2.1.4 tells us that
Kigq+1(X,L,V; F) 2 H(X, FR N'My ® L)
but from the exact sequence
00— My —VeO0Ox—L—0
we see that A"My = det My =2 L1 and this yields the thesis. O

Remark 2.1.2. In the hypotheses of Proposition 2.1.3, we see that the Koszul cohomology spaces
Ky _g4+1(X,L,V;F) do not depend on V.

Corollary 2.1.5. Let X be a projective variety, L a line bundle on X generated by a subspace V. C H°(X, L)
of dimension dim 'V = r 4 1. Suppose that F is a coherent sheaf on X such that

H(X,FRLT™ =0  foralli=1,...,r—p+1
Hi(X,]:®L””1’i):O foralli=1,...,r—p

then K, 4(X,L,V; F) = 0.
Proof. The proof is analogous to that of Corollary 2.1.2. O

Corollary 2.1.6. Let X be a projective variety, L a line bundle on X generated by a subspace V.C H°(X, L)
and F a coherent sheaf on X such that H°(X, F @ L7) = 0 for each q < 0. Then

Kpo(X, L V; F) = H(X,FQA'ML),  Kpa(X,L,V;F)=0  forallg<0

Proof. The proof is analogous to that of Corollary 2.1.3. O
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2.2 Lefschetz theorem

We want to study what happens to Koszul cohomology upon taking hyperplane sections. Take
a vector space V of dimension dim V = r + 1 and let 5*(V) be its symmetric algebra, with the
standard grading. Take an homogeneous element of degree one ¢ € V: we denote by (¢) the
vector space in V spanned by £. Notice that S*(V/ (¢)) = S*(V)/({).

Lemma 2.2.1. Let M be a finitely generated graded S®(V')-module such that ¢ is M-regular. Then
Kpq(M, V) = Ky y(M/LM,V /) forall p,q

Proof. Since ¢ is an M-regular element, we have an exact sequence of graded S°*(V)-modules

0— M(~1) -5 M — M/{M — 0

that induces by Proposition 1.2.3 a long exact sequence in Koszul cohomology
= Ky 1 (M, V) =5 Ky g (M, V) — Ky (M/EM, V) — K, 14(M, V) =5 ..

We need to study the map K, 1(M, V) N Kp4(M,V): observe that the multiplication map
£: M(—1) — M factors as

M(-1) = () @ M(~-1) — V@ M(-1) -5 M

where the last map d is the differential in the Koszul complex. Now, it is obvious that the

differential d induces the zero map in Koszul cohomology, so that the map Kp,q_l(M, V) '—£>
K,4(M, V) is zero as well. This shows that for every p,q we have exact sequences

0 — Kpg(M, V) — Kpg(M/EM, V) — K, _1,(M,V) — 0 2.1)
Now, by definition K, ;(M/¢M, V) is the cohomology at the middle term of
0— APV @ (M/IM);_1 — NPV @ (M/IM)g — APV ® (M/EM)g41
but thanks to the splitting V = (¢) & V/ (£) we see that we have
Kpg(M/EIM,V) =Ky q(M/EM, V] (£)) D [(£) @ Ky_1,4(M/LM,V/ (£))]

Putting this in the exact sequence 2.1, we can prove by induction on p (the case p = 0 being
obvious) that K, ;(M, V) = K, ;(M/{M,V / (£)). O

Remark 2.2.1. Either with the same ideas of the above proof or by applying repeatedly the above
result, one can show that if £ = ({4,...,/¢;s) is an M-regular sequence of homogeneous elements
l; € V of degree 1, then K, ,(M, V) = K, ,(M/{M,V/LV) for each p,q.

Theorem 2.2.1 (Lefschetz theorem for Koszul cohomology). Let X be an irreducible projective variety,
L a line bundle on X and Y € |L| a connected divisor. If H(X, L7) = 0 for all g > 0, then

Kpq(X,L) = Kp,(Y, L‘Y) forall p,q

Proof. First we observe that in these hypotheses we have H(X, L7) = H°(Y, L?Y) =0forallg <O0.

Now, let ¢ € H°(X, L) be a global section such that Y = div(c) and take the exact sequence
relative to the divisor Y:
0— L' —0x— 0y —0

tensoring this sequence by L we find the exact sequence

0— Ox 5 L—>Ly—0

29



2. TECHNIQUES OF K0szZUL COHOMOLOGY

and since H!(X, Ox) = 0 we have the exact sequence in cohomology
0 — k% HYX,L) — H(Y,Lyy) — 0

and this shows that H(Y, Ljy) = H*(X,L)/ (7).
In the same way, we see that for every g > 0 we have the exact sequence

0 — HOX, L7 1) -5 HO(X, L) — H(Y, L) —0

and adding all of these we find the exact sequence of graded S®*(H(X, L))-modules
0 — R(X,L)(-1) =5 R(X,L) — R(Y,Lyy) — 0

This means precisely that ¢ is an R(X, L)-regular element, so that we conclude invoking Lemma
2.2.1. d

2.3 Duality

We now discuss briefly duality in Koszul cohomology: first we need a technical lemma.

Lemma 2.3.1. Let X be a projective variety over k. Let
0—Fg—F — ... — Fs— Fer1 —0
be an exact sequence of sheaves on X such that
H (X, F)=H"(X,Fiy1) =0  foralli=1,...,5s—1

then
Ker (H(X, Fo) — H*(X,F1)) = Coker (H*(X, Fs) — H°(X, Fei1))

Proof. Let U be a finite affine open cover of X, and consider the first-quadrant double complex

EP ¥ ci(X, F,, U)

where the horizontal maps are induced by the exact sequence and the vertical map are the maps
of the Cech complex. Since the rows of the complex are exact, the cohomology of the double
complex is zero. Now, considering the spectral sequence starting with the vertical maps we get
that

+EVT = HY(X, Fp)

and now using the hypothesis it is easy to conclude.
Another way to prove this proposition is by splitting the long exact sequence into short exact
sequences. 0O

The following result is due to Green [ 1.

Theorem 2.3.1 (Duality Theorem). Let X be smooth projective variety of dimension dim X = n and let
L be a globally generated line bundle on X. Set r = h°(X, L) — 1. If

H (X, L1 = H(X,LT"'""Y =0  foralli=1,...,n—1

then it follows that
Kp,q(Xr L) = Kr—n—p,n+1—q(X/ L; KX)\/
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Proof. Set V = H°(X, L). Then we know from Proposition 2.1.1 that
Kpq(X,L) = Coker (A\P*'V @ HY(X, L7 1) — HO(X, APM; ® L))

so that
Kpq(X, L)Y 2 Ker (H'(X, \PM @ LT)Y — APPIVY @ HY(X, LT 1)Y)

and using Serre’s duality we see that

Kpq(X, L)Y = Ker (H"(X,Kx ® APM} @ L™1) — APPVY @ H*(X,Kx ® L'71))
>~ Ker (H"(X,Kx @ N"PMp @ L1™1) — APV @ H"(X,Kx ® L71))

where for the second isomorphism we have used the fact that det M; = L~! and det V = k.
From the exact sequence

00— M, —VROx—L—0
we get (taking wedge powers and gluing) the exact sequence
0— N PVRKx@L" T — ... — NPV @Ky @L" 1 — NP "M @Ky ® L7 — 0

Now it is enough to use Serre duality to show that the hypotheses of the Lemma 2.3.1 hold, so
that we get

Ker (H"(X,Kx ® A" "PMp ® L'™1) — NPV @ H"(X,Kx ® L171)) =
>~ Coker (A" P71V @ HY(X,Kx @ L"™ 1) — H' (A" "ML @ Kx ® L))

and from this we can conclude thanks to Proposition 2.1.1. O

Remark 2.3.1. Notice that the conditions of the theorem are automatically satisfied if X is a smooth
curve or if X = IP(W) is a projective space. Indeed, in both cases the intermediate cohomology of
any line bundle is zero.

Remark 2.3.2. In the previous Theorem, suppose that X = IP(W). Then the proof of the theorem
gives an isomorphism of SL(W)-representations

Kp,q(X/ L) = Krfnfp,n+1fq(X/ L; KX)V

and not merely of vector spaces. Indeed, it is enough to note that the isomorphisms detV = k
and det M; = L~! hold as SL(W)-isomorphisms, and this follows from the fact that for every
finite-dimensional vector space U, we have

detU =k

as SL(U)-representation, where k is the trivial representation (notice that this does not hold for
GL(U)).

Remark 2.3.3. With a similar argument, one can prove the following more general result: let X be

a smooth projective variety of dimension #, L a line bundle on X, V C HO(X, L) a base-point-free

subspace of dimension r + 1 and E a vector bundle on X such that
H(X,EQLT)=H(X,EQL""1)=0  foralli=1,...,n—1

then we have an isomorphism

Kp,q(Xl L/ V/ E)v = Kr—n—p,n+1—q<X/ L/ V/ KX ® Ev)
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2.4 Castelnuovo-Mumford regularity

Koszul cohomology is deeply connected with Castelnuovo-Mumford regularity, which is a
numerical measure of the cohomological complexity of a coherent sheaf.

Definition 2.4.1 (Regularity on projective spaces). Let F be a coherent sheaf on a projective space
IP(V) and let m € Z be an integer. We say that F is m-regular if

H(P(V),F(m—1i)=0  foralli>0
Remark 2.4.1. 1t is clear that F is m-regular if and only if F(m) is 0-regular.

Theorem 2.4.1 (Mumford’s theorem on regularity - I). Let F be a m-regular coherent sheaf on a
projective space IP = P(V'), then for every h > 0 one has that

1. Fis (m+ h)-regqular.
2. F(m + h) is generated by global sections.

3. The multiplication map H°(P(V), Op(h)) ® H'(P(V), F(m)) — HO(P(V), F(m + h)) is sur-
jective.

Proof. Substituting F with F(m) we can suppose that m = 0.

First, suppose that we have already proved (1) and (3). Then to prove (2) it is sufficient to
consider the case h = 0: we know that F(H) is globally generated for a certain H > 0, so that
the map H(P(V), F(H)) — F(H) is surjective. Now, using (3) we find that the morphism
H(P(V),F)® H°(P(V),Op(H)) ® Op — F(H) is surjective, but this factors through

H(IP(V), F)® Op(H) — F(H)

and tensoring this sequence with Op(—H) shows that F is generated by global sections.
Now, to prove (1) and (3) we proceed by induction on £, starting with i =1 (for 1 = 0 there
is nothing to prove): set dim V = r 4+ 1 and consider the Koszul complex on IP(V) given by

00— AN"TWROp(—r—1) — NV Op(—1) — ... — VR Op(=1) — Op — 0
this is exact, since it is the sheafification of the augmented Koszul complex
Ke(V) —k —0

of S*(V)-modules (notice that the sheafification of k is 0).
Now, for every i > 0, tensoring the above complex by F (1 — i) we get an exact sequence

0—=ANTWRF(—r—i) — NVRF(—r+1—i) — ... — VR F(~i) — F(1—i) — 0
Now, fix a finite open affine cover U of IP(V) and consider the first-quadrant double complex

q def

EPAE CUNTIPV @ F(—r—i+p),U)

where the horizontal maps are induced by the exact sequence above and the vertical maps are
the differentials in the Cech complex. Since that the rows of this complex are exact, the spectral
sequence that starts with the vertical differentials abuts to zero.

At the first step of this spectral sequence we find +E;"? = A"*17PV @ HI(P(V), F(—r —i+p))

and by hypothesis we have that +E} TP = 0 for all p<r+i
Now, taking i = 0, this implies that 1E5" ! = yE&*! = 0 but by definition we see that

+EY1 = Coker (V ®@ HY(P(V), F) — H(P(V), F(1)))

and this proves point (3).
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Instead, taking i > 0 we see that this implies +E] ™ = ELI" = 0, that is H(IP(V), F(1 1)) =
0, and this proves point (1).

For the inductive step, take & > 1 and suppose that the thesis is true for every 0 < s < h. Then
F is h — 1-regular, that is F(h — 1) is O-regular, and by what we have proved before we know that
F(h —1) is 1-regular, that is F is h-regular.

For the surjectivity of the multiplication map, observe that by inductive hypothesis we know
that the map

HY(P(V),Op(h—1)) @ H'(P(V), F) — H'(P(V), F(h —1))
is surjective, so that the tensored map
H(P(V),Op(1)) @ H'(P(V), Op(h—1)) @ H'(IP(V), F) — H°(IP(V), Op(1)) @ H(P(V), F(h))

is surjective as well. Now, we know that F(h) is O-regular by inductive hypothesis, and from
what we have proved before it follows that the map H°(IP(V), Op(1)) ® H(P(V), F(h)) —
H(P(V), F(h +1)) is surjective. To conclude it is enough to observe that the resulting surjective
map

H(P(V), Op(1)) ® H'(P(V), Op(h — 1)) ® H'(P(V), F) — H(P(V), F(h))
factors through
HY(P(V), Op(1)) ® H'(P(V), Op(h—1)) ® H'(P(V), F) — H(P(V), Op(h)) @ H(IP(V), F) — H(IP(V), F(h))
so that the last map is surjective. O
Thanks to this theorem, we can give a meaningful definition of the regularity of a sheaf:
Definition 2.4.2 (Castelnuovo-Mumford’s regularity). Let F be a coherent sheaf on a projective
space IP(V). Then we define the Castelnuovo-Mumford regularity of F as
reg(F) & min {m e Z| F is m-regular }

Example 2.4.1. Let V be a vector space over k of dimension r + 1 and let d > 1 be a positive integer.
We want to compute the regularity of the line bundle Op(d): we need to find the smallest m € Z
such that

H(P(V),0p(d+m—i))=0  foralli>0

and since line bundles on projective spaces do not have any intermediate cohomology, this is
equivalent to

H (P(V),Op(d+m—r)) = H(P(V),Op(—d —m —1))" =0

and now it is easy to see that reg Op(d) = —d.
Example 2.4.2. Let V be as before. We want to study the Castelnuovo-Mumford regularity of
the syzygy bundle corresponding to Op(d), that is, the vector bundle M, defined by the exact

sequence
0— My — SV®O0p — Op(d) — 0

First, we note that M, is not O-regular: indeed, tensoring the above exact sequence by Op(—1)
and taking the induced exact sequence in cohomology we get an exact sequence

0 — SV — HY(P(V), My(—=1)) — SV @ HY(P(V), Op(—1))

Now we observe that H'(P(V), Op(—1)) is always zero: this is clear if r > 1, as line bundles
on projective space do not have any intermediate cohomology, and for r = 1 we see that
H'(P(V),0p(—1)) = H(P(V),Op(—1))" = 0. Hence, this gives H'(P(V), My(—1)) = §%-1V
and this is always different from zero.
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Let’s check whether M, is 1-regular: for every i > 0 we have the exact sequence
0 — My(1—i) — SVe0p(1—i) — Op(d+1—i) —0

that induces the exact sequence in cohomology

H™YP(V),0p(d+1—1i)) — H(P(V),My(1—i)) — SV & H(P(V),Op(1 —i)) — 0
and now it is easy to check that H' "' (P(V), Op(d + 1 —i)) = H'(P(V), Op(1 —i)) = 0 so that
H'(P(V), My(1 —i)) = 0 as well. This shows that reg M; = 1.

The definition of regularity and the above theorem can be generalized as follows:
Definition 2.4.3 (Regularity w.r.t. an ample line bundle). Let X be a projective variety, L an ample

globally generated line bundle on X and F a coherent sheaf on X. For every fixed integer m € Z
we say that F is m-regular with respect to L if

H(X,FOL" ") =0  foralli>0

Remark 2.4.2. Take X = P(V) and let F be a coherent sheaf on P(V). Then saying that F is
m-regular means precisely that F is m-regular w.r.t the line bundle Opy(1).

In order to generalize the above result we need a small lemma:

Lemma 2.4.1. Let X be a projective variety of finite type over k, L a globally generated line bundle on X
and ¢p: X — P(HO(X, L)) the morphism associated to the complete linear system of L. Then L is ample

if and only if ¢y is finite.

Proof. Recall that if f: X — Y is a finite morphism of projective varieties and if M is an ample
line bundle on Y, then f*M is an ample line bundle on X (see for example [ ]). In particular,
if ¢y is finite, it is clear that L is ample, since L = ¢} Op(1).

Conversely, suppose that ¢, is not finite, then there must be a closed subscheme Z C X of
positive dimension that is contracted to a point by ¢; (since a projective morphism is finite if and
only if it has finite fibers). But then the line bundle L is trivial, and since the closed embedding
Z C X is finite, we see that L cannot be ample. ]

Remark 2.4.3. Let X be a projective variety, L an ample globally generated line bundle on X
and F a coherent sheaf on X. Then F is m-regular w.r.t. L if and only if ¢, F is m-regular on
P =P(H(X,L)).

Indeed, since the map ¢r: X — P is finite, hence affine, we see that

H'(P, g1, F © Op(m — i)) = H(P, ¢p,(F © ¢{ Op(m — ) = H'(X, F @ L")

Theorem 2.4.2 (Mumford’s theorem on regularity - II). Let X be a projective variety, L an ample
globally generated line bundle on X and F a coherent sheaf on X. Suppose that F is m-regular w.r.t. L.
Then for every h > 0 one has that

1. Fis (m+ h)-reqular w.r.t. L.
2. F @ L"*h is generated by global sections.

3. The multiplication map H°(P(V), L") @ HO(P(V), F ® L™) — H(P(V), F ® L") is surjec-
tive.

Proof. 1t is enough to apply the above remark and Theorem 2.4.1 to the sheaf ¢; . F on P(H°(X, L)).
O

Definition 2.4.4. Let X be a projective variety, L an ample globally generated line bundle on X
and F a coherent sheaf on X. We define the Castelnuovo-Mumford regularity of 7 w.r.t L as

reg, (F) = min{m | F is m — regular w.rt. L}
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Now, the proof of Theorem 2.4.1 shows that the regularity of a sheaf is strongly linked to the
Koszul complex. In fact, the regularity can be read off directly from the Koszul cohomology of F.

Theorem 2.4.3. Let X be a projective variety, L an ample globally generated line bundle on X and F be a
coherent sheaf on X. Suppose that F is (m + 1)-reqular w.r.t. L, then it is m-regular w.r.t. L if and only if
Ky mi1(X, L; F) = 0 for all p. In particular

reg, (F) = max {m | K, u(X,L; F) # 0 for a certain p }

Proof. Suppose first that F is m-regular w.r.t L. Then K, ,,4+1(X,L; F) = 0 for all p thanks to
Corollary 2.1.5.

Conversely, suppose that F is (m + 1)-regular w.r.t L and that K, ,,11(X,L; F) = 0 for all
p. Then observe that, thanks to what we have already proved and Theorem 2.4.2, we have
Ky q(X,L; F) =0forallg > m+1.

Now, set V = H'(X, L), then we know that we have an exact sequence of sheaves on IP(V)

0 —Ly4y1 —L —...—Lyp—L1—0

where
L, = P Op)(—p —9) @Ky (X, L; F) forallp >0, L_j=¢r,F
qeZ

and 7 + 1 = dim V. Now, for every i > 0 we tensor this sequence by Op v (m — i) so that we get
the exact sequence

0— Lyya(m—i) — Ly(m—i)— ... — Lo(m—i) — L_y(m—i) — 0
Take a finite affine open cover U of IP(V) and consider the first-quadrant double complex
EPl = CI(Lyy1-p(m—1),U)

where the horizontal maps are induced by the previous exact sequence and the vertical maps are
the differentials in the Cech complex. This complex has exact rows, so that the spectral sequence
of the vertical maps abuts to zero. Computing the sequence at the first step gives

+EVT = HY(P(V), Lypa—p(m — 1))

In particular E]"*" = HI(P(V), ¢.F © Op(y)(m — i) = HI(X, F © L"),
Now, to show that H(X, F @ L") = 0 it is enough to prove that

TE;+1+i—q,q = HI(P(V),L,_i(m —i)) =0 forallg >i

but since line bundles on projective spaces do not have any intermediate cohomology, it is enough
to prove that H"(IP(V'), L,_;j(m —i)) = 0. We see that

H'(P(V), Ly_i(m — i) = @ H'(P(V),O(m —r —q)) @ K,_i,(X, L; F)

qeZ
=~ P HP(V),0(q—m—-1))" @K,_iq(X,L; F)
qezZ
and since K, ;(X, L; F) = 0 for all § > m + 1 and for all p, we get the desired vanishing. ]

Remark 2.4.4. This theorem says that the regularity of a sheaf F is the highest index of a non zero
row in the Betti table of F.

As an application of the above result we can study the regularity of a tensor product:

Proposition 2.4.1. Let X be a projective variety, L an ample globally generated line bundle, F a coherent
sheaf on X and E a vector bundle on X. Suppose that F is m-regular w.r.t. L and E is n-regular w.r.t. L,
then F @ E is (n + m)-regular w.r.t L.

35



2. TECHNIQUES OF K0szZUL COHOMOLOGY

Proof. Substituting 7 by 7 ® L™ and E by E ® L" we can suppose that m = n = 0.

Exploiting the fact that the map ¢, : X — IP(H°(X, L)) is finite, we can suppose that X =
IP(V) for a certain vector space of dimension r + 1 and that L = Op(y)(1). Then the augmented
minimal free resolution of E gives us an exact sequence

0 —E4y4W —E —...—E—E 1=E—70

where E, = ©;0p(y)(—p — q) ® Kp4(P(V), E). Then, for every i > 0 we can tensor this exact
sequence by F(—i) to get an exact sequence

0 — F®E4i(—i) — ... — F®Ey(—i) — F®E_1(—i) — 0

Now, take an affine and finite open cover U of IP(V) and consider the first-quadrant double
complex
EPA = C1(F @ Ery1-p,U)

where the horizontal differentials are induced by the above exact sequence and the vertical
differentials are the differential in the Cech complex. Since the rows are exact, the spectral
sequence starting with the vertical maps abuts to 0. Computing this sequence at the first step
gives

(EV = HI(P(V), F & Eyiap(—0))
in particular, we see that TE{H’Z = H/(IP(V), F ® E(—i)) and then, to show that this is zero it is

enough to prove that TE;H’i =0and TE;Jrz*j’j =0forallj >i+1.
For the first vanishing observe that

WEfTY = H(P(V), F ® Eo(—i)) = @ H'(PP —q—1i)) ® Koq(E, V)
qeZ

and now Ko,4(E, V) = 0 for every q > 0 since E is O-regular (cfr. Theorem 2.4.3), whereas
H'(IP(V), F(—q —1i)) = 0 for every g < 0 since F is 0-regular. For the other vanishings we see
that for every j > i 4 1 we have

LBV = HI(P(V), F @ Eja(—i) = @ H(P(V), F(1—j—i—q) ®Kj14(E, V)
qeZ

and we can use the same reasoning as before. O

Corollary 2.4.1. Let X be a projective variety, L an ample globally generated line bundle on X and E a
vector bundle on X that is m-reqular w.r.t. L. Then E¥?, A\PE, SPE are pm-regular w.r.t. L.

Proof. Applying repeatedly Proposition 2.4.1 yields that E“? is pm-regular. Now, we just need to
observe that we can regard APE and SPE as direct summands of E®? and the thesis follows. [

2.5 Vanishing theorems

As for standard sheaf cohomology, it is of great interest to know whether a certain Koszul
cohomology group is zero or nonzero. In this section we want to present two useful vanishing
statements for Koszul cohomology: the first one is quite generic and due to Green [Cre].

Theorem 2.5.1. Let X be an irreducible projective variety, L a line bundle on X, V. C H°(X, L) a subspace
and E a vector bundle on X such that h°(X,E ® L7) < p. Then

Ker (APV @ H'(X,E® LT) ~5 AP 1V @ HO(X,E@ L1*1)) = 0

and in particular
Kypq(X,L,V;E) =0
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Proof. Substituting E with E ® L7 we can suppose that g = 0. Suppose dimy V = r 41 and take
r 4+ 1 general points P, ..., P, € X. Choose a basis vy, ..., v, of V such that vi(Pj) = 0 for every
i # j and v;(P;) # 0. Then every element & € APV ® H°(X, E) can be written in the form

o= Y I AR RRAY M C
0§11<~--<1p§r

where a;,, i, € HO(X,E). Now, suppose that « € Ker(APV @ H°(X, E) A Ay HY(X,E®
L)), then

p
— — i+1.,. o~ . P
0=d(a)= Y. [Z(—l)] Oy AN AT A AT, @0,
0<ip <+ <ip<r [j=1
e . . ... _ _1 . »
- Z O Ao Ao, @ Z Vjljhy. g T +(=1)” Z Ujhy..hy aj
0<hy <+ <hy 1 <r 0<j<hy hy 1<j<r

.....

iy, iy = sgn(a)aig(l)“_ig(m where o: {1,...,p} — {1,...,p} is the unique permutation such
that i,y < - <i,(,). With this notation, we can rephrase the condition d () =0as

r
;)v]'“jhl...h,,,1 =0 forall0 <h < - - < hp71 <r
]:

and evaluating this at the point P; tells us that Xjhy . by (P]-) = 0 for every j = 0,...r, that can also
be written as
ai i, (P;

i

)=0 forallj=1,...,p

But, now, since the points P; were chosen generally, and /°(X, E) < p by hypothesis, we know
that the evaluation map

HYX,E) — é; E®«(P;)
j=0

is injective, so that i, =0 and « = 0 as desired. O
The second statement, again due to Green [ ], is about projective spaces.

Theorem 2.5.2. Let V be a vector space over k of dimension n + 1, let d > 0,k > 0 be two integers and
consider a base-point free subspace W C SV = HO(IP(V), Op(d)) of codimension c. Then

Ky q(P(V),Op(d),W;Op(k)) =0  forallk+ (q—1)d > p+c
Proof. Thanks to Corollary 2.1.4, we see that
Kpq(IP(V), Op(d), W; Op (k) = H'(IP(V), A"* My @ Op((q — 1)d + k)

Indeed, thanks to the fact that line bundles on projective space do not have any intermediate
cohomology, it is enough to check that, if n = 1 then H'(IP(V), Op((qg — 1)d + k)) = 0, but

HY(P(V), Op((q — 1)d +k)) = H'(P(V),Op(—(q — 1)d —k —2))" =0
since (g —1)d+k>p+c>0.
Now, to conclude, it is enough to show that AP*!Myy is ((g — 1)d + k + 1)-regular on P(V).

To this end, choose a flag of linear subspaces

W=W,CW.1C---CW CWy=5V
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such that dim W;_;/W; =1, and for every i = 0,...,c let M; be defined by the exact sequence
00— M —>W,R0p — O]p(d) —0

we are going to show by induction that AP M; is (p + 1+ i)-regular, for all p > 0,i = 0,...,c
and this will give us the thesis.

For i = 0, we already know from Example 2.4.2 that M is 1-regular, so that APT1Mj is
(p + 1)-regular thanks to Lemma 2.4.1.

For the inductive step, suppose that i > 0: then we have an exact sequence

00— M;, — M1 — Op —0
that yields another exact sequence
0 — APT2M; — APP2M;_ — APTIM; — 0

Now we prove by descending induction on p that AP M; is (p + i+ 1)-regular. If p + 1 > rk M;
this is obvious, and for the inductive step, we observe that the above exact sequence gives the
exact sequence in cohomology

H' (P(V), N"2Miq(p +1)) — H'(P(V), AP Mi(p +1)) — HTH(P(V), P 2Mi(p + 1))

Now, AP*2M; is (p +2 +i)-regular thanks to the inductive hypothesis on i, so that H'(P(V), AP*2M;_1(p +
1)) = 0, whereas AP"2M;_y is (p + 2 + i)-regular, thanks to the inductive hypothesis on p, so that
HH+(P(V), AP2M;(p + 1)) = 0. O

2.6 Property N,

Now we are going to introduce a measure of “niceness” for syzygies, called property N,. In general,
let us consider a connected projective variety X with an embedding X — P = P(H’(X,L))
determined by a very ample line bundle L. What is the best possible minimal free resolution
of (X, L), that is, the minimal free resolution of the S = S*(H°(X, L)) graded module R(X,L) =
BgezHY (X, L7) 2

First, we would like R(X, L) to coincide with the coordinate ring of X in P(H%(X, L)), that is

Sx Y Ix, where Ix is the homogeneous ideal of X C IP. Taking global sections in the exact

sequences
0 — Zx(q9) — Op(g9) — Ox(q) — 0

we get an exact sequence
0—Ix —S— R(X,L)

so that R(X, L) = Sy if and only if all the maps S7(H°(X,L)) — H°(X, L7) are surjective. This
property has a name:

Definition 2.6.1 (Projective normality). Let X be a projective variety and L an ample line bun-
dle on X. Then we say that (X,L) is projectively normal if the natural multiplication maps
S1(H(X,L)) — H°(X, L1) are surjective for all g > 0.

Now, the condition of projective normality on (X, L) can be also rephrased by saying that the
multiplication maps
HY(X,L)® HY(X, L7 ') — HY(X,LY)

are surjective for all 4 > 1, but by definition of Koszul cohomology this means that Ko ,(X,L) =0
for all g > 0. Since X is connected, it follows that Ky 1 (X, L) = 0 and this brings us to the following
definition.

Definition 2.6.2 (Property Np). Let X be a connected projective variety and let L be an ample line
bundle on X. Then we say that L satisfies property Ny if Ko,(X,L) = 0 for all ¢ > 2.
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Remark 2.6.1. Let X be a connected projective variety and L an ample line bundle on X. Then
(X, L) is projectively normal if and only if L satisfies property Np. An equivalent characterization
is that the augmented minimal free resolution of R(X, L) starts as

S— R(X,L) —0
Indeed, since X is connected it follows that Koo(X, L) = k, whereas, since L is ample, it follows

that Ko 4(X, L) = 0 for all g < 0.

Now, suppose that (X, L) satisfies property Ny. Then the next step in the minimal free
resolution tells us about the generators of the ideal Ix of X. Observe that there cannot be
any elements of degree 1 in Ix, as any embedding determined by a complete linear system is
nondegenerate. Thus, the simplest possible case is that Ix is generated by elements of degree 2,
that is, X is an intersection of quadrics. In this case, the augmented minimal free resolution of
R(X, L) continues as

S(—2)®K1(X,L) — S — R(X,L) — 0
Then we make the following definition:

Definition 2.6.3 (Property Nj). Let X be a connected projective variety and let L be an ample line
bundle on X. We say that L has property Nj if it has property Ny and moreover K 4(X, L) = 0 for
all g > 2.

Remark 2.6.2. By the above discussion, an ample line bundle X has property N if and only if the
minimal free resolution of R(X, L) starts as

S(—2) ®Ky1(X,L) — S — 0

that is, (X, L) is projectively normal and the ideal of X is generated by quadrics.

Now, suppose that L satisfies property Nj. Then the simplest possible case for the next step in
the minimal free resolution of R(X, L) is

S(—3) ® Kz/l(X, L) — S(—2) &® Kl,l(X/ L) — S5 —0

this means that all the relations between the generators of the ideal Iy are generated by linear
relations. In terms of Koszul cohomology we can write this as K5 ;(X,L) = 0 for all ¢ > 2, and in
this case we say that L has property Nj.

Now it is obvious how to proceed:

Definition 2.6.4 (Property N). Let X be a connected projective variety and L an ample line bundle
on X. Then for any positive integer p > 0, we say that L has property N,, if

Kh,q(X,L):O foral0<h<p,qg>2
Remark 2.6.3. L has property N, if and only if the minimal free resolution of R(X, L) starts as
. — S(—p-1)®K,1(X,L) — S(—p) ®Kp_11(X,L) — ... — S(-2)®K11(X,L) — S — 0

This can be rephrased by saying that the Betti table of R(X, L) has shape

001 2 3 ... p—1 p p+1
01 - - - - - -
1 - % *x % ... % %
2|- - - - ... - -

and by definition, this could be also expressed in terms of the minimal free resolution of the
sheaf Ox on P(H%(X, L)).
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2.6.1 Arithmetically Cohen-Macaulay embeddings

The concept of projective normality can be used to study the Cohen-Macaulay property for
coordinate rings of projective varieties.

Definition 2.6.5 (Arithmetically Cohen-Macaulay line bundles). Let X be a projective variety and
let L be a line bundle on X. We say that L is an arithmetically Cohen-Macaulay line bundle if
R(X,L) is a Cohen-Macaulay S*(H°(X, L))-module.

Proposition 2.6.1. Let X be an irreducible projective variety of dimension dim X = n and let L be a
projectively normal very ample line bundle on X. Suppose that

H(X,L9) =0 forall0 <i<nandq e Z
then L is arithmetically Cohen-Macaulay.

Proof. Since L is projectively normal and very ample, we see that diim R(X, L) = dim S*(H%(X,L))/Ix =
n+ 1. Hence, using the Auslander-Buchsbaum formula 1.2.5, we see that L is arithmetically Cohen-
Macaulay if and only if

projdim R(X,L) < hi°(X,L) —n —1

that is, if and only if
Kpe(X,L)=0  forallp >hn’(X,L)—n

Now, from Corollary 2.1.1, we see that for any p > 0 and g € Z we have

Kpq(X, L) = H" (X, A" TP M @ LI7"FT)
Observe now that, tk My = h°(X,L) — 1, so that, if p = h°(X, L) — n, then H" }(X, A""1"P M| ®
L1~y = H"1(X, L9 ") = 0,whereas, if p > h°(X,L) — n then A" 1*PM; = 0. O
2.6.2 Property N, for curves of high degree

As a first example, we study property N, for smooth curves.
Let X be a connected smooth projective curve of genus g, and let L be a line bundle on X: it is
a standard principle that the line bundle L gets “nicer” as its degree grows:

Proposition 2.6.2. Let X be a smooth curve of genus g and let L be a line bundle on X of degree d. Then
1. Ifd >2¢—1then '°(X,L) =d+1—gand h'(X,L) = 0.
2. Ifd > 2g then L is base-point-free.
3. Ifd > 2g + 1 then L is very ample.

Proof. 1. By Serre’s Duality we know that h'(X, L) = h°(X,wx ® L) but this is zero since
deg(wx ® LV) = 2¢ —2 —d < 0. Now, by Riemann-Roch we see that h°(X,L) = x(X,L) =
d+1-g.

2. We need to show that h%(X, L(—p)) = h%(X,L) — 1 for every closed point p € X, but this
follows at once from point 1.

3. We need to show that h%(X,L(—p —q)) = h°(X, L) — 2 for every two closed points p,q € X,
but this follows at once from point 1.
O

Then, it is quite natural to ask ourselves whether the line bundle L gets “nicer” also from a
syzygy point of view. It turns out that this is precisely the case:

Theorem 2.6.1. Let X be a smooth curve of genus g, let k > 0 be a nonnegative integer and let L be a line
bundle on X of degree deg L = 2g 4+ 1+ k. Then L has property Nj.
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Proof. By definition, we need to check that K, ;(X,L) =0 forall0 < p < kand g > 2.
Observe that by Riemann-Roch we have

W(X,L)=deg(L)+1—-g¢g=2¢+2+k—g=g+2+k
and then Duality Theorem 2.3.1 tells us that
Kpqg(X,L) = Ko igpp—q(X, L; Kx)"
Now, by Vanishing Theorem 2.5.1, we know that Kg,Hk,plz,q(X, L;Kx) = 0 as soon as
WX, Kx®@L* ) <g+k—p

In particular, we see that deg Kx ® L>71 = (2¢ —2) + (2 —¢q)(2g + k+1) so that i°(X, Kx ® L271) =
0 as soon as q > 2. The only case remaining is g = 2, but we see that (X, Kx) =g < g+k—p

for every k > p. O
Remark 2.6.4. The above result was proved in the case k = 0 by Castelnuovo [ ], Mattuck
[ ] and Mumford [ ]. The case k = 1 is due to Fujita [F'uj] and Saint-Donat [ ]. Then

Green understood that the property N, was the right generalizations of these results and proved
the above theorem in [ I

Remark 2.6.5. In the hypotheses of Theorem 2.6.1 , we see from Proposition 2.6.1 that the embedded
curve X C P(H%(X, L)) is arithmetically Cohen-Macaulay, since the embedding is projectively
normal and there is no intermediate cohomology on a curve. In particular, we know that

projdim(R(X,L)) = h%(X,L) —dimR(X,L) =g +2+k—2=g+k

and by the above Theorem we can see the the Betti table of (X, L) has the shape

001 2 3 ... k=1 k k+1 ... k+g
0/1 - - - - - - -
1|- % *x *x ... x x
2|- - - - ... - -

where the asterisks stand for a nonzero element and the question marks stand for an element that
could be either zero or nonzero.

2.6.3 Property N, for Veronese embeddings

Another interesting case for studying property N, is provided by Veronese embeddings.

Proposition 2.6.3. Let V be a vector space over k of dimension r + 1 and consider the line bundle Op(d)
for d > 2. Then (P(V), Op(v)(d)) has property Ny.

Proof. By Theorem 2.5.2, we see that

Kyq(P(V),0Op(d)) =0
if p < (q—1)d, and this is true for every 0 < p < d and g > 2. O
Remark 2.6.6. The above result is due to M. Green ([ ). In the paper [ ] E. Rubei
showed that the Veronese embedding Op«(3) satisfies property N, and this result has been

improved by W. Bruns, A. Conca and T. Romer that in their paper [ ] proved that the
Veronese embedding given by Op(d) satisfies property Ny 1.
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We will see later that the minimal free resolution of the Veronese embeddings of P! is explicitly
known, and from this it can be seen that they satisfy property N, for every p.

In the case of IP" with n > 2 this is not true anymore. To see this, we need a preliminary result
about the structure of syzygies. Specifically, we consider the functor

then, from | Jor| ] one can see that

Kyod)= P Myeist
AE(p+q)d

where 5% is the schur functor associated to the partition A and M, = M, (p, q;d) is a vector space
that counts multiplicities. In particular we see that

Corollary 2.6.1. If K, 4(P™, Opn(d)) # 0 then Kp (", Opn(d)) # 0 for all n > m.
Proof. Immediate from the above remark. ]

Now we can prove that we have an upper bound for property N, due to G. Ottaviani and R.
Paoletti [ ]:

Proposition 2.6.4. For every positive integer d > 1 set ry = dimP(5%(k%)) = dim §%(k3®) — 1. Then
for every vector space V' of dimension greater or equal than 3 we have

Ky (P(V),Op(d)) #0  forall 3d —2<p <ry;—2

Proof. Thanks to Corollary 2.6.1, we can suppose that dim V' = 3. First we observe that there is
nothing to prove for d = 1,2, hence we can suppose that d > 3. By Duality Theorem 2.3.1, we
have that

Kp2(P(V), Op(d)) = Kr,—2—p1 (P(V), Op(d); Op(-3))"

and by definition this is the cohomology at the middle term of the complex
0 — N2P(5V) @ 593y Ly A3 (5dy) @ §23Y

Now, suppose that p < r; — 2 (otherwise A"#"27P(S9V) = 0 ) and consider an element & €
N'i=27P(S4V) @ S973V of the form

rg—2—p

a= Y (“DfoAAfiAAfrop®g;

i=0

for certain linearly independent elements f; € SV and nonzero elements gj € $973V. Then
we see that & # 0 and if fig; = f;g; for all i, j, then d(«) = 0. In particular, this happens when
fi = sgi for a certain s € S*V. Thus, to get a nonzero element in K, _»_,,1(P(V), Op(d); Op(-3))
it suffices to get r; — 1 — p linearly independent elements in S?~3V and this is possible as soon as
p>3d—2. O

Remark 2.6.7. After this result, Ottaviani and Paoletti conjectured that (IP", Op« (d)) always satisfies
property Nz;z_3.
2.7 Examples of Betti tables

We want to present some examples of Betti tables and minimal free resolutions in geometrical
situations.
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2.7. Examples of Betti tables

2.7.1 Rational normal curves

Let V be a vector space of dimension 2 over k and let P! = IP(V). We want to study the Betti
numbers K, (P!, Opi(d)) and actually this is one of the few cases in which these are known
explicitly. Since it is a basic example, we are going to give several different methods that can be
used to compute this Betti table.

Computation by syzygy bundles

Consider for each d > 0 the syzygy bundle M, defined by the exact sequence on IP!:

0 — My — SV ®Op1 — Opi(d) — 0

then we know from Example 2.1.1 that

Ky q(P', Opi(d)) = HI(P!, APTIMy)

Now, the by the Grothendieck-Segre Theorem, we know that every vector bundle on P! splits
as the direct sum of line bundles: to determine this splitting for M it is enough to consider the
exact sequence in cohomology associated to the above exact sequence

0 — HO(P!, My) — SV 24 s4v — HY(PY, My) — 0

This shows that H(IP, M;) = H'(IP', M) = 0 and then it is clear that My = Op:(—1)%".

We can also determine completely M; as an homogeneous bundle: indeed, twisting the above

exact sequence by Op:1(1) and taking global sections we find the exact sequence

0 — HO(IPY, My(1)) — SV V — s?ly

and a simple application of Pieri’s rule shows that HO(IP!, M;(1)) = S4~1V as an SL(V)-module.
Hence

My =SV @O0p(-1) AP My = APH(STIV) @ Opi (—p — q)

Now it is easy to compute the Betti numbers: indeed we have

* Kpo(P!, Opi(d)) = AP(S*1V) @ HO(P!, Opa (—p)) = {15 iii?é

p+1(cd—-1 p—1 : < <
° Kp,l(lPl/ O]Pl (d)) — /\p+1(sd_1V)®Hl(]Pl, O]Pl(—p—l)) _ {/\ (S V) ® S Vo if1l Sps d

0 otherwise
e Ky (P!, Opi(d)) =0forallg>2,p>0.
And the Betti table of (P!, Op:1(d)) is the following
o 1. 2 .. p p+1 c.od—1
1 - — _ — —
- @ 260 - pGL) +D(L) . d-1

Computation from the shape of the Betti table

Another strategy is to compute the shape of the Betti table and then infer the values of the Betti
numbers. To compute the shape of the Betti table, observe that (P!, Op:1(d)) satisfies property
N;_1 by Theorem 2.6.1 and, moreover we know that it is arithmetically Cohen-Macaulay since
there is no intermediate cohomology on a curve. Hence, the projective dimension of (P!, Op:(d))
is precisely d — 1 and then we know that the Betti table has the following shape
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001 2 ... p p+l ... d—1
1 -

0 - - Z _
1 oL * *

Now, using again Example 2.1.1, we see that K, (P!, Op1(d)) = H1(P!, AP*1M,) and in
particular
X (P, APTIMg) = kpia0(P, Opa (d)) — kp1 (P!, Opa (d))

Now, the shape of the Betti table tells us that k,1,0(P', Op:(d)) = 0 for all p > 1 so that
kp1 (P, Opi(d)) = —x (P, APTIM,)  forallp > 1
and the Euler characteristic is easy to compute:

Lemma 2.7.1. Let X be a smooth projective curve of genus g and let L be a globally generated line bundle
on X with syzygy bundle My. Let hi°(X,L) = r + 1 and deg L = d. then

XX ANM @ L) = <]:> (td+1—g) — (;: Dd
Proof. By Riemann-Roch we know that
x(X, N"Mp ® L) = ¢;(AN"Mp @ L) 4 rank(A"M; @ L) x(Ox)
= 1 (A"My) + rank(A"M; )ey (LY) 4 rank (A"Mp) x (Ox)

- (Z _ Dclmm + rank(A"My)(td +1 - g)

and from the exact sequence
0— M, — H(X,L)® Ox — L — 0
we see that ¢; (M) = —d and rank(M) = r and we conclude. O

In our case, we see that

kp1 (P!, Opa (d)) = _(ple) n <d;1>d = (pjl_1>p

Computation from the Hilbert function

as above.

Suppose that we already know that the Betti table of (IP!, Op(d)) has the shape

001 2 ... p p+1 ... d—1
1 - - - .

* * * * *

0

To compute explicitly the Betti numbers, consider the module R = R(P!, Op1(d)) = D=0 S9(V).
It is easy to see that the Hilbert function of R is given by

He(f) = td+1, ifd>0
Y7o, ifd <0

Now, using the notations of Proposition 1.2.5, we see from the Betti table that
kp1 = (=1)PKpi1 for every p > 1

and the Proposition 1.2.5 tells us how to compute the K from the Hilbert function by the formula

K. = Hg(s) ZKk<S_Z+d>

k<s
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Remark 2.7.1. Actually, for (P!, Op:1(d)) one can give an explicit description of the whole minimal
free resolution using the Eagon-Northcott complex, which is a generalization of the Koszul
complex. We are not going to describe this construction here, but the interested reader can consult

[Fis05].

2.7.2 Elliptic normal curve

Another example in which the Betti numbers are known explicitly is that of elliptic normal curves:
let X be a smooth connected projective curve of genus 1 and let L be a line bundle on X of degree
deg L = d. Observe that since Kx = Ox the Riemann-Roch Theorem tells us that

W(X,L)-h(X,LV)=d

and in particular /°(X,L) =d ifd > 0and h°(X,L) = 0if d < 0.

Now, Proposition 2.6.2 tells us that L is very ample as soon as 4 > 3 and it is clear that this
is not true if d = 1,2. Then, we want to study the Betti table of (X, L) for d > 3. Theorem 2.6.1
tells us that (X, L) satisfies property N;_3 and in particular it is always projectively normal. Since
there is no intermediate cohomology on a curve, it is also arithmetically Cohen-Macaulay from
Proposition 2.6.1 so that

projdim R(X,L) = h°(X,L) —2=d —2
Moreover, Duality Theorem 2.3.1, tells us that
Kp,q(X, L) = Kd,z,P,z,q(X, L)v

and in particular
k, ifg=2
Ki_pq(X,L) = Kop—q(X, L)Y = ¢
d—2q(X, L) = Koz—4(X, L) {O, g 42

Hence, the Betti table of (X, L) has the following shape

(001 2 ... p p+l ... d=3 d-2
0/1 - - ... - - - -
L= * * . o+ o -
3 1

To compute the Betti numbers explicitly, we can use a reasoning similar to the one that we
used for the rational normal curve: fixa 1 < p < d — 3, then from Proposition 2.1.1, we know that

K,1(X,L) = Coker (A\V*'H(X,L) — H*(X, A’PM, ® L))
and from the exact sequence
0 — APPIM; — APPHY(X, L) ® Ox — APMp ® L — 0
we get an exact sequence
0 — HY(X, APTIM;) — APPTHY (X, L) — HY(X, AP My ® L) — Kp1(X,L) — 0

so that

d
ky1(X,L) = (X, \PM; ® L) —
D =R men - (4
Now, from the Betti table and Corollary 2.1.3 we see that hO(X, /\PHML) = 0, whereas from
Corollary 2.1.1 we see that H' (X, APM; @ L) = K, 12(X,L) = 0. Then, from Lemma 2.7.1, we
see that

) + KO(X, APTIMY)

(X, \PM; ® L) = x(X, "My ® L) = —<ij)d+ (dgl)d
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and putting everything together we see that

d—2 - —p— -
kp,l(X/L):_( >d+<d 1>d—< d ):d(d p 2)<d 2)
p—1 p p+1 p+1 p—1
Remark 2.7.2. Once we know that the Betti table of a normal elliptic curve has the above shape,
we can compute the values of the Betti numbers also through the Hilbert function, as for the
rational normal curves.

We can also compute explicitly the whole minimal free resolution through an Eagon-Northcott
complex: for details see [ ].

2.7.3 Veronese surface

Let V be a vector space over k of dimension 3 and let P? = IP(V). We want to study the Betti
tables of the Veronese embeddings (P2, Op2(d)), for d > 2.

Quadratic Veronese surface

The first case is d = 2: observe that H' (P2, Op(2q)) = 0 for every q > 0, so that we can use the
Lefschetz Theorem 2.2. We can take as a connected divisor Y € |Op2(2)| a smooth conic Y 2 P!
and then Op2(2)y = Op1(4).

Thus, the Betti table of (IP?, Op2(2)) corresponds to the Betti table of (P!, Opi(4)) that we
already know:

—_
|
(@)
o
@

For instance, this tells us that the ideal of X; = ¢p ,(2) (P?) C TP° is generated by 6
quadratic polynomials. Indeed, the Veronese surface can be characterized as the locus of points
[x0, X1, X2, X3, X4, x5] € P° such that

X0 X1 X2
rk X1 X3 X4 < 1
X2 X4 X5

and this condition is equivalent to the vanishing of the upper-triangular 2 x 2 minors, so that

_ 2 2 2
Ix, = (x0X3 — XT, X0X4 — X1X2, X0X5 — X3, X1X4 — XX3, X1X5 — XpX4, X3X5 — Xj)

Cubic Veronese surface

The next case is d = 3: we can use the Lefschetz Theorem 2.2 as before, and as a connected divisor
Y € |Op2(3)| we can take a smooth plane cubic, and now L = Op2(3))y is a line bundle of degree
9 on Y. Hence, the Betti table of (IP2, Op2(3)) corresponds of the Betti table of (Y, L), where Y is a
smooth connected curve of genus 1 and L is a line bundle on Y of degree 9: from our previous
computations, we see that this Betti table is given by

0o 1. 2 3 4 5 6 7
01 - - - -

1|- 27 105 189 189 105 27 -
2/- - - - - - -1
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Quartic Veronese surface

Now we proceed to the case d = 4: we can use again the Lefschetz Theorem 2.2, taking a smooth
plane quartic Y € |Op2(4)| and then L = Op2(4)}y is a line bundle of degree 16 on Y.

Observe that Y is a smooth curve of genus 3 and from Theorem 2.6.1, we see that (Y, L)
satisfies property Ny. In particular, from Proposition 2.6.1, we know that (Y, L) is arithmetically
Cohen-Macaulay, so that its minimal free resolution has length h°(Y,L) —2 = 14 —2 = 12.
Proposition 2.6.4 tells us that K,»(IP?, Op2(4)) # 0 for 10 < p < 12 so that the Betti table of
(P2, Op2(4)) has the shape

001 2 3 456 7 89 10 11 12

01 - - - - - — — - — - - -
1_*********???
2__________>(->(->(-

where the asterisk * denote a nonzero element and the question marks ? denote an element
that can be either zero or nonzero.

Now, we study the group Kj11(IP2, Op2(4)): by Duality Theorem 2.3.1, we see that Ki1 1 (P2, Op2(4)) =
K12(IP?, Op2(4); Op2(—3))Y, and from Theorem 2.5.2 we see that Ky »(IP?, Op2(4); Op2(—3)) = 0.
Now, using Proposition 1.2.4, we see that Ki51(IP?, Op2(4)) = 0 as well, so that the Betti table is

001 2 3 45 6 7 8 9 10 11 12

01 - - - - - - — - — - - =
1_*********?__
2__________>(—>(->(-

To conclude, we can observe that, by Example 2.1.1, we have that K,,(P?, Op2(4)) =
HY (P2, A\PH1My) for every p,q. Then, for every s € Z we see that

kso(IP2, Op2(4)) — ks_11(IP?, Op2(4)) + ks_22(IP?, Op2(4)) = x(IP?, A°My)

and since on every diagonal p + g = s of the Betti table there is at most one Betti number that is
nonzero, this must be equal to the absolute value |x(IP?, A*My)|. This Euler characteristic can be
computed inductively

Lemma 2.7.2. Let X be an irreducible projective variety and let L be a globally generated line bundle on X
with syzygy bundle My. Set hi°(X,L) = r + 1, then for every s > 0and t € Z

s Ny n(r+1 4
X(NML@ L) =} (-1) x(L77)
= s—h
Proof. The proof is by induction on s: if s = 0 the identity is obvious, and if s > 0 it is enough to
observe that the exact sequence

0— M, — HY(X, L)@ Ox — L — 0
yields the exact sequence
0— AMp L — AMHYX,L)® L — ASIM @ L — 0
and now the thesis follows immediately by induction. O

In our case, this lemma yields
s 5 15 d 15 4h +2
e = $ (5 Jatowam = FC([ ) ()
=0 s h=

0
and after some computations we see that the Betti table of (P2, Op2(4)) is given by

lo 1. 2 3 4 5 6 7 8 9 10 11 12

ol:r - - - - - - - - - - - c
1|- 75 536 1947 4488 7095 7920 6237 3344 1089 120 - -
2/- - - - - - - - - - 55 24 3
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2.7.4 Higher degree Veronese surfaces

What can we say in general about the Betti table of (P2, Op2(d)) ? Using as before the Lefschetz
Theorem 2.2, we see that this Betti table coincides with that of (Y, L), where Y is a smooth plane
curve of degree d and genus g = W and L is a line bundle on Y of degree d?. In particular,
Theorem 2.6.1, tells us that (Y, L) satisfies property Nz;_3.

Moreover, setting r; = h°(IP2, Op2(d)) — 1, we know that (IP2, Op2(d)) is arithmetically Cohen-
Macaulay, so that projdim (P2, Op2) = h°(IP?, Op2(d)) — 3 = r4 — 2, and Proposition 2.6.4 tells us
that K, (IP?, Op2(d)) # 0 for every 3d =2 < p <ry — 2.

Then, as before we can observe that K, 1(IP?, Op2(d)) = Ky,—2—2(IP?, Op2(d); Op2(—3)) and
now we can use Theorem 2.5.2, to show that K, 1(IP?, Op2(d)) =0 for p > ry —d + 1.

We can sum up what we have said saying that the Betti table of (P2, Op2(d)) has the shape

01 2 ... 3d—3 3d—2 3d—1 ... rg—d rg—d+1 ... r;—3 r4—2
01 - - - - - - - - - - - -
1- * * .. * ? 2. ? - .- -
20— - - ... - * . * * U *

and the mistery of the question marks will be unveiled in the next chapter.
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Chapter 3

Asymptotic syzygies of algebraic
varieties

We have seen in Remark 2.6.5 that if X is a smooth curve of genus ¢ and if L is a line bundle on X
of degree d > 0 then the Betti table of (X, L) has the following shape:

‘O 1 2 3 ... d-2¢9—-2 d—-2¢g—-1 d—-2¢g ... d—g—1
o1 - - - - - - -
1]- * * x ... * * ?
21— - - - .. - - ?

In particular, we note that the length of the segment in which there can be two nonzero
elements in the same column has constant length g, thus as d — +o0, it becomes negligible w.r.t.
the length of the Betti table. Thus, the Betti table becomes nicer, in the sense of more sparse, as
d — +oco0.

Hence, we ask ourselves whether this facts generalizes to higher dimensions: more precisely,
we pose the following question.

Question 1. Let X be a smooth irreducible variety of dimension n > 2 and let L be a very ample line
bundle on X. Is it true that the Betti table of (X, L?) becomes more sparse as d grows ?

The most basic example of the above situation is that of Veronese embeddings: in the case of
P2 we know that the Betti table of (IP?, Op2(d)) has the shape

|01 2 ... 3d-3 3d—-2 3d—-1 ... rg—d rg—d+1 ... rg=3 r;—2
01 - - - - - - - - - - - -
10— * * ... * ? ? ? - - -
20— - - - * * * * * *

but with what we know up to now we have control only over the segments 0 < p < 34 — 3 and
rg—d+1 < p <r;— 2, that become negligible as d — 4o, because their length grows linearly
with d, whereas the length of the Betti table grows quadratically with d.

Then, to answer our question we need to study further the asymptotic behaviour of Betti
numbers.

3.1 Asymptotic Betti tables

We are going to work in the following slightly more general setting: we consider a smooth
irreducible projective variety X of positive dimension dim X = n, an ample line bundle A on X,
two arbitrary divisors P, B and for each d we set

Li=A®0x(P) rg=h(XL;)—1
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Observe that, thanks to Riemann-Roch, h°(X, L;) and r; are given by polynomials of degree 1 in
d, for d > 0.
To begin with, we set up upper and lower bounds for the rows of the Betti table.

Proposition 3.1.1. For d > 0 we have that
Kyq(X,Lg, Ox(B)) =0 forallp >0, g<0andg>n+1

Proof. Take d large enough so that H°(X, Ox(B) ® L)) = 0 for all g < 0, then from Corollary 2.1.6
it follows that
Kpq(X,Lg; Ox(B)) =0 forallp > 0,0 <0

To prove the other vanishings, thanks to Theorem 2.4.3, it is enough to show that Ox(B) is
(n 4+ 1)-regular w.r.t. L; if d is large enough. But this is clearly true because by definition of
Castelnuovo-Mumford’s regularity, it means that

H(X,0x(B)® L") =0  fori=1,...,n
and we can achieve this if 4 > 0. O
Now we study the groups Ky .
Proposition 3.1.2. For d > 0 we have that
Kpo(X,Lg; Ox(B)) #0 < 0<p <h’(X,0x(B)) —1

Proof. First, from Theorem 2.5.1, we see that K, (X, Ls; Ox(B)) = 0 for all p > h°(X, Ox(B)).
Note that this is true independently of d.

For the other implication, we can proceed as in the proof of Proposition 2.6.4. More precisely,
we begin by taking d large enough so that H(X, L, ® Ox(B)) = 0 and then, by definition, the
group K, o(X, Ly; Ox(B)) is the cohomology at the middle term of the complex

0 — APHO(X, L) @ HY(X, Ox(B)) 2% AP THO(X, L) @ H(X, Ly @ Ox(B))

that is
K,0(X,Ls; Ox(B)) = Ker d,g

Then, suppose that p < h°(X,Ox(B)) and take linearly independent elements f,...,f, €
H(X, Ox(B)) together with a nonzero element s € H’(X, L; ® Ox(—B)) (we can take d large
enough so that this last group is nonzero). Consider now the element

4 . —~
a Y (<1 (fos A AFS A A fys) ® f; € APHY(X, Ly) ® HO(X, Ox(B))
j=0
it is then clear that & # 0 and d,o(«) = 0 and in this way we have constructed a nonzero element

in Ker dj . O

This result, coupled with the Duality Theorem 2.3.1, gives us control over the groups K, , 11 as
well.

Corollary 3.1.1. For d > 0 we have that
Kpni1(X, Li; Ox(B)) #0 <= rg—n—h(X,0x(Kx —B)) +1<p<ry—n
Proof. Suppose that d is large enough so that
H(X,0x(B) ® L""171) = H/(X,Ox(B)® L") =0  foralli=1,...,n—1
then we can use the Duality Theorem in the form of Remark 2.3.3 to see that
Kpn1(X, Lg; Ox(B)) = Ky, —n—po(X, L, Ox(Kx — B))"

and then the result follows applying Proposition 3.1.2 to the right-hand term. O
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The above results tell us that for d > 0 the Betti table of (X, L) is zero above the 0-th row and
under the (1 + 1)-th row, and moreover, on these two rows the segments with nonzero elements
have constant length.

In particular, all the action is concentrated between the 1-st and the n-th row. What we want
to present now is a recent result due to L. Ein and R. Lazarsfeld [ ] that gives the asymptotic
behaviour of these rows.

Theorem 3.1.1. For every 1 < q < n there exist constants C1,Cp, > 0 such that, if d > 0, then
K,4(X,Ly) # 0 for every
Cr-d™' <p<r;—Cy-a™!

If moreover H'(X, Ox) = 0 for all 0 < i < n then K, 4(X, Ly) # 0 for every
Cl'dq_l S pgrd—Cz-d”_q

In particular, this result tells us that our previous question has a negative answer. The situation,
indeed, is quite the opposite: imagine to construct a normalized Betti table for every d by rescaling
the horizontal length so that every Betti diagram stays into a rectangle of fixed length and n + 2
rows. Then the nonzero Betti numbers fill up completely the rows from the 1-st one to the n-th
one for d — +oco, whereas the 0-th row and the 1 + 1-th row become asymptotically zero.

In the same paper [ ], Ein and Lazarsfeld also give an explicit result for the case of Veronese
embeddings:

Theorem 3.1.2. Forevery 1 < q < mn,ifd > 0 then

Ky, (P", Opn(d)) # 0

(37 ) == (00 () () o

Remark 3.1.1. In particular, Theorem 3.1.2 tells us that the question marks in the Betti table of
(P2, Op2(d)) are actually asterisks, so that this Betti table has the form

for every

|01 2 ... 3d-3 3d—-2 3d—1 ... rg—d rg—d+1 ... rg—=3 rg—2
o/r - - - - - - - - - - - -
1] = * = * * * * _ — -
20- - - .. - * * . * * . * *
Remark 3.1.2. Zhou [ ] gives a simplified proof of Theorem 3.1.1 when B is an adjoint divisor

of type B = Kx + bA. Moreover, his result specializes to Theorem 3.1.2 in the case of projective
spaces.

3.1.1 The case of K, 1

We begin by giving the proof of Theorem 3.1.1 in the case of 4 = 1. We keep the same notation of
before and, moreover we choose a very ample divisor H on X, a general divisor X € |H| and we

set
v, ¥ HA(X L), Vi HAX Ig,c®L), o) =dimV]

Observe that from the exact sequence
0 —Zyx®Ls — Ly — Ox®@L; — 0

and Riemann-Roch we see that
vy =r;—0@d" ")

ford > 0.
Then we have the following result that, in particular, proves Theorem 3.1.1 for g = 1.
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Proposition 3.1.3. If d > 0 then K;,1(X, Ly; Ox(B)) # 0 for all
hW(X,0x(B+H))<p<uv,-1

Proof. We denote by B, Ly, H the restrictions of the corresponding objects to X. Then consider the
commutative diagram with exact rows

0 — APTIV; @ HO(X, Ox(B)) APV, @ HO(X, Ox(B + H)) APV, @ HY(X, Ox(B + H))

| ¢ li

0 — APV, @ HY(X, Ox(B) ® Lg) —— APV, @ HY(X, Ox(B+ H) © Ly) — APV, ® HY(X, Ox(B + H) ® L)

where the columns are Koszul differentials. Suppose that p > h%(X, Ox(B + H)): then by Theorem
2.5.1 we see that the two vertical maps on the left are injective. Now, a little bit of diagram chasing
shows that, in order to conclude, we just need to find an element &« € AP*1V; ® H(X, Ox(B + H))
such that

x#0, r(a)=0, d(r(a))=0

In particular, any nonzero element in APV ® H(X, Ox(B + H)) will do, and this group is
nonzero precisely when p < v; —1. ]

The rest of the chapter is devoted to complete the proof of Theorem 3.1.1: the basic idea of the
proof is to use secant hyperplanes to prove the statements inductively on the dimension. After
that, we will also give the proof of Theorem 3.1.2. The exposition here follows faithfully that of

[EL12].

3.2 Secant constructions

We consider an irreducible projective variety X of dimension dim X = n and a very ample line
bundle L on X. We also fix a basepoint-free subspace V C HO(X, L) of dimension dim V = v that
defines an embedding X C IP(V). We suppose also to have a divisor a divisor B on X such that

H (X, 0x(B)®L™) =0 foralli >0, m>0 (3.1)
so that, from Corollary 2.1.4 we have
Kyq(X,L,V;0x(B)) =2 H"1(X, Ox(B) @ AP My @ L) for g > 2 (3.2)
and in particular
Kpni1(X, L, V;Ox(B)) = H"(X, Ox(B) @ AP*" 1My @ L)

and K, ,(X;L,V;Ox(B)) =0if g > n+1.

In this section, we expose a technique to prove inductively on the dimension the non-vanishing
of certain cohomology groups K, ,(X, L, V; Ox(B)), using secant planes.

Turning to details, we fix a quotient

m:V—W

of dimension dim W = w < v, that defines a linear subspace P(W) C IP(V) and we set

z ¥ xnrw)

as the scheme-theoretic intersection. If we set | = Ker 7, then the twisted ideal sheaf 7, ,x ® L is
generated by | through the natural evaluation map

Ve Ox — L
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We suppose in what follows that Z # @. Now, we have a commutative diagram of sheaves on X

eow

0 My V® Ox L 0
lp ln l (3.3)
i evy
0 Xy W ® Ox Oy;®L 0

where the rows are exact, the columns surjective and Xy is defined by the diagram itself.
Observe that Xy is torsion-free of rank w.

Lemma 3.2.1. Let p € X be a closed point, then there are isomorphisms

~ -1
Z‘W,p = IZ/X,p ® Oé‘?z

W® OX,p = OX,p S O§$_1

compatible with the inclusion Ly C W ® Ox, meaning that at the level of stalks this map induces the
identity between the two components on the right.

Proof. It p ¢ Z, then 17,x, = Ox, and we are done. Then suppose that p € Z and fix
an isomorphism Oz, = (Oz ® L),. Then, since the map evy is surjective, there is a basis
e1,...,ew € W® Ox, such that evy(e;) = 1 € Oz, is the standard generator, whereas evyy (e;) = 0
if i > 0. The assertion follows. O

Note that the above isomorphism is non-canonical, but it has a canonical consequence

Corollary 3.2.1. There is a canonical surjective map e: N Lw — Iz,x that makes the following
diagram commutative

w:

ATy — DL AvI @ O

I |

Iz,x Ox

where the bottom map is the natural inclusion.
Proof. 1t follows from Lemma 3.2.1. O

Now, if we take the composition
w A w €
N’My — A2y — Lz x

we get a surjective map c: AY My — Z7,x. This map will be our main tool to show the
nonvanishing of the Koszul cohomology group:

Definition 3.2.1. Fix an integer g > 2. Then we say that W carries weight g syzygies of B (with
respect to V) if the map

HT7 (X, 0x(B) @ A“My ® L) — H1"Y(X,0x(B) ® Iz/x ® L)
induced by ¢ is surjective.

In particular, if we manage to find a W that carries weight g syzygies and such that H~!(X, Ox(B) ®
Z7,x ® L) # 0 then H171(X, Ox(B) ® A“My ® L) # 0 as well, so that

KlU‘Fl*t],q(X/ L/ V/ OX(B)) 7& 0
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thanks to the isomorphism 3.2.

Now we suppose that n > 2 and we study the behaviour of the previous construction with
respect to hyperplane sections. We fix a very ample divisor H on X and we take a general
divisor X € |H|. We can choose this divisor such that X is again irreducible and such that the
commutative diagram 3.3 has still exact rows when tensored by O.

Now we set

V' =VNH(X,Ig,x ® L) C H°(X, L)

and W' = (V') C W. If we write V = V/V’ and W = W/W’, we have a commutative diagram
with exact rows

0 |4 v 1% 0
.
0 W’ W W 0

and setting v = dim V/,w’ = dim W/, = dim V, @ = dim W, we have that
v="1v 47, w=uw+w

Now, taking

we can apply the same constructions of before on X and get an exact commutative diagram of
sheaves on X

- €Uy _
0 My V®0x L 0
L
_ 1 — evy; _
0 Xy W® Ox O7®L 0

with exact rows and surjective columns (the sheaves My, and Xy are defined by the diagram
itself). As before, we have a surjective map

o: NY MV — IZ/Y

Observe that if dimZ = 0, then Z = @ and Ty = Wyz in this case, if moreover W/ = W, we take
o to be the identity map Oy — Ox.

Lemma 3.2.2. There are isomorphisms
MV®OY;> (V/®Oy)@MV
Iy ® O — Wi ® Iy

under which the quotient map p ® id: My ® Ox — Zw ® Ox is identified with the direct sum of the
two maps
7T,3V/®OY—>W/®Oy, pMV—>ZW

Proof. First we observe that by construction
V' =Ker (H'(X,V® Og) — H*(X,0x®1L))

and in the same way the sections in W’ vanish on Oz ® L. Then we get a commutative diagram of
sheaves on X with exact rows
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0 V'® OY My ® OY MV 0
PN
0 A w ® Ox S 0

if we can show that there are compatible splittings of the two rows, then we are done.

Now, from diagram 3.2, we can choose a section V — V that maps Ker (77) into Ker (71):
then this section induces a compatible splitting of the two rows of 3.2 and consequently the
left-square diagram of 3.3 restricts to

My ® Ox V'®Ox® (Ve Ox)
Jp ®id J mToT
Tw ® Ox Wy © Wy
and this gives the required splitting. O

Now we can prove the first main technical result, that is a criterion for verifying inductively
when W carries weight g syzygies.

Theorem 3.2.1. Fix q > 2 and suppose that H1~(X,Z7,x ® Ox(B + H) ® L) = 0 and that W carries
weight g — 1 syzygies of B+ H on X. Then W carries weight q syzygies of B on X.

Proof. Consider the diagram

0 —— AYMy(B+ H) A’My(B+H)® L — A"My ® Ox(B+ H) ®0, L — 0

s : g

O%IZ/X(B>®L IZ/X(B'FH)@L*’IZ/X@OY(

7
+H)®o,L——0

from this we get the commutative diagram with exact rows

H772(X, N""My ® Ox(B+H) ®o, L) HI"Y (X, A"*My(B)® L) — HT"Y(X, A“My(B+H)® L

J | J

HI7%(Iz,x ® Ox(B+ H) ®0, L) HI"N(X,Zz/x(B) ® L —— H1'(Iz/x(B+ H)® L)

whose middle column is the map in Definition 3.2.1, that we need to prove to be surjective. To
do this, since H1"}(X,Z7,x ® Ox(B+ H) ® L) = 0, it is enough to prove that the leftmost map
in the diagram ( that is induced by the restriction of ¢ to X ) is surjective. Then, consider the
restriction to X of the composition e 0 A¥p = ¢

A (My @ Ox) — AN(Zw ® Og) — Iz/x ® O

using the identification of Lemma 3.2.2, we see that this is precisely the bottom row of the
commutative diagram

w' (17! w Aw/ﬂ/@)/\wﬁ w' / w id®e w' AT/ v
N (V'@ Ox) @ N My, N (W' @ Ox) @ N2y N We @17 ,%

| .

/\ZU(V/®Oy@M7) /\w(w%@zw) IZ/X®O§
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then to get the surjectivity of
HT (X, "My ® Ox(B+ H) ®p, L) — H1*(X,I;,x ® Ox(B+H) ®0_L)
it is enough to prove the surjectivity of the map
HI72(X, N (V' @ Og) @ AMy(B+H)® L) — HT2(X, A"V (W' @ Og) © T ,;(B+ H) ® L)
induced by the top row of the last commutative diagram. But now we see that we can identify
this map with
AV @ HI2(X, AMy (B + H) ® L) "Z57 \YW' @ H12(X, T x(B+ H) ® L)
that is surjective by the hypothesis that W carries weight g — 1 syzygies. O
Remark 3.2.1. Observe that when g = 2 the hypothesis of the theorem is that the map
HY(X, \"My @ Ox(B+H) ® L) — H(X,Z;,x(B+H) ® L)
determined by 0 is surjective, and this is automatically verified if w = 0.
We now give the second main technical result

Theorem 3.2.2. Suppose that the hypotheses of Theorem 3.2.1 are verified and that, moreover, Z C X is a
local complete intersection, that o — @ > n and that H1~'(X,Z;,x(B) ® L) # 0. Then

Kpq(X,L,V;Ox(B)) #0  forallw+1<p+g<o +w+1
Proof. Suppose that U is a quotient of V such that 7 factors as
v AU w

then we have a chain of linear subspaces P(W) C P(U) C P(V). Weset U’ = iy (V'), U = U/U’
and we write u = dim U, ' = dim U’, % = dim U, in particular u = u’ + %i. Suppose now that we
can choose U such that

The natural map U — W is an isomorphism (3.4)
PU)NX=Z. (3.5)
Then, applying the constructions of before to U, we get maps

gAY Xu—1Iz/x, ot AH My — 1z/x

and thanks to property 3.4, the map
Il /\ﬁMV — T7/x ® OY
coincides with the map -
o NY MV — IZ/Y
determined by W. Thus, from Theorem 3.2.1 we see that U carries weight g syzygies of B, and
then from the hypothesis H1™ (X, Z;,x(B) ® L) # 0 it follows that K,,41_q,4(X, L, V; Ox(B)) # 0.

Hence we just need to build one such U for every w < u <w + 1.

To this end, we consider a subspace A C V and we ask ourselves when does the quotient

U % v/ A meet the necessary conditions. First, to get a factorization of 7 we need to have

A CKer
then, condition 3.4 is equivalent to
V +A=V'+Kern

and condition 3.5 is equivalent to the fact that Z;,x ® L is generated by A.

Now, we see that dim(V’ + Ker 7) = v — @, so that the condition V' + A = V' + Ker 7
holds for a general subspace A C Ker 7t such that dimA > v —w. Now, since Z is a local
complete intersection and Ker 7 generates 7, x, any general subspace A C Ker 7t of dimension
dim A > n + 1 will generate Z7,x as well. Since ¥ — @ > n we can then find a subspace that
satisfies all these conditions for every w < u < w + 1. O
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3.3 The asymptotic non-vanishing theorem

Now we want to give a proof of Theorem 3.1.1. The notation is as follows: we fix an irreducible
smooth projective variety X of dimension n > 2, an ample line bundle A on X, an arbitrary divisor
P and for every d > 0 we set

def

Ld =A® OX(P) Vd = def

HY(X,Ly), vy = (X, Ly)

We are interested in the behaviour of L; for d > 0 so that we can suppose that L; is very ample
and that it defines an embedding
X CP(Vy) =P

with r; = v; — 1. From Riemann-Roch we know that v; and r; are polynomials of degree n in d,
for d > 0.
The main step in the proof of Theorem 3.1.1 is the following result.

Theorem 3.3.1. Fix an index 2 < q < n and consider a divisor B on X. Then there are positive constants
C1,Co > 0 such that, if d > 0 then

Kpq(X,Lg; Ox(B)) #0 forall Cy A< p<r;—Cy- dn1
If moreover H' (X, Ox(B)) = 0 for all 0 < i < n then we have
Kp,q(X, Ld; Ox(B)) 7é 0 fOl’ all C] . dq_l S p S Yqg — Cz gt

The strategy is to prove this theorem inductively on #n using Theorem 3.2.1 and Theorem 3.2.2,
but first we need to perform some auxiliary constructions.

3.3.1 Preliminary constructions

Let B be a fixed divisor on X. Then we choose a very ample divisor H on X such that

H + B — Kx is very ample (3.6)
H'(X,Ox(mH+B)) =0foralli >0, m>1 (3.7)
H'(X,Ox(mH +Kx)) =0foralli >0, m > 1. (3.8)

and we fix smooth irreducible divisors X1, X2, ..., X, € |H| that meet transversely. For the next
step, we set ¢ = n + 2 — g and we assume that d is sufficiently large so that L; ® Ox((c —1)H) is
very ample. Then we choose divisors

Dy,D,,...,D.p € |H|, D..1 € |[H+B—Kx|, D.€|L;— (c—1)H| (3.9)
in such a way that }_ X; + }_ D; has simple normal crossing and set
Z=Z;=DiN---ND, (3.10)

as the complete intersection of the D;. Then Z is smooth and dimZ = n—-c = g —2. By
construction, we have that

Ox(D1+---+D;) 2 L; ® Ox(B — Kx) (3.11)

so that only D, involves Ly. If d > 0, then every L; ® Ox(—D;) is base-point-free and we will
always suppose so in the future. In particular, this implies that 7, ,x ® L, is globally generated.
Now, we define a quotient V; — W such that X NIP(W;) = Z;. Set

def

def
Joa = H%(X,Zz,/x ® La), Woa = Va/Jod
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then we see that
Wog = Im (H°(X,L;) — H%(Zy, Ly ® Oz,))

and since Zz,,x is globally generated, it follows that IP(Wy 4) N X = Z;. We could try to apply
now the constructions in the previous section to this quotient, but it will actually convenient to
work with a modification of it.

Suppose that for any d > 0 one has a subspace J; C Jj 4 such that

Izd/x ® L, is generated by ],j dim ]O,d/]d <a (312)

for a certain a independent of d. Then set W; = V;/];, wy; = dim Wj and let 7r;: V; — W, be
the natural map. Observe that the first condition ensures that P(W,;) N X = Z; in P(V}).

Definition 3.3.1. With notations as before, we say that H, X]-, Z; and W, are adapted to B if
1. H satisfies the conditions 3.6,3.7,3.8.
2. Z4 is constructed as in 3.9 and 3.10, for d > 0.
3. W; arise from a subspace J; as in 3.12 for 4 > 0.
In what follows, we will always suppose H, X;, Z; and W, to be adapted to B.
Lemma 3.3.1. It holds that
1. H1"Y(X,Zz,/x ® Ox(B) @ Ly) # 0.
2. H™Y(X,Z7,/x ® Ox(B+ H) ® Ly) = 0.

3. The dimensions dim H (X, Zz,/x @ Ly) and dim H'(X,Zz,,x ® Ly(—H)) are bounded from above
independently from d.

Proof. Set E = @;_; Ox(—D;). Then it can be shown that we have an exact complex
0— ANE—AN'E— ...—E—TIz7,x—0

given by the Koszul complex of a complete intersection. Now, using the double complex arising
to the above resolution and the Cech complex, it can be shown that to prove the first point we just
need to show that

H"(X,\NE® Ox(B+ H)) # 0and H (X, NE® Ox(B+L;)) =0fori >0, j <c

Thanks to 3.11 we see that A°E ® Ox(B) ® Ly = Ox(Xx), that implies the first condition. For the
second one, we note that for j < ¢ the bundle A/E is the direct sum of twists of Ox(Kx) by line
bundles of the form Ox(mH), for m > 1 as well as possibly one or both of Ox(H + B — Kx) and
L; ® Ox(—(c —1)H). Then we see that the summands with L; have vanishing cohomology for
d > 0, whereas the other terms are covered by 3.7 and 3.8. The second point can be proved in a
similar way.

For the last point, we see that the line bundle summands that appear in N'E @ Ox(L;) and
NE ® Ox(L; — H) either involve only B, H and Kx or else have vanishing cohomology if d > 0.
This shows that for i > 0 the dimensions of H'(X, NE ® L;) and H'(X, NE® L; ® Ox(—H)) are
independent from d if 4 > 0. Then the conclusion that we want follows as before considering the
double complex arising from the resolution and the Cech complex. O

Lemma 3.3.2. There exists a polynomial Q(d) of degree q — 1 such that the difference
|dim Wy — Q(d)|

is bounded.
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Proof. Thanks to condition 3.12, it is enough to construct a polynomial P(d) of degree 4 — 1 such
that |dim Wy ;4 — P(d)| is bounded. To do this we take Y = D; N Dy N - -- N D,_q: this is is a smooth
variety of dimension n — (c —1) =g —1and Z; C Y is a divisor corresponding to the line bundle
Ly ® Oy(—(c—1)H), so that we have an exact sequence

0—0Oy((c=1)H) — Oy ®Ls — Oz, ® Ly — 0
of sheaves on Y. Taking cohomology we get the exact sequence
0 — HY(Y,Oy((c—1)H)) — H(Y,Oy®Ly) — H(Z4,0z,®L;) — H'(Y,Oy((c—1)H)) — Cj —>
which tells us that
I°(Y, Oy @ Ly) — h°(Z4, Oz, @ Lg)| < h°(Y, Oy((c — 1)H)) + k' (Y, Oy((c — 1)H)) + dim C,

and the right-hand term is bounded independently from d, as dimC; < h!(Y,Oy((c — 1)H)).
Moreover, we know from Riemann-Roch that h°(Y, Oy ® L) is a polynomial function in d of
degree dimY =g —1 for d > 0.

To conclude, it is enough to observe that, if d > 0 then H'(X,L;) = 0 so that, taking
cohomology in the exact sequence

0—12z7,)x®Ls — Ly — Oz, ®L; — 0
we get the exact sequence
0— Jog — Va — HY(Z4,07,® Lg) — H' (X, Zz,)x ® Lg) — 0
Now, this last sequence tells us that
h(Z4,0z,® L) — dim Wy 4 = h' (X, Iz,/x ® Ly)
and the right-hand term is bounded thanks to Lemma 3.3.1. O

We also need to consider the kernel bundle M :

Lemma 3.3.3. The vector bundle M, @ Ox(H) is globally generated if d > 0. In particular, My, is a
quotient of Ox(—H)®N for a certain N.

Proof. We denote by My the kernel bundles corresponding to the line bundle Ox(H). We observe
that the fibers at a point p € X of My and M;, are canonically identified with H(X,Z, ® Ox(H))
and H(X,Z, ® L;) respectively and we have a natural multiplication map

H%(X,L; ® Ox(—H)) ® H'(X,L ® Ox(H)) — H"(X,Z, ® Ly)
It can be seen that the above map globalizes to morphism of vector bundles
H°(X, Ly ® Ox(—H)) @k Mg — My,

and moreover this morphism is surjective for 4 > 0, because it is surjective at the level of stalks.
To conclude, it is enough to observe that My ® Ox(H) is globally generated O

Proposition 3.3.1. Suppose that for every d > 0 we have a quotient
M, LN T; 0 Ox — 0

for a certain vector space Ty of dimension t; < c, where c is a positive integer independent of d. Then for
any fixed divisor C the map

HY(X, N“M, ® Ly ® Ox(C)) — H°(X, A"T; ® Ly ® Ox(C)) = H*(X, Ly ® Ox(C))

determined by A'4s; is surjective for d > 0.
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Proof. By Lemma 3.3.3, we have a surjective map
Ox(—H)*N — My,
for a certain N = N;. Then, we get another surjective map

Ug: Ox(—H)@N — Ty Qx Ox

Set ¢, def Aftyy: then it is enough to show that the map
HY(X, At (Ox(—H)®N @ Ly ® Ox(C))) — H*(X,L; ® Ox(C))

induced by ¢, is surjective if d > 0.
Now, ¢ is resolved by an Eagon-Northcott complex (see [ ]) that is of the form

coe — Ox(=(t4+2)H) @S2 — Ox(—(ty +1)H) @, S1 — /\td(O%N)(—th) ﬂ Ox — 0

where the s; are certain vector spaces with dimension depending on ¢;. Now, to get the surjectivity
result that we need it is enough to prove that

H(X,L;® Ox(C— (ty+i)H)) =0  foralli>0

but since t; is bounded independently by d, we can make this happen taking 4 > 0. O

3.3.2 The proof

Now we proceed to prove Theorem 3.3.1. We begin by setting notation: assume that we have data
H,Z;, W, adapted to B: then we set X X, € |H| and for every 1 < j < n— 1 we denote by fj
the restriction of X; to X. We also denote by Z,, Ly, B, H, D; the restrictions of the corresponding
objects to X; we point out that Z; = D; N --- N D..

Now set

Vi ¥ H(X, Ly ® Ty x) = H(X, Ly Ox(~H))

and define V, def Va/ V), v 4 im V). We observe that V; = H%(X, L;) for d > 0 and that
v, = vy — O(d" ).
d d
def

Similarly, we set W} def a(Wa), Wy = Wa/W;, W, def dim W, and we denote as [; C
HY(X, I7,/x® L) the image of J; on X, so that W, =V,;/],;.

Lemma 3.3.4. If the data H, X, Z4 and Wy are adapted to B on X, then the restrictions H, i-,zj and W
are adapted to B + H on X.

Proof. First we remark that o
(B —Kx)x =iin B+ H —Kx

thanks to the adjunction formula. Then, the fact that H and Z; satisfy the required conditions can
be shown using the exact sequence

0— Ox(—H) — Ox — Ox — 0

of sheaves on X.
Regarding the conditions for Wy, it is easy to show that the sections in |; generate the sheaf
17,/x® La, and it remains to show that

HY X, Z, +®1L,
dim ( Za/X ) <a

Ja B
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for a certain @ independent of d. In order to do this we consider
Td =Im (HO(X,IZd/X ® Ld) — HO(Y’IZ;/Y ® fd))

as the image of the restriction map. Then the condition 3.12 tells us that dim I;/]; < a, but there
is also a natural embedding

Iy

- H! (X,Izd/x QRL;® OX(_H))

and then we can conclude thanks to Lemma 3.3.1. O

Lemma 3.3.5. Suppose that H, X;, Z; and W, are adapted to a divisor B.
1. If g > 2, then Wy carries weight q syzygies of B with respect to Ly, for d > 0.
2. If q > 3, then W carries weight q — 1 syzygies of B + H with respect to Ly for d > 0.
Proof. We want to apply Theorem 3.2.1. In order to do this, consider the exact sequence
0— Xy, — Wa®@0x5 — Oz, ®Lg — 0

of sheaves on X and the quotient M, — Xy that induces the map 0y: A" My — I %

Now we fix the codimension ¢ = n + 2 — g and we proceed to prove the result by induction on
q. If ¢ = 2, we see that dim Z; = 0 so that Z; = @ and then the above exact sequence shows that
ZW,, =W, ®x Ox. Moreover, we also claim that the map

H(X, N"*Mp, @ Ly ® Ox(B+H)) — H°(X,L; ® Ox(B+ H)) (3.13)

induced by 0 is surjective for 4 > 0. Indeed, we observe that 7; is an exterior power of the
quotient
Mzd — ZWd = Wd X OY

and then the fact that W is adapted to B + H (cf Lemma 3.3.4) tells us that @, is bounded
independently of d. Then the claim on surjectivity follows from Proposition 3.3.1.

Now, if d > 0, the hypotheses of Theorem 3.2.1 are satisfied thanks to Lemma 3.3.1, and then
from the surjectivity of 3.13 we see that the statement (1) of the Lemma holds when q = 2. But
now, thanks to Lemma 3.3.4, we can apply this statement to the divisor B+ H on X and get the
statement (2) of the Lemma in the case 4 = 3. Now, using once again Theorem 3.2.1, we prove the
statement (1) in the case ¢ = 3 and we continue like this. O

Finally, we prove Theorem 3.3.1:

Proof of Theorem 3.3.1. We just make use of Theorem 3.2.2. Indeed, using the surjectivity of 3.13
(for the case g = 2), the Lemma 3.3.5 (for the case g > 3), as well as the Lemma 3.3.1 and the
observation that 7; — w,; = O(d”_l), we see that the hypotheses of Theorem 3.2.2 are satisfied, so
that, if d is large enough, then

Ky (X, Li; Ox(B)) #0  forallwy+1—q<p<uv;+Ws+1—9q
Now, the first part of the Theorem follows from Lemma 3.3.2 and the observation that v/, — v; =
o(dr1).

To get the second part, it is enough to apply (for d > 0) the Duality Theorem 2.3.3, the part of
the Theorem already proved and the statement for the groups Kj,; given by Proposition 3.1.3. [
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3.4 The asymptotic non-vanishing theorem for Veronese varieties

We now aim at proving Theorem 3.1.2: we already know that it is true in the case of IP! so that
now we address the higher dimensional cases.
We begin with the extremal cases of Ko and K ;.

Lemma 3.4.1. Let d > 0 and b > 0 be two integers. Then
1. Ifd > b+ 1 then K, o(P", Opn(d); Opn (b)) # 0 if and only if

0§p§(b+n>—1

n

2. Ifd > b+n+1then K, ,,(P", Opr; Opn(d)) # 0 if and only if

<d+n> B <d—b—1> _n<p< <d—|—n> a1

n n n

Proof. The point (1) follows from the proof of Proposition 3.1.2. The point (2) follows from point
(1) by Duality Theorem in Remark 2.3.3. O

Next, we address the case of Kp1.
Proposition 3.4.1. Suppose n > 2 and take integers b > 0 and d > b+ 2. Then K, 1 (P", Opn(d); Opn (b)) #
0 for
br1<p< (“Z‘l) 1

Proof. We denote by M, the syzygy bundle associated to Op«(d). Then we know from Corollary
2.1.4 that
Kpq(P", Opn(d); Opn (b)) = H' (P", AP My ® Opn (b))

Now, take a subset Z C IP" of b 4 2 collinear points, so that
H'(P", Zz/pn(b)) #0,  H'(P", Zz/pn(b+1)) =0
Then we apply the constructions of Section 3.2 with
W =Im (H°(P", Op+(d)) = H%(Z, 0z(d))) = H(Z,0z(d))
and in this way we get a mapping
o: HY(IP", A’ My @ Opn (b)) — HY(P", I /pn (b))

with w = dimW = b + 2 and we want to prove that this is surjective. In order to do this, we
observe that, using the same notations as in Section 3.2, we see that W' = W, W = 0 and then
the homomorphism ¢ of Theorem 3.2.1 is automatically surjective, so that we can apply the same
reasoning as in the proof of that theorem.

This proves that K, (IP", Opx(d); Op:(b)) # 0 for p = b+ 1. But now, as in the proof of
Theorem 3.2.2, we can substitute W with a bigger quotient U = H°(IP", Op«(d))/A with the
same properties and such that dim U takes any value between b + 1 and (”+Z_1). The conclusion
follows. ]

To conclude, we study the case 2 < g <n —1.
Proposition 3.4.2. Consider integers2 < q <n—1,b > 0andd > b+q+1. Then K;, 4(IP", Opx (b); Opr(d)) #

0 for
d+q) (d—b—l) < <<d+n—l) (d+q—l) (d—b—2>
— — < < + — —
< q q =7 n q—1 q—1 !
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3.4. The asymptotic non-vanishing theorem for Veronese varieties

Proof. We begin by adapting some constructions of Section 3.2 to the case of projective space
P™. Fix an integer 2 < ¢ < m, and integer 2 > 0 and set s = m — ¢ + 2; assume, moreover, that
d > a+ s+ 1. Now we choose general divisors

Dq,D,y,...,Dq.p € |O}pm(1)‘, D. 1€ |0113m(61—|—5+1)|, D, € |O]1wz(d)|

and we denote their complete intersection by

Zime 2 DiN---ND,

We see that Z; ,, , is a smooth variety of dimension n — ¢ = s — 2 such that 7 i/ P (d) is generated
by global sections and

Hs*l <1Pm’IZd,m,a/]Pm (d + ﬂ)) # O’ HSil (]Pm’IZd,m,a/IPm (d ta + 1)) = O
Now we set
Wema = Im (H'(IP", Opn(d)) — H(Zama Oz,,,,(d)))
then, if dim Z > 0, one can show that W, ,, , is surjective and that
d d—a-—1
Wd m,a d:ef dim Wd,m,a d:ef < —:S) - < : > -1

for every s > 2. Now, if we denote by M,, ; the syzygy bundle on IP" associated to Opn(d), we
can get as in Section 3.2 a map
Um,d,a . /\wm,d,a Md,m — ZZd,m,a/]Pm

If we take a general hyperplane P"-1 C IP™, we see that the intersection
Zd,m,a = Zd,m,a N Pm_l

can be identified with Z;,,_1,.1 inside P"~1. In particular we see that c is unchanged and
that s is decreased by 1. Using the same notations as in Section 3.2 we have an identification
Wima = Wim—14+1if c < m. Instead, if c = m we get dim Z,, ; , = 0 and

T 1 1

Wima = Ker (H (H)m,l-zd/m,ﬂ/lpm (d—-1)) — H(P",Iz,,..))
It can be shown that in this case

W ma def dim Wd,m,u =a+2

To prove our Proposition, we begin by applying this constructions with m = n, a = b and
c =n+2-—gq, for a fixed 2 < g < n. We want to show that W, ;, satisfies the hypotheses of
Theorem 3.2.1 and Theorem 3.2.2. The strategy is to apply repeatedly Theorem 3.2.2 and use
descending induction on 0 < i < 2 to prove that the homomorphisms

HI T (P, ACan-ivia My (b +d — i) — Hq—l—i(nv”—",zzdrmrw spn(d+Db+1i))

determined by ¢, ,_; ;i are surjective. Thanks to the discussion above, the only issue is with the
base of induction with i = g — 2. In this case, we need to prove the surjectivity of the map
HO (P14, APanz=atea2My o (b+d+q—1)) — HY(P"™°, Oprny(b+d +q—1))
induced by
pd,n+1fq,b+q723 Md,n+1fq — Wd,n+2fq,b+q—2 @k Opni1-
but this follows using the Eagon-Northcott complex as in the proof of Proposition 3.3.1 and the
fact that M ,,11_4(1) is globally generated (by Castelnuovo-Mumford regularity for example).
Now, we can apply Theorem 3.2.2 that in this case tells us that K, ,(IP", Opx (d); Opx (b)) # 0
for
Winp+1—g<p< ]’lo(]Pn, Opn(d—1)) + Wiy +1—9¢q
and we conclude observing that

I _(d—a-1) _ (d—b-2)
dnb — Wdn-1,b+1 — l]_l q_l
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Chapter 4

Asymptotic normality of Betti numbers

In the previous chapter we have seen results about the asymptotic shape of the Betti tables. It is
then natural to ask ourselves what we can say about the asymptotic values of the Betti numbers.

In this chapter, we want to present some results about the asymptotic distribution of these
values for curves and give a conjecture for higher-dimensional varieties. The questions addressed
here are inspired by the paper [ ], of L. Ein, D. Erman and R. Lazarsfeld.

4.1 Asymptotic Betti numbers of rational normal curves

To begin with, we study the rational normal curves (P!, Opi(d)): indeed, they are a perfect
example to examine, since we know explicitly from Subsection 2.7.1 their Betti table:

o 1. 2 .. P p+1 c.od—1
oj1 - - .. - - -

L= @ 26 - pGL) (p+D(L) ... d-1
In particular, we see that the Betti numbers ko (IP!, Op:1(d)) are uninteresting, and we con-

centrate on the Betti numbers k1 (P!, Opi1(d)). It is enlightening to plot this Betti numbers for
various values of d:

1200 r r r r r r r r 1800000

1600000+
1400000+

1200000+

8

1000000
5}
%: 800000
&

6000001
400000

200000

00 5 10 15 20

Figure 4.1: The plot on the left shows the Betti numbers kj,1(IP!, Op:(10)) and the plot on the
right shows the Betti numbers k1 (P!, Op: (20).

It is then quite natural from these figures to conjecture that the Betti numbers k1 (IP*, Op1(d))
tend to a normal distribution as d — +-co.
More precisely, for every d > 0 we fix a random variable X; with natural values such that

_ _ kp,l(]PlrolPl(d))
PXa=p) = 5 1 (P, Op ()

then we are going to prove the following result.

forallp €e N
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4.1. Asymptotic Betti numbers of rational normal curves

lel5 . . . . 51e30

3.5

o (50))
1 (100))

(P10,
k(P 0

Figure 4.2: The plot on the left shows the Betti numbers k1 (IP*, Op:(50)) and the plot on the
right shows the Betti numbers k1 (P!, Op:1 (100).

Proposition 4.1.1. We have that

Xa — E[Xy]
W — N(0,1)

in distribution as d — +oo0.

Before attacking this problem, we need some preliminaries from probability.

4.1.1 Discrete random variables and generating functions

The law of a discrete random variable is completely determined by its probability generating
function.

Definition 4.1.1 (Probability generating function). Let X be a random variable with values in IN.
Then we define the probability generating function (or PGF) of X as the power series

Gx(z) = E[zX] = ;JIP(X =n)z"

Definition 4.1.2 (Moment generating function). Let X be a random variable such that E[X"] < +o0
for every n > 0. Then we define the moment generating function (or MGF) of X as the power

series
E[X"]

Zf’l
n!

px(z) = E[e**] = )

n>0

Lemma 4.1.1. Let X be a random variable that takes a finite number of values in IN. Then

1. Gx is a polynomial.

2. Px(t) = Ele'X] = Gx(e').

3. E[X] = G&(1) and E[X?] = G¥(1) + GL(1).

4. Var[X] = G (1) + G4 (1) — G4 (1)~
Proof. 1. This is clear.

2. This is also clear.

3. By definition, we see that E[X"]| = ll)gy) (0) so that the thesis follows from point (2).

4. This follows from point (3) and the formula Var[X] = E[X?] — E[X]?.
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4. ASYMPTOTIC NORMALITY OF BETTI NUMBERS

The moment generating function gives us a criterion for convergence to a normal distribution.

Lemma 4.1.2. Let X, be a sequence of random variables that take finite values in IN. If

2
Px, (1) — e? forallt € R
then X, — N(0,1) in distribution.
Proof. See [ ]. O

Corollary 4.1.1. Let X,, be a sequence of random variables that take finite values in IN. Set m, Y E[X,]

and oy Y Var[X,). If
2
e~ o 'Gy, (emn) — e? forallt € R
then
Xy — My

. — N(0,1)

in distribution.

Proof. Thanks to Lemma 4.1.2, it is enough to observe that

tXn—mn mn mp t
0

Yrpom (1) = B[ 75" ] = e~ @ Elen ] = e %Gy, (em)

Random variables from power series

We have seen before that to a discrete random variable we can associate a power series with
positive coefficients. Conversely, given a power series with positive coefficients, we can associate
to it a random variable, or better a distribution on IN:

Definition 4.1.3 (Random variable associated to a power series). Consider a power series

F(z) =) pu2"

n>0

with nonnegative conefficients not all zero, which converges on the whole of C. Then a random
variable X with values in IN is said to be associated to F if its law is given by

P(X = n) = F;Z;)

Lemma 4.1.3. Let X be a random variable associated to the power series F, as above. Then

1. Gx(z) = §i

F'(1) |, F( F1)\2
3. Var[X] = F((l)) + F((l)) — ( ( )) )

Proof. The first point is clear from the definition of a random variable associated to a power series.
The other points follow from the first point and Lemma 4.1.1. O
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4.1. Asymptotic Betti numbers of rational normal curves

4.1.2 Asymptotic normality for Betti numbers of rational normal curves

With the language that we have just introduced, Proposition 4.1.1 can be formulated as follows:
for every d > 1 we define the polynomial

d—1
() = k@, 0@z = Lo 4 )2
p=0 p=1 \PF

we also define X,; to be a random variable associated to F; and we set

my d:ef ]E[Xd], g5 = \/Var[Xd]

M — N(O, 1)
04

Then we want to prove that

in distribution, as d — +o0.

Lemma 4.1.4. With notations as before we have

1. Fy(z) =d(1+z)¢1— 820 4
2. Fy(1) = 929 + 1.
3. mdw%asd%—i-oo.

4, wagasd—%%oo.

Proof. 1. This follows from a simple computation:

=B, ol ) =[5 4] - £ [0

p=1 p=1 p=1 p=2
. 41 4 /d o, 4 [A+2)7—(+dz
B dz[z}é(p)p]_ dz[ z ]
d-1_ g\, _ d_ d
:Z[(d(l—i—z) d)z Zz((1+2) (1+dz))] —d(14 2 —d (1—;2) _i_ltdz
PR VB )

2. From point (1) we see that
Fi(1) =d29 1 =27 +1=(d—-2)2"1+1
and then the asymptotic estimate is obvious.

3. After a small computation, we see that the derivative of F;(z) is given by

(1+z)41 n (1+2)

Fj(z) =d(d—1)(1+z2)"2—d = 3

so that

and then we obtain

for d — +o0.
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4. ASYMPTOTIC NORMALITY OF BETTI NUMBERS

4. Computing the second derivative of F;(z) we get

F/(z) = d(d —1)(d—2)(1 + 23 —d(d — 1)L +ZZ)H 12410 +Z§)d1 - 22(1;Z)d
so that
P = d3—5d24g12d—162d
and F/(1) 1/, 4
=3 (d —3d+6—d_2>

To conclude, we just need to use the formula for the variance of Lemma 4.1.3.

" / / 2
0g = 2((11)) + 28 - (ggg) ~ %(d2—3d+6)+%(d—1) - }l(dZ—zdﬂ)
d
4

3.1, 1, 1,
dtod— g d +2d =

1
~dz =
4 4

Now we can prove Proposition 4.1.1:
Proof of Proposition 4.1.1. Thanks to Lemma 4.1.1 and Lemma 4.1.3, it is enough to prove that for
every fixed t € R we have
t
_m, Fa (3 o )

li al N/ _
dirfooe ! Fd(l) ¢

Thanks to the estimates of Lemma 4.1.4, the limit that we have to compute is

T

aind
d—1 (1+eﬁ>

im 2 () = tim 2 a1 S 1
_— d e d -~ 7
d—1>r-il:100 dod (e > d—1>Too d24 ( te ) e% T
2i _
Now, we observe that, as d — +0c0, we have 67% — 1 and Zedzft — 0, so that the limit reduces to
2 —\/Et 2 d—1 2t d 2 —\/Et ot d
im 2 4 (1) = (1) = i 2 (1) |
d—+oo  d2 d—+oo  d2 (1 + eﬁ)
e Vit 2\ 1 1 —Vdt P
d—+o00 2 (1 + eﬁ) d—+o0
We can write
— t P\ d
o~ Vit o d (e ﬁ) 2N d evite Vi
2 (1+e) = 2 (14+e) = 2
but we observe that
ejﬁ =1+ L + ﬁ +o0 1
4 2d d
as d — 400, so that
Vitevica(14F !
d d — R —
evi +e ( + Zd) “+o0 (d)
and then
t _t\d
(e d + e : ) ﬁ
lim =e2
d—+o0 2
as we wanted. ]
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4.2. Asymptotic normality for Betti numbers of smooth curves

4.2 Asymptotic normality for Betti numbers of smooth curves

Now we want to prove a generalization of the above result to curves of arbitrary genus. More
precisely, let C be smooth, connected projective curve of genus g, and, for every d > 0, let L; be a
line bundle on C of degree d.

Then for every d we consider the random variable X; with distribution

Ky (C, L)
. o p,l s Ld
PXe=p) =5 %G L)

and we want to prove the following.

forallp € N

Theorem 4.2.1. As d — +oo it holds that E[X,] ~ 2, Var[X;] ~ % and moreover

Xa — E[Xy]

Vo X — N(0,1)

in distribution.

Remark 4.2.1. We recall from Remark 2.6.5 that the Betti table of (C,L;) is given by

001 2 3 ... d-2¢g—2 d—2¢-1 d—2g ... d—g—1
01 - - - - - -
1] - % *x * ... * * ? ?
2|- - - - .. - = 2L ?

In particular, as we have already observed, the segment in which k;>(C, L) could be different
from zero has constant lenght, so that it becomes negligible with respect to the lenght of the table.
This is the reason why we restrict our attention to the Betti numbers k, ;.

To prove the above proposition, we need to study the Betti numbers k,; for a curve of arbitrary
genus.

Proposition 4.2.1. Let C be a smooth connected projective curve of genus g and let Ly be a line bundle of
degree d on C. Then, if d > 0 we have that

L kpa(C La) = () ([d+1—g) — (87 hd — (V1 8) for1 < p<d—2g—1.

2. kp1(C,Lg) <(d+1-g) (d+;_g) for all p.

Proof. By Riemann-Roch, we know that h°(C,L;) = d 4+ 1 — ¢ and now the second point is
immediate, as K, 1(C, L;) is by definition a quotient of a subspace of A? HO(X,Ly) ® H'(X, Ly).

For the first point, we can proceed as we have done for the elliptic normal curves, in Subsection
2.7.2. We know from Proposition 2.1.1 that we have an exact sequence

0 — HY(C,\P"'My,) — APTTHY(C,Ly) — H°(C,APMy, ® L) — K,1(C,Lg) — 0
so that
d+1—-g
+1
Now suppose that 1 < p < d —2g — 1, then from the Betti table of (C, L;) and Corollary 2.1.3

we see that h°(C, /\PHMLd) = 0, whereas from Corollary 2.1.1 we see that H' (X, \PM| ® L) =
Kpfllz(X, L) = 0. Then

kp1(C,Lg) = h°(C, \PMy, ® Ly) — ( > +10(C, AP M)

d+1—-g
— P _
kp,1<C/Ld> X(CI/\ MLd®Ld> < p+1 )

and we can conclude thanks to Lemma 2.7.1. O
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4. ASYMPTOTIC NORMALITY OF BETTI NUMBERS

Now, for every d > 0 we define the polynomial

def »
Fi(z) = ) kpa(C Layy)z
p=0

and if we set Yy def X1 ¢ we see that the random variable Yj is associated to F; by construction.
We also define the polynomials

def d d , ; def . -1 d—1 5
Ay(z) = —(d+1) (1+p§g <p> ”>, Bi(z) = (d+g) <pd§g_1< p > p)

1 d+1 d+1 d—1
Cin) ¥ 1+ +dz+ Y ( + >zP , Da(2)E Y ki (CoLayg)2
z p=d—g+1 p p=d—

and we observe that these polynomials have always the same number of terms, indipendently of
d.
As the last ingredient, we define another polynomial

(14 z)4+1

Hy(z) & (@ +1)(1+2)7 - (@ +g)z(1+2)* = =

Lemma 4.2.1. 1. Ifd > 0 then
F4(z) = Ha(z) + Aq(z) + Ba(z) + Ca(z) + Da(z)
2. F4(1) ~ 229 as d — +oo.
3. E[Yy] ~ dasd — +o0
4. Var[Yy) ~ % asd — +o.
Proof. 1. If d > 0 we see that k(1 (C, Ld+g) = 0 from the Betti table, so that

8-
Z C Ld+g Zp+Dd( )

by definition of D;(z). Now, from Proposition 4.2.1, we see that

i 1(C, Lasg)2¥ (d+1)d_g2_1 <;l) (d4+1)zF — (d+g) dfl <;l:1>zp_d_fl (d+1>zP

p=1 p=1 p=1 p=1 p + 1
and we proceed to analyze the three summands separately. The first one is

8-

(d+1) 2 <>d+1 zP = (d+1)

(14 z)4 <1+ Z () )] =(@d+1)(1+2)"+Ay(2)

the second one is

d—g—1 d—1
@) L R ESICEY

the third one is

and we conclude.
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4.2. Asymptotic normality for Betti numbers of smooth curves

2. We begin by computing

Hy(1) = 4=2-8
2
and then we observe that A;(1), B4(1),C4(1) and D4(1) are at most polynomial in d: this
follows from the fact that they always have the same number of terms, indipendently of
d and (for D;) from the estimate of Proposition 4.2.1. Then, as d — +oo it follows that
Fy(1) ~ Hy(1) ~ 424,

3. To get the mean E[Y;] we have to estimate the ratio iﬁg; . However, we see that A/,(1), B/, (1), C};(1)

and D/,(1) are at most polynomial in d for the same reason as before, whereas H;(1) ~
d24-1. Hence, as far as only asymptotics is concerned, we can replace F; with Hy, that is
H) )

Firg(1) — Hy(1)

as d — +o00. Now, it is easy to compute that

(1+2)%  (1+z)%
+ =

Hiy(z) =d(d+1)(14+2)" ' = (d+g)(1+2)" 1 —(d—1)(d+)z(1+2)" 2= (d+1)

and then we see that
- B+g)d+(4+9)
4

Hj(1) = 2

and consequently, as d — +oco we have

Hy(1)  d—1 1
E[Ya] ~ H() 2 ‘d-2-g

4. We have to estimate

E/(1) | F(1)  (ED))?
E() ") (qu))

but reasoning as in the previous point, we can substitute F; with Hy, and after some
computations we get the desired result.

Var[Yy] =

O]

Proof of Theorem 4.2.1. Since Yg = X;, o, we can just work with the Y;. The estimates for the mean
and the variance follow from the previous lemma. Now, we have to prove that

Yy — E[Yq]
7Var[Yd] — N(0,1)

and to this end it is sufficient to prove that

t
E[Yylt F (e‘/Var[Yd]) 2
2

. - d
lim e vVl 2 2 —p
d—+co Fd(l)

for every fixed t € R. Thanks to the estimates in the previous lemma, this limit is the same as

We claim that



4. ASYMPTOTIC NORMALITY OF BETTI NUMBERS

and indeed
—\/dt —Vdt d
e ot e d+1 d Lia
1 A 1) =— 1 1 d
dau};loo d24 d<e ) d%ll};loo 24 d < +p§g (p>e )
li e Vit e(dﬁ)t*\/at S /d\
_ i
d_1>Too 24 + 24 Z:%) <P>e
p
1 (d\;g)tf\/at d
= li p
d—1>r—ir-loo 2d ( )

where P(d) is a polynomial in d. And then one can easily see that this limit is zero.
In the same way, we can show that

B, (eﬁ> = lim 26—\/3th (e

i 0~ Vit
m d—+oo d2d

d—+o0 d24

) = lim =Dy (ev) =0

and then what remains to be proved is that

but it is easy to show that

Hy (eﬁ) = lim 2d—g—2) e Vit <1+e\/t3>d _ lim e~ Vit

I e~ Vit
T i T 24 2d i, T d

d——+oo d2d

(Heia)d

2
and we have already seen in the proof of Proposition 4.1.1 that this last limit is precisely ez. [

Ein, Erman and Lazarsfeld [ ] have conjectured that this asymptotic normality remains
true for higher dimensions as well.

Conjecture 1. Let X be a smooth connected projective variety of dimension n. Let A be an ample line
bundle on X ans for every d > 0 set Ly = A%, Then fix an index 1 < q < n and consider for every d a
random variable Yy with distribution

kyo(X,Lyg)
P(Y;=») = P orallp >0
(e =p) Y kng (X, Ly) J P =
Then, as d — +oo
Yo—B[Ya N(0,1)
Var [Yd]

in distribution.

We remark that the techniques that we have used for curves were numerical: we were able
to prove our results because we had an explicit knowledge of the Betti numbers. In higher
dimensions, we do not have this knowledge, and the problem appears to be much more difficult.

In the next two chapters, we are going to expose some techniques that could be used to attack it
in the case of (IP?, Opz2(d)).
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Chapter 5

Cohomology of homogeneous vector
bundles

In this chapter we are going to present a method to compute the cohomology of homogeneous
vector bundles on homogeneous varieties, following [ ]. The running example for this chapter
will be that of the projective space IP(V).

5.1 Notations and preliminaries

Throughout this chapter we fix a semisimple, connected linear algebraic group G, a maximal torus
T < G and a Borel subgroup B < G such that T < B.

We denote by X*(T) the group of characters of T, by W = Ng(T)/Zs(T) the Weyl group of T,
by Ar(T) = X*(T) ®z R the real vector space spanned by the characters and we fix on Ar(T) a
W-invariant positive-definite scalar product (-, -).

Example 5.1.1 (The special linear group - I). Let n be a positive integer and consider the groups
G =GL(n+1) and G = SL(n+1). We choose the maximal tori T < G and T < G given by
diagonal matrices

to to
~ tq - tH
T = . ti € k* T=TNG= . tiek®, tg...t, =1
tn tl’l

and the Borel subgroups B < G and B < G given by lower-triangular matrices
B = o ti € k* B=BNG = L tie K, toty ...ty =1

For every i = 0,...,n we denote by x; and y; the characters of Tand T respectively given by

Xi:T— Gy, t—t Xi=Xir: T—Gu  tert

Then we see easily that X*(T) = Zxo @ ... ® Z), and that X*(T) is generated by the yx;, so that
we have a surjective homomorphism

XH(T) — XNT)  Xi— xi
that gives an isomorphism

XNT)ZZXo®...0ZXn/ X0+ + Xn)
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5. COHOMOLOGY OF HOMOGENEOUS VECTOR BUNDLES

In particular, tensoring with - ®z R we see that

Now, it is a simple exercise to show that the Weyl group of both T and T is the symmetric
group W = S, that acts by permutations of the diagonal elements. In particular, we see that
the standard euclidean product on Ag(T) is W-invariant, and since the action of W leaves the
subspace (Xo + - - - + Xn) fixed, we get a W-equivariant isomorphism Ag(T) = (Xo+ - - + )fnf,
that induces a W-invariant scalar product on Ag(T). In particular, taking as a basis of Ar(T) the
elements

K = Xi — Xi-1 i=1,...,n

we see that under this scalar product we have

2, ifi=j
((XZ',DC]') = —1, ifj:i:izl,
0, otherwise

Continuing with the general case, the torus T acts on the Lie algebra g and induces a
decomposition into root spaces

g:t@@ga

wed

where for every character « € X*(T) we define
ge={veg|t-v=a(t)y, forallt € T}

and then t = gy = Lie(T) whereas ® = {a € X*(T) | go # 0} is the set of roots of T. As G is
semisimple, the roots span AR (T).
The choice of a Borel subgroup defines a subset of the roots

Ot =P(B) ={a € P|g, C Lie(B) }
and then we know that ®(B) is a positive subset of roots and that

Lie(B)=t® P oga 9=t> P 0.9 P 9«

aedt aedt aedt

The choice of the positive subset ®* defines an unique basis of simple roots A = (a;);c; € O,
that is a subset of linearly independent roots, such that every positive root is a linear combination
with nonnegative coefficients of the «;.

For every root & € ® we denote by r, € W the reflection with respect to «, that is the isometry
that fixes pointwise the hyperplane orthogonal to «. It can be proved (see for example [ )
that the Weyl group W is generated by the reflections r,, with respect to the simple roots «; € A.
For every w € W we define its length ¢(w) as the minimum number of reflection r,, with respect
to simple roots needed to generate w. Equivalently, /(w) coincides with the number of positive
roots sent into negative roots by w.

We denote by (A;);c; the fundamental weights corresponding to A, that is, the elements of Ag
defined by

2(Aj, ;)
(aj, )

In particular, if we define the Cartan matrix of T as the matrix C such that

= Jjj foralli eI

Z(Oéi, (X]')

“i = (aj, )
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we see that the columns of C are the coordinates of the («;) with respect to the basis (A;), or that
the columns of C~! are the coordinates of the (A;) with respect to the basis («;).

The weights of G are the linear combinations with integer coefficients of the fundamen-
tal weights and the dominant weights are the linear combinations with nonnegative integer
coefficients. The fundamental Weyl chamber of G is defined as

D = {)_xAi|x; > 0}

and the weights in D are precisely the dominant weights. The group G is simply connected if the
character lattice coincides with the weight lattice.

The irreducible representations of G correspond to the dominant weights: for each dominant
weight A we denote by T'* the corresponding irreducible representation.

Example 5.1.2 (The special linear group - II ). We continue with our previous example. The Lie
algebra of G = SL(n + 1) is given by the matrices with trace zero

Lie(G) =sly;1 ={AeMn+1k) | TrA=0)}
and the torus T acts over it by conjugation: if A = (a;;) € sl, 1 and t € T then
A =tA = (ki lay)

so that the set of roots of T is
O={xi—xj|li#j}
observe that these roots do span Ar(T), for example because they contain the basis a7, . .., .

Now it is clear that the Lie algebra of B is given by the lower-triangular matrices with trace
zero, so that

@ =@B)={xi—xjli>j}
and the subset of simple roots is given precisely by A = («ay,...,a;,). The Cartan matrix is given
by
2 -1
-1 2 -1

so that, for every i = 1,...,n we have
a; = —Ai1+ 24 — A

with the convention that Ag = A, 11 = 0.

If (A1,...,Ay,) are the fundamental weights and p1A1 + - - - + ppAr with p; € IN is a dominant
weight, then we denote by T'(P1-+P) the irreducible representation of G corresponding to pjA; +
-+ -+ puAyn. In the language of Schur functors one can see (for example from [ ]) that

r(Prpn) = GA(V) where A = (p1+ -+ pup1+- -+ Pn-1,--.,P1)

and V = k"*! is the standard representation of G.

We can also study the action of the Weyl group: for every root « € ®, we denote by r, € W
the reflection with respect to the hyperplane orthogonal to . Then for every simple root a; € A
we have
2(ai, Aj)

ra;(Aj) = Aj— (a;, ;)

aj = Aj = Gijoe; = Aj = 6ij(—Aim1 + 24 — Aiga)

so that
Aig—Ai+Aiyq, ifi=j
rm,'):{ AT A
Aj, ifi #j
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As a particular example, we consider the case n = 2: the Cartan matrix and its inverse are

(2 -1 4121
C_<—1 2) ¢ _3<1 2)

so that the fundamental weights are given by

2 1 1 2
A ==-01+ -ap Ay = 5061 + 5062

3 3

and we can represent the weight lattice by

) [ ] [ ]

[ J [ J (|
) [ ] [ ]

[ J L |
) [ ] [ ]

—h2y

[ J [ J [ J ([ J [ J [ J (|

) [ ] ([ ([ [ ] [ ] [ ]

Figure 5.1: Weight lattice of SL(3): the fundamental weights are depicted in green, the root system
in blue and the shaded part corresponds to the Weyl chamber D

Recall that a parabolic subgroup P < G is a connected closed subgroup such that the quotient
G/P is projective. Equivalently, it is a connected closed subgroup that contains a Borel subgroup.
Fix now an arbitrary subset of simple roots X~ C A: then we set

- ¥ }

() = {a € Pt
DCI'EA\E

and we define P(X) as the connected closed subgroup of G such that

Lie(P(2)) =t® P a0® P 9«

aed(X) aed+

Then P(X) is a parabolic subgroup: indeed, since @ C @ is a positive subsystem of roots,
then —®™ is a positive subsystem as well, so that there is a Borel subgroup B~ < G such that

76
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Lie(B~) = t® @ycap+ 9—a, and then it is clear that B~ < P(X) by construction. Conversely, every
parabolic subgroup of G is conjugated to a parabolic subgroup of the form P(X) for a certain
> C A (cfr. [Ott]).

Now, let P = P(X) and let N <I P be the unipotent radical of P, that is the maximal connected
unipotent normal subgroup of P. Then its Lie algebra is

Lie(N)=n= &P g

KEDH\D(X)

so that the quotient Lie(P)/Lie(N) is a subalgebra and then we know that there is a closed
reductive subgroup R < P such that

Lie(R)=t=t® P 0.® P g-u P=NXxR
aed(X) acd(X)

This is called a Levi decomposition of P (for a parabolic subgroup there is always one, even in
positive characteristic [ D.

Now, observe that the group P is not reductive in general, however thanks to the Levi
decomposition we can say which representations of P are completely reducible, that is, those that
can be split into irreducible ones.

Theorem 5.1.1 (Ise’s theorem). A representation p: P — GL(V) is completely reducible if and only if
the induced representation p\: N — GL(V) is trivial.

Proof. 1t is clear that if a representation is trivial on N then it is completely reducible, as R is
reductive. To prove the converse, we may suppose that the representation is irreducible: if N acts
nontrivially on V then we see that V¥ is a subrepresentation of P (as N is normal in G ), which is
neither the whole V nor zero (as N is unipotent), and this is absurd. O

Remark 5.1.1. In particular, from Theorem 5.1.1 it follows that the irreducible representations of P
correspond exactly to the irreducible representations of R.

Observe that T is a maximal torus for R as well and that the root system of R corresponds
precisely to ®(X), and a set of simple roots is given by A \ X.. The irreducible representations of R
correspond precisely to the weights of T of the form

A=) nAi  neZ, n; >0ifa; €A\ Z
the fundamental Weyl chamber of R is
D' ={) _ xiAi| x; > 0if rj € A\ L}
and the dominant weights of R are precisely those in D’. We also define
W ={weW|wDCD'}
Example 5.1.3 (The projective space - I). Consider in the group G = SL(n + 1) the subgroup

d_l ‘ X1 Xy
pP= 0 A A€ GL(n), d=detA, x; ek
0

then, in our previous notations we see that this is the parabolic subgroup P = P({«; }) and
indeed G/P = P" is projective.
The unipotent radical of N < P and the Levi complement R < P are given by

dfl

xi €k R = A€ GL(n), d=detA } = GL(n)
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and the dominant weights for R are those of the form pjA + - - + pyA, with p; € Z and p; > 0
for all i > 2. In the language of Schur functors, the irreducible representation of R corresponding
to prAL + - 4 puAy is
SH(U) ® det” (U)
where U = V/(ep), 4 = (p2+ -+ Pn,p2+ -+ pn_1,p2) and det(U) is the determinantal
representation.
For instance, if n = 2 we have

] ([ J

[ J (|
] [ ]

L |
) [ ]

—2y

([ J ([ J [ J [ J ([ J (|

) [ ] ([ ([ [ ] [ ] [ ]

Figure 5.2: The lightly shaded part D’ correspond to the fundamental Weyl chamber of R = GL(2).
The irreducible representation corresponding to the weight mA; +nA, € D' is S"U @ det™ (U)

5.2 Vector bundles and representations

We are interested in studying vector bundles on the smooth projective variety X = G/P. In all
what follows, we will denote by 71: G — X the natural projection and by z € X the point fixed
by P, corresponding to the lateral class 15P.

5.2.1 A distinguished open cover of G/P

From what we have seen above, we have the decomposition

g=pD @ Ga

KEDT\D(X)

and we define the unipotent connected closed subgroup Up < G by the property

Lie(Up) = @ O

AEDH\D(X)
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5.2. Vector bundles and representations

Lemma 5.2.1. We have that
1. UpNP={1c}.
2. Up - Pisopen in G.
3. Up -z is open in X.

Proof. 1. First we observe that Lie(Up N P) = Lie(Up) N Lie(P) = 0 so that Up N P must have
dimension 0. Since every subgroup of an unipotent subgroup is connected, this implies the
thesis.

2. The group Up x P acts on G by
(UpxP)xG—G ((u,p),g) — ugp™?

and Up - P is precisely the orbit of 1¢ under this action. In particular, we know that Up - P is
open in its closure, but as dim(Up - P) = dim Up + dim P = dim G, we see that Up - P = G
and we conclude.

3. This follows as in the previous point, considering the natural action of Up on X and the

orbit of z.
O

Now, for every ¢ € G we can consider the open subset A, = ¢Up - z. It is clear that the A,
form an open cover of X and, moreover, we have isomorphisms

Up — Ay u+> guP
so that this is an affine open cover of X. Moreover, it is clear that we have isomorphisms

1 (Ag) =gUpP — Up x P gup — (u,p)

5.2.2 Homogeneous vector bundles and representations
First we define homogeneous vector bundles on X.

Definition 5.2.1 (Homogeneous vector bundles). Let X = G/P as before. An homogeneous
vector bundle on X is a vector bundle E — X together with a regular action : G x E — E of
G such that the following diagram commutes

GXEL»E

|

GxX—X
and the maps
O’(g, ) E, — Eg(x)
are linear for every ¢ € G and x € X.

Remark 5.2.1. Obviously, a morphism between two homogeneous vector bundles 07 : G X E; —
E; and 02: G X E; — E; on X is a morphism of vector bundles f: E; — E; such that the
following diagram commutes

(%51
GXE14>E1
idefJ Jf

(%)
GXEQ%EQ

79
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It is easy to show that homogeneous vector bundles on X form a category that we denote by
HomVecy.

Remark 5.2.2. let E be an homogeneous vector bundle on X and let z € X denote the class of P.
Then the fiber E, is naturally a representation of P. It is easy to see that this gives a functor

HomVecxy — Modp E— E,

we want to show now that this functor is an equivalence of categories.

Let p: P — GL(V) be a regular representation of P, we want to define an homogeneous
vector bundle E, on X such that E,, = V.
To present the idea, let us work just with sets: we have a natural action of P over G x V given

by
Px(GxV)—GxV  (p(gv)— (gp " p-0)

and we denote G xp V & (G x V) /P . Notice that we have a natural map
p:GxpV — X (g, 0] — gP
and a natural action
Gx(GxpV)—GxpV (g, [h,v]) — [gh,v]
such that the following diagram commutes
GXx(GxpV)——GxpV
idg x pl lp
GxX X

and moreover we see that the fiber p~!(z) = {[1,v] | v € V } is naturally isomorphic to V as a
P-module.
To actually build G xp V, consider the open affine cover of X given by the (Ag)scc and the
isomorphisms
Up — Ag u— guP

then over Up consider the vector bundle given by Up x V. — Up. It is easy to show that these
maps can be glued together over the open affine subsets A, to form a vector bundle E, — X on
X that corresponds to G xp V at the level of closed points. We denote the whole of E, again by
G xp V, as there is no risk of confusion.

In this way, we have defined a functor

Modp — HomVecy Vi GxpV
Proposition 5.2.1. The two functors
HomVecx — Modp E— E,

and
Modp — HomVecy V= GxpV

define an equivalence of categories between P-modules and homogeneous vector bundles over G/ P.

Proof. We have already showed before that if V is a P-module, then (G xp V), is naturally
isomorphic to V as a P-module. Conversely, take an homogeneous vector bundle E over X = G/P:
then it is easy to show that we have a morphism of vector bundles

GxpE, — E g v]—g-v

and this is bijective (at the level of closed points) between smooth varieties of the same dimen-
sion. Then, by Zariski’s Main Theorem, it is an isomorphism. It is clear that this choice of an
isomorphism is natural, and this concludes the proof. ]
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Example 5.2.1 (Tangent bundle and cotangent bundle). Let Tx be the tangent bundle of X. Then it
is easy to see that we have an isomorphism of P-modules Tx . = g/p, so that Tx corresponds to
the representation

a/p= P

reDH\D(Z)
whereas Q%( corresponds to the representation

n= @ g—a

REDH\D(X)

Example 5.2.2 (The projective space - II). Let us consider the case of X =P" = SL(n+1)/P(a7).
For every a € Z we see that the line bundle Opr(a) corresponds to the representation det’ of R.
Instead, the standard representation U of R corresponds to quotient bundle Q defined by the
exact sequence
0— Opr(—1) - VO0p — Q—0

(observe that we are now seeing IP" as the set of lines in k’*!, this is for simplicity as otherwise
we should put a dual in all the representations).
To determine the cotangent bundle, we observe that

ST\ P(ar) = {ag, a1 +ag, 09 +ap+az,...a1 -+ +ay}
so that the weights ¢y, ..., ¢, of the cotangent bundle Q]},n are
Gi=—(m++a)=-A—A+An

In particular, we see that the dominant weight is {; = —2A; + A,, so that the cotangent bundle
correspond to the irreducible representation A" U ® det(U) 2 = (U)" @ det(U)~!. From what
we have said before, it follows that O, = A"~1Q(-2).

We also see that all the bundles Qp,, are irreducible, as they correspond to irreducible repre-
sentations of R.

5.3 Hermitian symmetric varieties and Higgs bundles

We want to study homogeneous bundles beyond the irreducible ones, that is the same as studying
arbitrary representations of P.
We start by introducing an useful notation:

5.3.1 The gr functor
Definition 5.3.1 (The gr functor). We define the functor

gr: Modp — Modgr VisgrV
that simply sends a representation of P to its restriction as a representation of R.

Remark 5.3.1. Thanks to Proposition 5.2.1, we can look at this functor also as a functor from
thecategory of homogeneous vector bundles on X to the category of completely reducible homo-
geneous vector bundles on X. Moreover, the functor restricts to the identity on the irreducible
homogeneous bundles.

Remark 5.3.2. From Theorem 5.1.1 it is clear that gr gives a correspondence between completely
reducible representations of P and representations of R. In particular, this restrict to a correspon-
dence between irreducible representations of P and irreducible representations of R.

Remark 5.3.3. 1t is clear that g7 is an exact functor. Moreover it is easy to check that we have the
following properties
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o gr(EY) = gr(E)"

o gr(E1 & Eo) = gr(E1) @ gr(E)
o gr(Ey ® Ez) = gr(Eq) ® gr(E2)
o gr(A\E) = NFgr(E)

o gr(SPE) = SP(gr(E))

Remark 5.3.4. We can compute gr also by means of filtrations: for every P-module E there is a
filtration
O=ECEC---CE, 1CE,=E

of subrepresentations such that E;/E;_; are irreducible P-modules for every i =1, ..., p. Then it
is clear that

p
=PEi/Ei
i=1

Moreover, this shows that the right hand side does not depend on the chosen filtration.

5.3.2 Extending representations

Recall that we have a fixed Levi decomposition P = N X R, so that R acts on N by conjugation.
Now observe that for every representation

p: P — GL(V)
of P, we have the two induced representations
pn: N — GL(V) gr(p): R — GL(V)

and it is clear that the map p|5: N — GL(V) is R-equivariant, where R acts by conjugation on
both sides. We can recover the representation p from the two representations p|y and gr(p), and
in fact this gives a complete characterization of all the representations of P.

To state this precisely, we define the category ExtyMody as the one whose objects are couples
(V,a), where V is an R-module and a: N — GL(V) is a representation of N that is R-equivariant
(with respect to the conjugation on both sides). The definition of a morphism in this category is
clear, and it is also clear that the restriction of a representation of P to the representations of R
and N defines a functor. It is easy to see that this is actually an equivalence of categories:

Lemma 5.3.1. The functor
Modp — ExtnyModg o= (gi’ (p)IP\N)
is an equivalence of categories.

Proof. Take an element (V,«) in ExtyModg, for simplicity we denote by f: R — GL(V) the
representation of R. We can define a representation of P on V as

p: P=(NxR)— GL(V) nr— a(n)pB(r)
To show that this is actually an action observe that for every r1,7, € R, ny,n, € N we have that

p(nyrinara) = p(nyringry 'rirz) = “(nlflnzfl DB(rir2) = a(n1)a(ringry ') B(r)B(r2)
= a(n1)B(r1)a(n2)B(r1) "' B(r1)B(r2) = a(n1)B(r1)a(nz)B(r2) = p(nir1)p(rany)

It is now very easy to show that in this way we have defined a functor
ExtyModr — Modp

that is the inverse of the one above. O
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Since N is simply connected, to give an R-equivariant morphism of groups f: N — GL(V)
is the same as giving an R-equivariant morphism of Lie algebras 0: n — gl(V). More precisely,
we define another category Ext,Modr whose objects are couples (V,0), where V is an R-module
and 0: n — gl(V) is an R-equivariant morphism of Lie algebras. Then we have

Lemma 5.3.2. The categories HomVecx, Modp, Ext.Modg, Ext,Modg are all equivalent.

5.3.3 Higgs bundles on Hermitian symmetric varieties

From now on, we will restrict our attention to a particular class of homogeneous varieties.

Definition 5.3.2 (Hermitian symmetric variety). The homogeneous variety X = G/P is said to be
an Hermitian symmetric variety if [n,n] = 0.

Remark 5.3.5. By [ ] the condition [n,n] = 0 is equivalent to N being abelian, that is, the
adjoint action of G on N is trivial when restricted to N.

In view of Theorem 5.1.1 and Example 5.2.1 , another equivalent reformulation is that X = G/P
is Hermitian symmetric if and only if O} is completely reducible as an homogeneous bundle.

Definition 5.3.3 (Irreducible hermitian symmetric variety). An Hermitian symmetric variety is
said to be irreducible if Q%( is an irreducible homogeneous bundle, that is, if n is irreducible as a
P-module.

Remark 5.3.6. It has been shown by Cartan that any Hermitian symmetric variety is the product of
irreducible ones and moreover the irreducible ones are Grassmannians, quadrics, spinor varieties,
maximal Lagrangian Grassmannians and two exceptional varieties of dimension 16 and 27. For
references consult [ ].

The advantage of Hermitian symmetric varieties is that the equivalence of categories of
Lemma 5.3.2 can be greatly simplified. Indeed suppose that we are given an R-module V and an
R-equivariant linear map

6:n— gl(V)

Since [n,n] = 0, for this to be a morphism of Lie algebras it is sufficient that [0(n71),0(n2)] = 0 for
all n1,ny € n. Equivalently, this can be rephrased by saying that

ONE=0 in Hom(n A n, gl(V))?
Now, we can write 6 also as a P-equivariant linear map
0:n@V —V
or, working with homogeneous bundles, as an equivariant morphism of vector bundles
0: 0@V -—V or 6:V-—=TxV
hence, we give the following definition

Definition 5.3.4 (Higgs bundles). The category of Higgs bundles on the Hermitian symmetric
variety X is the category Higgs, whose objects are couples (V,0), where V is an R-module and
0: O ® V. — V is a morphism of homogeneous vector bundles such that 6 A 6 = 0.

From the above discussion, we have the following result:

Proposition 5.3.1. Let X be an Hermitian symmetric variety. Then the categories HomVectx, Modp and
Higgs are equivalent.
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5.4 Bott-Borel-Weil Theorem

We have seen above that homogeneous vector bundles on X are equivalent to P-modules. In
particular, by Theorem 5.1.1, the irreducible homogeneous bundles on X correspond to irreducible
R-modules.

The theorem of Bott-Borel-Weil gives a way to compute the cohomology H/(X,E) of an
irreducible vector bundle by means of this identification.

We denote by ¢ = Y/ ; A; the sum of all the fundamental weights.

Theorem 5.4.1 (Bott). Let A € D’ be a dominant weight for R. Then there is an unique element w € W
such that w(A + g) € D (in particular w=! € W’). Set v =w(A + g) — g, then
1. Ifv € D then
, v ifji=
Hix B = T
0 ifj#lw)

2. If v ¢ D, then '
H/(X,E)) =0 for all j

Proof. See [Ott]. O
As a corollary of this theorem we recover the previous theorem due to Borel and Weil
Theorem 5.4.2 (Borel-Weil). Let A € D be a dominant weight for P. Then
=0
0 ifj#0
To understand better what is happening we set some notation: for every root « € ® we denote
by H, the hyperplane in Ag(T) orthogonal to « and by r, the reflection with respect to H,. We

also denote by Y, = H, — g the affine hyperplane orthogonal to « passing thorugh —¢ and by s,
the reflection with respecto to Y. It is clear that, if 4, ...,a; € ® are roots then

H](Xr E)\) = {

(Say 0+ 08,)(x) = (rey 0010, ) (¥ +8) — 8
and, as every element w € W is given by composition of reflections r,, we see that every
transformation x — w(x + g) — g is given by composition of reflections s,.

Remark 5.4.1. Let us keep the same notation as in Bott Theorem: then we notice that, as w(A + g) €
D thenv =w(A +g) — g & D if and only if w(A + g) — g € 9D — g. Hence, the weights A € D’
such that H/(X,E,) = 0 for all j correspond exactly to

D'n |J w@D+g)—g=D'n{J Ya
weW’ acd

Hovewer, we notice that for every a € ®(X), we have that D' NY, = @: indeed, any such « can
be written in the form a = Za],ez n;u;j for certain n; > 0 and then, if x = }_ x;A; € D’ we know by
definition that x; > 0 for all «; € %, so that

(x+ga)=[Y(i+DA;, Y ma; | = Y (xj+1)n; >0
[X]'EZ OéjGZ

as at least one of the n; is strictly positive.
This shows that

n
{(AeD' |HYX,E\)#0} =D\ |J Y.=D\UYg
KEDH\D(X) '

and motivates the following definition
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Definition 5.4.1 (Bott Chambers). The connected components of D'\ UL, Y, are called the
extended Bott chambers of X. Every extended Bott chamber contains an unique subset of the
form w(D + g) — g for a certain w € W': these subsets are called the Bott chambers of X. We say
that two Bott chambers are adjacent if their extended Bott chambers have a common hyperplane
in their boundary.

Remark 5.4.2. For every Bott chamber B we define its length ¢(B) as the length ¢(w) of the element
w € W' such that B =w(D + g) — . Then Bott’s theorem tells us that the irreducible bundles E;
such that H/(X,E,) # 0 are precisely those contained in the Bott chambers B such that {(B) = j.

5.4.1 Bott Theorem on projective space

As an example, we want to apply Bott’s theorem to the case of projective space P" = SL(n +
1)/P(aq). First we recall a result of Kostant

Theorem 5.4.3. Suppose that k = C. Then
#{weW |L(w)=j}=dimHY(X,C)

and in particular
#W' = x(X,C)

Proof. See [ ]. O

In particular, for projective spaces we obtain that

Corollary 5.4.1. Let k be any algebraically closed field of characteristic 0 and consider P" = SL(n +
1)/P(aq). Then for every j = 0,1,...,n we have

#{weW |[L(w)=j}=1

and in particular
#W =n+1

Proof. Since thedata#{w € W' | {(w) = j } and #W' are purely combinatorial, they do not depend
on the field k, so that we can suppose k = C. Then the result follows immediately from Theorem
5.4.3. O

Thanks to this result we can determine the set W’ explicitly

Lemma 5.4.1. For the projective space P" = SL(n + 1)/P(ay) we have
W/ - {id,?’al,r,xli’az, e ,7’,11 “ee T’an }
and U(ry, ... 1s) = 1.

Proof. First we prove that for every i = 1,...,n we have

(Fay - Ta <Zp] )—( Zp]>A1+Zp] pt Y

j=i+1

We proceed by induction on i: if i = 1 this is clear from Example 5.1.2, so that we suppose i > 1
and then using again Example 5.1.2 and the inductive hypothesis we get

i—2
(e - (ZP] ) (Tay - rail)(Zr’j?\jJr(Pi—lﬂLPi)/\i—l piri + (pi + pit1)Aip1 + Z piA )

j=1 j=i+2
i—2

= <— Y pi— (pica+ Pi)> M+ Y piriga + (pic1 + pi)Ai — pidi + (i 4 pis)Ain + Y, PiA;
j=1 j=1 j=i+2

( Zm) M+ZP1 at L e

j=i+1
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5. COHOMOLOGY OF HOMOGENEOUS VECTOR BUNDLES

This shows that the elements ry,,...,74, ..., are all distinct and contained in W/. As we
know from Corollary 5.4.1 that #W' = n + 1, we see that W = {id, r4,,..., 74, ... 74, }- For the
statement about length, we proceed by induction on i: it is clear that /(r,,) = 1, and if i > 1
then by definition we know that £(r,, ...7,,) < i. Now, from Corollary 5.4.1, we know that
#{we W' | l(w) =]} =1forevery 1 <j<nand by inductive hypothesis £(ry, ...7a;) = j for
all 1 <j <i. Then by pigeonhole it must be that £(ry, ...7y) = i.

O

Lemma 5.4.2. Let ¢y, ..., Gy be the weights of the cotangent bundle Q... Then foreveryi=1,...,nit
holds that

1 &= —(a1 4 +0) = —A— A+ Ai1.
2. 014 F g = (Fay - Toy) (®ig1)

3. rg = (Tay oo T Tapyy (Tay e Ty) L
4 v Ty =T T

Proof. 1. We have already done this computation in Example 5.2.2.

2. We know from Example 5.1.2 that aj11 = —A; +2A;41 — Aj4» and then from the proof of
Lemma 5.4.1 we see that

(ay - To) (@ig1) = (Fag -+ Fa) (A 4+ 2101 — Aig2) = M+ A — Ao = —Cip

3. This follows from the fact that 7z, | = F(ray ot (111 thanks to point (2).

4. This follows from point (3).

Then we can express Bott’s theorem as follows:

Proposition 5.4.1. Consider P" = SL(n+1)/P(a1). Then for every i =0, ..., n there is an unique Bott
chamber B; of length i, and it is given by

Bi = (tay...7;)(D+8) — 8= (rg...75)(D+8) — g = (5¢-..5¢)(D)
Proof. 1t follows immediately from Bott’s Theorem 5.4.1, Lemma 5.4.1 and Lemma 5.4.2. O

Remark 5.4.3. In particular, the above result tells us that the vertex of the Bott chamber B; is given
by
pi= (ray - 1) (§) —g=(rg...16)(g) —g=C1+ -+

and, from Example 5.2.2 we see that this is precisely the dominant weight of the irreducible
homogeneous bundle ), .

Proposition 5.4.2. Let 0 < i < n—11let A € D' and let y = s¢,,(A). Then H'(P",E,) =
H*Y(P", E,). If moreover H'(P",E,) # O then p is the unique element in A’ € D’ such that
Hi(IP",E,) = H+1(P", Ey).

Observe that A and y differ by a multiple of ¢4 1.

Proof. Suppose first that H'(IP", E, ) # 0. Then we know from Bott’s theorem that A = s¢, ... s¢, (V)
for a certain v € D and that HZ(IP”,EA)' = I, and again from Bott’s theorem we know that
the unique element A’ € D’ such that H"'(IP", Ey/) = T™ is s¢,, s¢, ... 56 (V) = sz, (A) = p. If

H!(IP",E,) = 0, the statement follows from Bott’s theorem. O
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Example 5.4.1 (Bott’s Theorem on the projective plane). Now we focus on the projective plane P2,
In this case we see that
D= {a1A1—|—a2/\2 | a; > 0}

and, for every & = a1Aq + apA; € D, the corresponding irreducible representation of G = SL(3) is
e — rlae) — S(a1+a2,a1)(v)

Instead , we have
D' = {bl)\1+bz)\2 | by > 0}

and for every B = bjA1 + bpA, € D' the corresponding irreducible homogeneous vector bundle on
P? is
Eg = S2Q(by)

where Q is the quotient bundle on IP? defined by the exact sequence
0— Op(—1) — VROp — Q —0
Then Bott’s Theorem can be stated as follows: let n > 0 and m € Z, then
Stmm) (), if n > 0,m >0
0, otherwise
S=l=m=2)(y), ifn>1,-n—1<m< -2
0, otherwise
Stm=3n(V), ifn>0,m< -—n—3
0, otherwise

H(P?, 8"Q(m)) = {
H'(IP?,8"Q(m)) = {

H2 (P2, 57Q(m)) = {

However the content of the theorem can be more effectively expressed by Figure 5.3.

5.4.2 Bott Theorem on Hermitian symmetric varieties

Now we want to state some consequences of Bott’s Theorem on irreducible Hermitian symmetric
varieties, but we restrict further to the case of irreducible Hermitian symmetric variety of type
ADE: these are the irreducible Hermitian symmetric varieties G/ P such that the Dynkin diagram
of G is of type ADE . It can be seen that these varieties are Grassmannians, quadrics of even
dimension, spinor varieties and the two exceptional cases.

If X is irreducible of type ADE, then Pic(X) = Z (see [ 1), so that we can define the slope
of a vector bundle E on X as the rational number

WE) S

€Q

Proposition 5.4.3. Let X = G/ P be an Hermitian symmetric variety. Then for every j > 0 the irreducible
bundles E) such that HI(X,E))C # 0 are precisely the direct summands of (Yy.. Moreover, for every such
E, we have that H/(X,E,)® = k.

Proof. We are going to prove this theorem in the case of projective space X = IP". For the general

case see [ Jor | ]. We know from before that for every j > 0 the bundle QY is irreducible
and that it is the vertex of the Bott chamber B;. Then from Bott’s theorem it follows that

HI(P",QY,,) = HY(P7, Opr) = k

Conversely, let E, be an irreducible homogeneous bundle: then by Bott’s theorem H/(X,E,) is an
irreducible G-module, so that H/(IP", E A)G # 0 if and only if H/(IP",E,) = k. This means that E,

is the vertex of the Bott chamber Bj, thatis E), = Q{P,,. O
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5. COHOMOLOGY OF HOMOGENEOUS VECTOR BUNDLES

Figure 5.3: The darker shaded parts are the Bott chambers corresponding to irreducible homo-
geneous bundles with nonzero H, H! and H?. The Bott chamber with nonzero H® corresponds
to the Weyl chamber D. The hyperplanes corresponding to bundles with zero cohomology are
represented in blue.

Corollary 5.4.2. Let E be a completely reducible homogeneous vector bundle on an irreducible Hermitian
symmetric variety X. Then H/ (X, E)° = Hom(CYy, E)°.

Proof. We can suppose that E = E, is irreducible and now the thesis follows immediately from
Proposition 5.4.3. O

Proposition 5.4.4. Let X be an Hermitian symmetric variety and let A,v € D'.
1. Hom(Qk ® Ey, E,)© = Ext'(E), E,)C. If i = 1 then both spaces have dimension 0 or 1.
2. If X is irreducible, and Ext'(Ey, E,)C # O, then u(E,) = u(Ey) +ip(Qk).

Proof. Let E = E, ® EY. Then E is completely reducible and by the previous corollary we have
that Hom(Q} ® Ey, E, )¢ = Hom(Q, E)® = H/(X, E)® = Ext/(Qx, E)¢ = Ext/(E,, E, )°.

Now, if i = 1 then we know that Q% is irreducible. Let ¢y, ..., ¢m be the weights, counted with
multiplicity, corresponding to the bundle Q}, that is, to the representation n. We notice that the &;
are all distinct, since n C g and all root spaces of a semisimple Lie group have dimension 1 (cfr.
[ ]). Then we know from the generalized Littlewood-Richardson rule (Theorem 1.1.4) that

Ex@ Q% = P Enig
jel

for a certain subset ] C {1,...,m }. Since the weights A + ¢; are all distinct, this concludes the
proof of the first point.

For the second point, observe that Exti(E A, E)C # 0if and only if E, = Ej,¢, for a certain
r € J. Now, by a theorem of Ramanan (see [ ] or [Ott]) every irreducible homogenous
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bundle is stable, and since the tensor product of stable bundles is polystable (cfr. [ 1) we see
that p(E,) = p(Qy ® Ex) = p(Ex) + jp(Qk). O

Corollary 5.4.3. Let 0 < i < nand let A € D". Then there are p and s¢, such that A" = sz, (A) and
H'(X,E)) = H*Y(X,E,) or H(X,E)) = H~Y(X, Ey,). In particular lambda and y differ by a multiple
of {j. There is exactly one such y in every Bott chamber adjacent to the Bott chamber of E,.

Proof. Let Ag be the vertex of the Bott chamber that contains A. Then take the ¢; such that s¢;(Ao)
is the maximal weight of a direct summand of Q4. O

5.5 Quivers and relations

Now we are going to describe an useful tool for the study of an homogeneous vector bundle.

5.5.1 Basic definitions
We give some basic definitions for quivers.

Definition 5.5.1 (Quiver). A quiver is an oriented graph Q. We denote by Q, the set of vertices,
by Q; the set of arrows and by t: Q1 — Qg and h: Q; — Qo the maps that to each arrow
associate the head and the tail.

Suppose that there is a function s: Q9 — Q such that, if there is an arrow from v to w then
s(w) = s(v) + 1. Then we say that Q is leveled by s.

Definition 5.5.2 (Paths). A path in a quiver Q is a sequence a; - - - - - a, of arrows where the head
of each arrow is the tail of the next one. If p = a7 - - - - - a, is a path we denote by h(p) = h(a,) its
head and by #(p) = t(a;) its tail. The length of a path is the number of arrows that compose it.

Definition 5.5.3 (Path Algebra). For any pair (4,b) € Q3 we denote by

Qo) = {ppath [i(p) =a, h(p) =b}

and we define the graded vector space

(a,b)€ Q3

If p, g are two paths then we define their product p - g as their concatenation, if 1(p) = t(g) and 0
otherwise. This operation can be extended to k[Q)] that becomes an associative graded algebra,
called the path algebra.

Definition 5.5.4 (Relations). A relation in k[Q] is an homogenous element of k[Q], i.e. a linear
combination
Mp1r+-+ Apr

where A; € k and p; are paths with same head and same tail.

Definition 5.5.5 (Quiver representation). A representation of a quiver Q is the datum of a family
of finite-dimensional vector space (V;),c0, and linear maps ¢,: Vita) — Vi(a) for every a € Q.
A representation of a quiver Q is said to be of finite type if V,, = 0 for all v € Qy apart for a finite
number at most.

Definition 5.5.6 (Representations of quivers with relations). Let R C k[Q] be an homogeneous
ideal. A representation of Q with relations R is a representation (Vy, ¢4 )vec 0, c0, of Q such that

/\14)791 +""|‘/\s§bps =0

for every relation Aypy + - -+ Asp, € R.
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5. COHOMOLOGY OF HOMOGENEOUS VECTOR BUNDLES

Remark 5.5.1. If we have a representation (Vy, ¢,) of a quiver Q, and p =a; - -- - - a, is a path in

Q we use the notation ¢, def $a, © O Pay.

Definition 5.5.7 (Morphism of representations). Let (Vo, $a)vc0,ac0, and (Wo, $u)ve0yac0, be
two representations (with relations R) of a quiver Q. Then a morphism of representations
f:(V,¢) — (W, ) is the datum of linear maps f,: V;, — W, for every v € Qp such that the
following diagram

Vit —— V()
fr(a) J th(a)

Pa

Wea) —— Wiia)
is commutative for every a € Q.
We denote the category of representations of a quiver Q with relations R as Rep g ).

Remark 5.5.2. There is an equivalence of categories between Rep g ) and Mody g/ -

5.5.2 The quiver associated to an homogeneous variety

Consider the Hermitian symmetric variety X = G/P. In order to describe homogeneous bundles
on X, we are going to associate to X a quiver.

Definition 5.5.8 (Quiver associated to an homogeneous variety). To every homogeneous variety
X = G/P we associate the quiver Qx that has as vertices the irreducible homogeneous vector
bundles E, and such that there is an arrow E, — E, between two irreducible bundles if and
only if Ext' (Ey, E,)¢ # 0.

Remark 5.5.3. Let (i, ..., ¢y be the weights of the homogeneous bundle Q%( Then Proposition
5.4.4 shows that there is an arrow in Qx from E, to E, if and only if v = A + ¢; for a certain
i€ {1,...,m}. In particular we see that the quiver is leveled.

Corollary 5.5.1. The quiver Qx is leveled by the function

~ #(Er)
H(Ex) =
M%)
Proof. Follows immediately from Proposition 5.4.4. ]

Now, let E be an homogeneous bundle on X : then we can write

grE=PEoV,
A

where the sum is over all dominant weights A € D’ and the vector spaces V) = Hom(gr E,E,)®
count the multiplicity of E, in gr E.
Then we associate to E a representation of Q in this way:

e To every point A € Qx we associate the vector space V).

e For every A € Qx choose a maximal vector v, € I'* and for any ¢; an element n; € gg,.
Now, we know that if Ext(E,, E, )¢ = Hom(Q}( ® E, E,)¢ #0, then v — A = ¢; for a certain
i. In this case we fix an element m, , € Hom(Q ® E,, E, )¢ such that

gi ®m/\,1/: Up — Uy

Notice that m, , is actually a generator, since we know that H. om(Q& ® E,, EV)G =~ k.
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Now, observe that

Ext'(gr E, gr E)° = P Hom(V), V,) ® Ext'(Ex, Ey)©
(Av)

so that, to give an element in every Hom(V),V,) it is sufficient to give an element [E| €
Ext!'(gr E, gr E)C.

To this end, observe that from Proposition 5.4.4, we have an isomorphism
Ext!(gr E, gr E)¢ = Hom(Q% ® gr E, gr E)©

and, thanks to Theorem 5.3.1, we see that to the homogeneous vector bundle E corresponds
naturally the equivariant morphism

0: 0k @grE—grE
It is easy to verify that in this way we have defined a functor

HomVecxy — Repg,

Now, we need to recall briefly the Yoneda product, according to [ |- for any E, F,K
homogeneous vector bundles on X we have an equivariant morphism

Ext'(E, F) ® Ext/(F,K) —s Ext'*/(E, K)

and moreover this product is associative. In particular, for any homogeneous vector bundle E we
get a bilinear map

Ext!(E,E) ® Ext'(E, E) — Ext*(E, E)

whose symmetric part induces a quadratic morphism
Ext'(E,E) — Ext*(E, E)
In particular, singe the Yoneda product is equivariant, we get an induced morphism
m: Ext'(E,E)® — Ext*(E, E)
that we call the equivariant Yoneda morphism.
Proposition 5.5.1. Let X = G/P be an Hermitian symmetric variety.
1. For any homogeneous bundle E, we have m([E]) = 0, where m is the equivariant Yoneda morphism

m: Ext'(gr E,gr E)° — Ext*(gr E,gr E)©

2. Conversely, for any R-module F and for every e € Ext'(E, E)C such that m(e) = 0 there exists an
homogeneous vector bundle E on X such that gr E = F and e = [E].

Idea of proof. Tt can be shown that under the isomorphism Ext'(gr E, gr E)© = Hom(Q} @ gr E, gr E)
of Proposition 5.4.4, the Yoneda product corresponds to the map

m: Hom(Qk ® gr E,gr E) — Hom(Q% ® gr E, gr E) 06— O6N0

so that the conclusion follows immediately from Theorem 5.3.1. O
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Remark 5.5.4. The above result tells us which relations we should put on the quiver in order to
get an equivalence of categories: we can write any e € Ext!(gr E, gr E)© as

e = Z Irv X M,y
(Av)

for certain g, , € Hom(V), V,). Then the condition m(e) = 0 becomes

Z(Z(g’wg/\/y) (Mo Ammpy)) =0

AV Y

Hence,we define the ideal of the relations Rx as the ideal in k[Qx] generated by the quadratic
equations

Z(gwg)w) (M A 1))
¥

for any A, v.

Theorem 5.5.1. There is an equivalence of categories between HomVecx, Higgsy, Rep o % )-

Proof. Follows from Theorem 5.3.1 and from the above discussion. O
Example 5.5.1 (The projective plane). On the projective plane IP? = SL(3)/P(a;) the corresponding

quiver is given by Figure 5.4.

Qs PQ(-5)  SPQ(-4) Q=T °Q(£2)  SPQ(-1) S{Q ¢
) ([ ([ J q

2(_

S2Q(—6)  S2Q
([ J

Figure 5.4: For simplicity, there is only one connected component of the quiver represented

Moreover, the relations on this quiver are those given by the commutativity of all squares

Ey —— Exyg

,

Exte, — Exva+e
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since we will not need this we will not give the proof, but the interested reader can find it in

[ 1

5.6 Cohomology of homogeneous vector bundles

In all what follows X = G/P will be an irreducible Hermitian symmetric variety of type ADE and
of dimension n. We have seen that Bott’s theorem gives a complete description of the cohomology
of a completely reducible homogeneous bundle on X, now we are going to present a method,
due to Ottaviani and Rubei to compute the cohomology of any vector bundle from its quiver
representation. The exposition follows faithfully the article [ I

First we need a result in homological algebra: let E be a vector bundle on X, not necessarily
homogeneous, and consider a filtration

0=EyCE--CE=E
Then we have the exact sequences

0 — E, —Ep1 — Epy1/Ep — 0
0— Epy1/Ey —E/Ey — Ep/Ep1 — 0

and from the corresponding exact sequences in cohomology we define
! € Ker (H/(X, Epa1/Ey) — HY(X,E))),

B]'? =Im (H Y (X,E/Ep41) — H/(X,Ep11/Ep))

Theorem 5.6.1. With notations as before, we have Bf - Z]P and
r—1

] ~ 14 P

H/(X,E) = GBOZ]. /B
p:

Proof. See [ ]. O

Now, we go back to homogeneous vector bundles on X. We denote by ¢y, ..., ¢, the weights
of the cotangent bundle Q.

Proposition 5.6.1. Let E, and E,, be in two adjacent Bott chambers such that H'(X, E,) = H(X, E,,).
Then y — A = kg; for some k € Z and a certain root &; of O and we have

dimy Hom (E) ® S¥(Qk), E,)¢ =1

Proof. The fact that p — A = k¢; follows from Corollary 5.4.3. From the generalized Littlewood-
Richardson rule (Theorem 1.1.4) we see that

E\® S Q) = PEr

vejJ

where
J € {anGi+- - +ay8i, | a; > 0,0+ +ay, =k}

and to conclude we observe that if a; 7 0 for a certain i; # j then
|ai1(:i1 +oe aih(:ih| < |k‘§]|

as all the roots ¢; have the same length, since X is of type ADE. O
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Proposition 5.6.2. For every weight ¢; of O we have
Ext®(Ex, Extag,)® = Hom(Ey ® O%, Epy2¢,)° =0

Proof. The first equality follows from Proposition 5.4.4. For the second one, using the generalized
Littlewood-Richardson rule (Theorem. 1.1.4) we see that

Ex® Q%{ = @ E/\+§i+§j
(ij)e]

where ] C { (h,k) |1 <h <k <mn}. Then it is enough to prove that {, + ¢ # 2¢; for every h # k,
but since X is of type ADE all the roots have the same length so that | + &k < |28, if h # k. [

Keeping the same notations as in Propositions 5.6.1 and 5.6.2 we see that to build the
quiver representation associated to E we have chosen distinguished elements in Hom(E Apg ©

Ok, E/\+(p+1)c]-)G and these give a distinguished element in Hom(E, ® S*(Q%), E,)C, that is one
dimensional by Proposition 5.6.1. Thanks to these elements, we can define extensions

0— E/\+(P+1)Cj — Zp — E)H-pé/ —0

and using Proposition 5.5.1, we see that these extension fit together, as the Ext* vanish by
Proposition 5.6.2. This way, we have obtained a bundle P’ such that gr P = Z’;;}) Ex+pg; and two
exact sequences

0—272 —P —Ey,—0
0— E, —Z — Z/E, — 0

Now, let A" and p’ be the vertices of the Bott chambers containing A and y respectively and let
A be the unique indecomposable bundle in the extension

0—Ey,—A—Ey—0
Lemma 5.6.1. With the above notations we have
H(X,A) =0 for every i
Proof. See [ ]and [ ]. O
Now, let U = H'(X,E,) = H"(X, E,). Then
Lemma 5.6.2. The only direct summand of gr(E,, @ U) such that H*(X,-) = U is E,.
Proof. See [ ]. O

For what follows, it will be useful to set up a piece of notation: if V' is a representation of G,
we denote by VU the direct sum of all the subrepresentations of V isomorphic to U.
We also need a preliminary result.

Definition 5.6.1 (A,;,-quiver). Let m be a positive integer. The A, quiver is the quiver

with m vertices.
Then we have the following result

Theorem 5.6.2. Every representation of the A,,-quiver can be decomposed into indecomposable representa-
tions. Every indecomposable representation is of type

0—>0—>...—>0—>V1L>V2—>...Vr,1 E>—>Vr—>0—>...—>0

where the V; have dimension 1 and the maps f; are isomorphisms for every i =1,...,r — 1.
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Proof. See [ ]. O

Theorem 5.6.3. With the same notations as before
H(X,P')=0  forallj

Proof. Let K be the subbundle in A ® U generated by all the direct summands isomorphic to Ej.
Then there is an exact sequence

0—K—AQU —Q —0

and by Lemma 5.6.2 it follows that H/(X,K)Y and H/(X, Q)Y are nonzero at most for j = i or
j=i+1

We want to show that gr K contains all the direct summands of gr (A ® U) isomorphic to Ej,.
Otherwise, we would have H*1(X, Q)Y # 0 and then Lemma 5.6.1 would give that H H2(X, KU £
0, that is a contradiction. Thus, we see that H/(X, Q)Y = 0 for all j and consequently H/(X, K)Y =
0 for every j.

Then, let S’ be the quotient of K obtained restricting the quiver representation of E to the
path that connect the vertices E, and E,. Decomposing S’ into irreducible representations (cfr.
Theorem 5.6.2) we see that S’ is isomorphic to the direct sum of various copies of P’.

Now, we have the exact sequence

0—K —K—5—0

and since H/(X, gr K')Y = 0 for every j, it follows that H/(X, K') = 0 for every j as well, so that
H/(X,S") =0 for all j. O

Now, applying Theorem 5.6.3 to the exact sequence in cohomology associated to the short
exact sequence

0—2 —P —E,—0

we get an isomorphism
H'(X,E)) — HY(X,z")Y

and from the exact sequence
0—E, —Z2 —Z'/E,—0

we get another isomorphism
Hi+1 (X, E,‘Izl) ;> Hi+1 (X, Z/)

so that we get a distinguished isomorphism
jau: H(X,Ex) — H™(X,Ep)

Now, denote by P the homogeneous bundle corresponding to the A,-quiver from E, to E,,
with the same representation maps as for E.

Lemma 5.6.3. With the above notations, the boundary map
U®Vy=H(X,P/V,®E)" — H(X,V,; ®E,) =U®V,

is the tensor product of the distinguished isomorphism jy, and the composition of the maps in the quiver
representation.
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Proof. Suppose first that P is irreducible. We can assume that dim V)4, =1 for 0 < p < kand
that A + k{; = p. We observe that P defines nonzero elements in the one-dimensional spaces

Hom(Vaipg; @ Exipg; @ O, Vi (pi1)g, ® Ext(pin)g)°
= Hom (Va1 pg,, Var(ps1)g,) @ Hom(Enypg, @ O, Ext(prny,)©
We have a natural isomorphism

k-1
& Hom(Vay g, ® Exyg, @ Ok, Vas(panyg, @ Exr(prnye,) ¢ = Hom(Vy © Ey @ SK(QX), Vi @ Ey)©
i=0

= Hom(V), V,,) ® Hom(E, ® S*(Q), E,)©

where in Hom(V}, V,;) we perform the composition of the quiver maps. From the above remarks
and this isomorphism we get an element in Hom(V), V;,) ® Hom(E, ® S*(Q%), E,)¢ from which
we can reconstruct P.

Now from the exact sequence

0—Z—P—V,®E, —0

we get the boundary map ‘ '
H(X,Ey®V,) — HTY(X,2)4

and from the exact sequence
0— V,®E, —Z—P —0
and Theorem 5.6.3 we get an isomorphism
H™(X,E,®V,) — H™(X,Z)

and we obtain a map . ‘
CAp't HZ(X, E)® V/\) — Hl+1(Xz Ey ® V}I)

that by construction is the tensor product of the isomorphism j,, and the maps in the quiver
representation.

Now, for the general case, it is enough to split P into the direct sum of irreducible representa-
tions, using Theorem 5.6.2. O

Definition 5.6.2. We define the maps c;: H (X, gr E) — H*!(X,gr E) as

Ci = EC}W

where the sum is over all couples (A, ) in adjacent Bott chambers such that H'(X,E,) =
H'1(X, E,) and the maps )y are defined as in the proof of Lemma 5.6.3.

Now we are going to show that in this way we have defined a complex
0 — H(X,gr E) =% H'(X,gr E) — ... — H" }(X,gr E) 2= H"(X,gr E) — 0

whose cohomology gives the cohomology of E. To begin with, we observe that the construction of
the complex H*(X, gr E) is functorial in E.
We need an auxiliary construction

Definition 5.6.3 (Bundle generated by arrows). Let E be an homogeneous bundle on X with
grE=@Vy®E,. ThenV = @V, is a k|Qy]-module. Consider a weight A’ € D’, then we
define the subbundle of E generated by all the arrows starting from A as the bundle corresponding
to the sub k[Qx]-module generated by V, C V.
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Now we can prove the theorem:
Theorem 5.6.4. The sequence (H*(X,gr E), cs) is a complex with cohomology

Ker c;

~ HY(X,E
Imc;_q ( )

Proof. Let U be an irreducible G-module. It is enough to prove that

, i u _Si pgitl u
HZ(X,E)UZ Ker (H (X/gr E) —ZH '(X/gr E) )

Im (H-Y(X,gr E)Y — Hi(X,gr E)Y)
In order to do this we consider the following filtration of E:

e [ is defined taking all the arrows starting from any direct summand F C gr E such that
H"(X,F)Y #£0.

e [ is defined taking all the arrows starting from any direct summand F C gr E such that
H"Y(X,F)Y & H"(X,F)Y # 0.

e In general, E; is defined by taking all the arrows starting from any direct summand F C gr E
such that &;_L H"~/(X, F)" # 0.

Then we have that

4 H”‘l(X gr E)Y ifj=n—i
H/ (X, gr Eiy1/E)Y = ’ ’

( g 1+1/ z) {0 ifi#?l—i
so that, from the spectral sequence associated to the filtration, we see have

H" Y(X,gr E)Y, ifj=n—i

H/(X,E; 1/E)Y =
(X, B /E) {o ifiAn—i

We have the commutative diagram

Hi_l (X/ EnfiJrZ/EnfiJrl)u

H=(X,gr E/E,_;:1)Y

o T

H(X,E/E,_is1)Y H' (X, Ey—it1/Epi)¥ HY(X,E,_i)Y

T |

HH(X, gr E,_)Y

H™ (X, Ey1/Ep—i—1)Y

where f is given by the sp.ectral sequence and it is surjective, as Hi(X, gr E/ En_iH)U =0, and
the map g is injective as H'(X, gr E,_;){ = 0. Furthermore, we observe that the central term is

Hi(X/ EnfiJrl/Enfi)u = Hi(X/ gr E)u
Now, from Theorem 5.6.1 and the above diagram it follows that

Hi(x, )Y = 701 gt — K& (X Eyiga /By i)™ — HP (X, Eyi/ Enict)”)
’ CUT T Im (H(X, B2/ En-is)Y — HI(X, Eg—is1/Eni)Y)
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5. COHOMOLOGY OF HOMOGENEOUS VECTOR BUNDLES

We just need to show that the boundary map
H'(X, En—is2/En-is1)" — H'(X, Ey-i1/Eq-i)"
induced by the exact sequence
0— Eyiv1/Eni — Ey_iv2/Ey i — Ey_iy2/Ey i1 — 0

is indeed the composition of the quiver maps tensored with the distringuished isomorphism j,,.
By Lemma 5.6.3, we know that this is true if the quiver representation has support on a A,,-quiver
and we want to reduce ourselves to this case. take two subbundles V) ® E\ C gr E,_;»/E,_i+1
and V, @ gr E;, C E,_i41/E,—; such that U = H~Y(X,E)) = H'(X, E,).

We need to prove that the composition of the maps

H™Y X, VA ®Ep) — H" N(X,Ey_iy2/Ep—is1)! — H' (X, Ey_it1/En—i)! — H'(X,V, ® E})

is obtained by composing the maps that go from V) to V, in the quiver representation.
Consider the commutative diagram with exact rows and columns

0 0 0
l
0 ——— KN (Ey—iy1/En—i) — En—iz1/En—; Q 0
J
0 K En-it2/En—i Q 0
Eyiva/En iy Q"
0 0

where W is the quotient of E,; »/E,_; obained by taking all the arrows arriving in E,. This
diagram induces another commutative diagram

Hi(X, V) ® E)L)

HY(X,Ey_iro/Ep_is1)Y H (X, Q"
f i+1 u i+1 J nu
H' (Xr EnfiJrl/Enfi) H' (Xr Q )
h
Hi“(X, V}, X Ey)

H'*! (X, KN EnfiJrl /Enfi)u

Then we see that i o f = 0 because E, is not a direct summand of K. Then the map # lifts to

\

HY(X, Ey—iy2/Eniz1)Y

H(X,Vy ®E,)

Hi(X,Q"Y = H{(X,Vy®E,))

|

Hi+1 (X, Q/)U

HH_l (X/ Enfi+1 /Enfi)u

5

H*YX,V, ® Ey)
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5.7. Example: the projective line

For the final step, we consider the subbundle P C Q obtained taking all the arrows starting from
A. Then P satisfies the assumptions of Lemma 5.6.3. We have a commutative diagram

HI(X,P/PNQN =V, ®W — — Hi(X,Q")U

J |

Hi+1 (X, VH ®Ey)u Hi—i—l(Xl Q/)U

|

H*Y(X,V, ® Ey)

where k and r are induced in cohomology by the inclusions. By construction of Q, it follows
that H(X, gr Q') = H'"1(X, V, ® E,); hence it follows that H'"1(X, Q")! = H'"(X,V, ® E,,)
where the equality is given by ¢ and g o k = id.

By Lemma 5.6.3 the map in the leftmost column in the last diagram is the composition of the
quiver maps tensored with the distinguished isomorphism jj,. Then the proof is completed by
diagram chasing in the other two diagrams. O

5.7 Example: the projective line

To illustrate the theory that we have developed so far, we consider the case of the projective line
P,

Let V = k? and consider the group G = SL(2). As we did for the n-dimensional case, we set
in G the torus T and the Borel subgroup

o to O ' « o B to O
T_{<O f1> tlek,totl—l} B—{(x tl)

We consider the characters x; € X*(T) defined by

x ekt e k*, tot1 = 1}

XiIT—>k* t—t;

fori = 0,1 and we set a3 = x1 — xo. Then ® = {a;, —a; } and ®(B) = & = A = {«ay }. The
Weyl group is generated by the reflection

rioap — —aq

The fundamental weight corresponding to aq is A} = %al and the dominant weights are those
of the form pA; for p > 0. The irreducible representation of G corresponding to the dominant
weigth pA; is the symmetric power SP(V).

Now, in this case the parabolic group P coincides with the Borel subgroup: in particular the
Levi decomposition is given by B = N x R with

{0 Yl s {( )rer]

and we see that the Weyl chamber of R is the whole of AR(T): the irreducible representation of R
corresponding to the weight a); is det”®, that corresponds to the line bundle Op: (a).

Opi(—4) Opi(=3) Opi(=2) Op(-1)  Op Opi(1)  Op(2)  Opm(B)  Op(4)
@ @ L 4 L 4 © @ L 4 @

In this setting, Bott’s Theorem is very simple: observe that g = A1 and that W = W, so that we
can express it in the following form.
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5. COHOMOLOGY OF HOMOGENEOUS VECTOR BUNDLES

Theorem 5.7.1. It holds that

{Sa(v) lfﬁl Z 0 Hl(lpl, Oﬂﬂ(a)) — {SQZ(V) ifﬂ S -2

H(P!,O0 =
(P% Op(@)) =1 ifa <0 0 ifa > —2

In particular, we see that the Bott chambers of IP! of length 0 and 1 respectively are

={pM|p=>0} Bi={ph|p<-2}

and their vertices are indeed Op: and Op:1(—2) = Q,,.
Now, since Qf,; = Op1(—2) we see that the quiver of P! is given by the following diagram (
for clarity, only one connected component of the quiver is showed):

Op(-4) Op(-3) Op(-2) Op(-1) O Opi(1)  Op(2) Op(3)  Opi(4)

@ >® L 4
=

5.7.1 Plethysm of A"(S™(V))

As an application of Theorem 5.6.4 we are going to obtain a plethysm formula for A"S™(V), i.e.
a formula for its decomposition into irreducible representation. We are going to use the same
notation of Cayley-Sylvester formula 1.1.5, that is we set

pln,me) 8 L (o) | m> > >y >0, gy g =e}

for every nonnegative integers n, m, e.
The result that we want to prove is the following:

Proposition 5.7.1. Let n, m be two nonnegative integers. Then

@Se @Mnme)

e>0

where

M(n,m,e)d:efp <n,m—n+1,n(m_n2+1> —e> —p <n,m_n+1,”<m—”2+1)—€ _1>

in particular, we have the isomorphism of SL(V)-representations
AM(S™(V)) = SM(S"TH(V)

Proof. Consider the vector bundle A"(S™(V)) ® Op1 on IP1. We know from Bott’s Theorem that
HO(PY, A"(S™(V)) @ Op1) = A"(S™(V) and from Theorem 5.6.4, we know that we can compute
HO(PY, A"(S™(V))) as the 0-th cohomology of the complex

0 — HO(P', gr A" (S™(V))® Op1) =% H(P', gr A" (§"(V)) ® Op1) — 0

From Theorem 5.6.2 it follows that the map co has maximal rank so that the computation of
HO(P!, A"(S™(V)) ® Op1) reduces to a combinatorial problem: for every e > 0 and i = 0,1
we define m;(e) as the number of times that the irreducible representation S°(V') appears on
Hi(PY, gr A" (S™(V)) ® Op1), then

AT(S™(V)) = HO(P!, A'(S™ (V) ® Opr) = @) §P (V) @max{mole)-m(e)0}

e>0
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But now we can observe that H! (P!, A"(S™(V)) ® Op1) = 0 and this means that ny(e) > m;(e)
for all e > 0. Hence

AH(S™(V)) = HYA(P, AM(S"V))) = D S*(V m(e))

e>0
Now, taking the Euler sequence

0— Qpi(1) — VY ®Op1 — Opi(1) — 0
and then dualizing we get the exact sequence

00— Opi(-1) —mVRO0p — Q—0
where Q = Q]}ﬂv(—l) = Op1(1) so that
gr V@ Opt = Opi(—1) @ Opi(1)

Then

gr(8™(V)) = §"(gr V) = §S"(Op1(—1) ® Op1 (1 @sm i S (Op1 (— @0P1 m—2h)
h=0

Suppose for simplicity that m = 2d is even: then we can write
gr(S* (v @ Op:1 (2h)
h=—d
so that
d 2d
gr (/\n (SZd(V))) = /\ngl' ( @ Op1 (Zh)) = @ (/\QOO]Pl R...Q /\“Zd(’)ﬂﬂ) (2 2 hah)
h=—d (ﬂo,...,ﬂZd) h=0

where the sum is over all (ay, ...,ay4) such that a; > 0 and ag + - - - + ap5 = n. Since A°Op1 = 0 as
soon as a > 2, we can rewrite the above as

gr (N'(S*(V)= @ Om (2&)

(ll ln)

where the sum is over all elements
(i1,...,in) suchthatd > i1 >ip > --->1i, > —d

that represent the subsets of { —d,...,d } of cardinality n.
Now, if we define the numbers

q(n,d,w) & 4 {(i1,. e in)

n
d>ip > > >1i, > —d, Zih:w}
h=1

then we can write
gt (\"(S"(V)) = @ Op (2w) 104

weZ
so that

HO(P', Opa (gr (A"(8"(V)))) = € $¢(v) 10

w>0

Hl(]Pl, 01131 (gr ( @ SZw @q (n,d,—w—1)

w>0
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5. COHOMOLOGY OF HOMOGENEOUS VECTOR BUNDLES

Now we observe that g(n,d, w) is clearly an even function on w, so that, in conclusion

A (Szdv) — EB SZw(V) ®q(n,d,w)—q(n,dw+1)

w>0

Now, to complete the proof it is enough to show that

q(n,d,w) = p (”/Zd—n—H, n(2d—n+1) —2w>

2

for every n,d, w. To this end, define the sets

2d>j1>--->j, >0, Zjh:—w+nd}
h=1

Q(n,d,w) = {(jl,...,jn)

P(n,d,w) = {()\1,---,7\;1) 2

n p— p—
2d—n+1zAlz~-_Anzo,ZAh:”(Zd n+1) 2“’}
h=1

and observe that p (n, 2d —n+1, W) = #P(n,d, w) by definition, whereas the bijection

{(il,...,in)

shows that g(n,d, —w) = #Q(n,d, w) and then q(n,d, w) = #Q(n,d, w) by parity. Consider the two
maps

n
d>ip > >i, > —d, Zih:—w} — Qm,d,w) (i1, in) = (144, ... in+d)
h=1

F: Q(n,d,w) — P(n,d,w) (Gi,eeerjn) = (h—n+1,...,00-1—1,jn)
G: P(n,d,w) — Q(n,d,w) M, o Ad) > (M+n—1,..., A, 1+ 1LA,)

We show that these are well-defined: suppose that (j1,...,j.) € Q(n,d,w), then we know
that j, > jp4q forall h = 2,...,n, so that j, —h—1 > j,,1 —h and it is also obvious that
jn—n+1<2d —n+1, while j; > 0 by definition. Moreover, we see that

Y= (=1 =Y ju— ) (h— ):_w+nd_”(”2—1) _ n(Zd—ngtl)—zw
h=1 h=1 h=1

and this proves that F is well-defined. In a similar way, one can show that G is well-defined,
and then it is obvious that they are one the inverse of the other. This concludes the proof of
decomposition in the case of m = 2d even, for m odd we can get to the conclusion by a similar
reasoning.

For the isomorphism A"S™ (V) & §"(S"~"*+1(V)), it is enough to confront the above formula
with the Cayley-Sylvester formula 1.1.5, and see that they coincide. O
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Chapter 6

The Veronese surface

In this chapter we want to present a method to compute the Betti table of the Veronese surface
(P2, Op2(d)), under an additional hypothesis on the SL(3)-morphisms involved.

6.1 Working on the projective plane
Let V = k3 and let P2 = IP(V) be the projective space of lines of V. Then for every d > 1 consider

the line bundle Op2(d). We want to study the Betti table of (P2, Op2(d)): from Remark 3.1.1 we
know that this Betti table has shape

|01 2 ... 3d-3 3d—-2 3d—-1 ... rg—d ry—d+1 ... rg=3 r;—2
01 - - - - - - - - - - - -
1) * * ... * * * * - - -
20— - - - * * * * * *

where r; = dim S%(k3) — 1 = (dgz) —-1= w — 1. In particular, we see that as soon
as d > 5 there are diagonals p + g = s with more than one nonzero Betti number, so that the
techniques that we have used in Subsection 2.7.4 to compute the Betti numbers do not work
anymore.

Then we need another method: let M; be the syzygy bundle defined by the exact sequence

0 — My — SVV® Opr — Op2(d) — 0
then by Example 2.1.1, we know that
Kpq(P?, Op2) = H1(P?, APTTM,)

The key point is that M, is an homogeneous bundle, so that we can compute its cohomology
using Theorem 5.6.4. More specifically, for any s = p + g we consider the complex

0 — HO(IP?, gr AS My) -2 H'(IP?,gr A° My) — H2(PY,gr A° My) — 0 (6.1)

and then Theorem 5.6.4 tells us that

H?(P%,gr A° My)
Im ¢;

K
HO(P?, A°My) = Kerco  HY(IP2, ASM,) = I;rccl H2(P?, A°My) =
0

The additional hypothesis that we make is that the maps ¢g, c; have maximal rank, so that, once
we know the decomposition into irreducible representation of H'(IP, gr A* M) we can compute
the cohomology of the complex in a purely combinatorial way as in the proof of Proposition 5.7.1.
To understand better what we mean, we provide an example for the case d = 2.
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6.1.1 Thecased =2

We want to work out again the Betti table of (IP?, Op2(2)). First, we need to compute gr My: since
gr is an exact functor, we have an exact sequence

0 — gr My — gr (S?VV ® Op2) — gr Op2(2) = Op2(2) — 0 (6.2)
and then, from the Euler sequence
0— Qb (1) — VY ®Op — Op(1) — 0

we get that

gr (V¥ ® Op2) = Qpa(1) @ Opa(1)
It will be convenient for later to work with the quotient bundle Q instead than the cotangent
bundle. Taking the dual of the Euler sequence, we see that Q = Q]le(l)v, hovewer, on P2 we

know that OF, = Op2(—3) so that Qll[,zv = O, (3) and then OF, = Q(—2). Then, we see that

gr (S?VY @ Op) = S (gr VY @ Op2) = S?(Q(—1) @ Op2(1)) = S2Q(—2) © Q ® Op2(2)
and from the exact sequence 6.2 we see that
gr Mp = S?°Q(-2) @ Q

for later use, we remark that rk S?Q(—2) = 3 and that rk Q = 2.
Now we need to compute the cohomology of A°gr M», note that, as rtk M, = 5 it will be
enough to consider s =0, 1,2,3,4,5.

e s = 0: in this case we have to consider A%gr My = Op2. The complex 6.1 in this case is
0—k—0-—0-—0
and then taking cohomology we see that
H(P?,Op) =k HYP?,0p) =0  H*(P>,Op) =0
e s = 1: in this case we have to consider gr My = S?Q(—2) & Q. Then from Example 5.4.1, we
can compute the complex in cohomology and see that it is given by

00—V -—>V-—0—0

so that
H°(P?,M;) =0  HY(P ,M;) =0  H?*(P?,M,) =0

e s = 2: in this case we have to consider A?(S2Q(—2) & Q). We have the decomposition
N (S2Q(-2) @ Q) = A*(S*Q)(—4) @ [SPQ® QJ(-2) & A*Q

Now, we neet to decompose A?(S?Q) and S?Q ® Q as direct sum of irreducible homoge-
neous bundles. This is a problem of representations of GL(2), viewing Q as the standard
representation: in particular, using Proposition 5.7.1 for the plethysm SL(2) we see that

N*(S*Q) = §%Q(a)

for a certain a € Z that corresponds to a power of the determinant representations of
GL(2). Now, to compute the right a, we observe that A%(S?Q) is polystable, since irreducible

homogeneous bundles are stable (see [ ] and [Ott]) and tensor powers, symmetric
powers and wedge powers of stable bundles are stable (see [ ]). Hence
n(A*(8%Q)) = u(5*Q(a)) (6.3)
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c1(Opz2(a))

Now, we see that y(Op2(a)) = 1k Opz(a)
P

= a, whereas the exact sequence
0— Op2(-1) —VRO0p — Q—0
(

tells us that ¢1(Q) = c1(V ® Op2) — ¢1(Op1(—1)) = 0— (—1) = 1 so that #(Q) = 1. Then

we see that ;(A*($?Q)) = 2u(S*(Q)) = 2-2-p(Q) = 2 and p($?Q(a)) = u(S*(Q)) +
#(Op2(a)) = 1+ a so that the equation 6.3 tells us that 4 = 1 and then

N (S*(Q)) = 5*°Q(1)

With a similar reasoning we can compute the decomposition of $2Q ® Q: from the Pieri
rule 1.1.3 we have that S?Q ® Q = $3(Q)(a) ® SZVQ(b) for certain a,b € Z. Now we
observe that, as representations of GL(2) we have S?1Q = Q(c) for a certain ¢ € Z, and
to compute a,c € Z we can use the same strategy with the slope as before: we see that

u(S2Q®Q) = u(S?Q) + u(Q) = 1+ 1 = 3 whereas u(5°Q(a)) = 2 +aand u(Q(c)) = L +c.
Then from the identities

n(S*Q®Q) = u(s°Qa))  u(s*Q® Q) = u(Q(c))

we see that a = 0 and ¢ = 1. Then

SPQ®Q=5QaQ(1)

To conclude, we see that A2Q = Op2(a) for a certain a € Z, and using the slope as before
we see that a = 1. Then, we have shown that

gr A2 M, = SPQ(—2) ® S?Q(—3) ® Q(—1) & Op2(1)

And taking cohomology with Bott’s theorem (see Example 5.4.1) we see that the cohomology
complex of gr A2 M is

0— AV — AN VHSV —0-—0
and with our hypothesis of maximal rank maps we see that
HY(IP%, A2Mp) =0  H'(IP?, A’M) = SV H?(P?, \’M,) =0
s = 3: in this case we have to consider A3(S2Q(—2) ® Q) we see that

N(82Q(-2) Q) = A*(S7Q)(—6) & [A*(SQ) ® Q](—4) ® [S°Q ® A*Q](-2)
Now we see that A3(S2Q) = Ope(a) for a certain a € Z and since u(A3(S?Q)) =63 =3
and 1 (Op2(a)) = a, it follows that a = 3.

We proceed to decompose A%(S?Q) @ Q: we have already seen (in the case d = 2) that
A%(52Q) = S2Q(1) and then using Pieri’s rule we see that S>Q(1) ® Q = (5°Q)(a) ® Q(b)
for certain a,b € Z. But u(S?Q(1) ® Q) = 3 and u(S*Q(a)) = 2 +a and u(Q(b)) =

so that S?Q(1) ® Q = S?Q(1) @ Q(2).

The last remaining is S?Q ® A?Q: we observe that A2Q = Op2(1) since u(A?Q) = 1 and
then S2Q ® A’Q = S?>Q(1).

To conclude, we have shown that
gr A3 My = S3Q(—3) @ S*Q(—1) ® Q(—2) @ Op2(—3)

and taking cohomology with Bott’s theorem we see that the cohomology complex is given

by
0—0—SPVVapk —k—0

so that

HY(P*, AMp) =0 HY(P?, APMp) = SPDV HA(PE, A*M) = 0
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e s = 4: in this case we have to study A*(S?Q(—2) ® Q): we see that
N(SQ(-2) ® Q) = [V($°Q) @ Ql(~6) & [A*(87Q) @ A*QJ(—4)

and we know from computations that we have already done that A3(S2Q) = Op2(3),
A%(S2Q) = S?Q(1) and A2Q = Op2(1) so that

gr A*M, = $°Q(-2) @ Q(-3)
and the cohomology complex is
0—0—V-—=0-—0

so that
H'(IP?, A*M,) =0  HY(P:L,A*M,) =V H*(IP?,A'*M,) =0

e s = 5: in this last case we have to study A°(S2Q(—2) & Q) and we see that
N (87Q(-2) © Q) = [A*(5*(Q)) @ A*QJ(—6) = Op2(-2)
and then the cohomology complex is
0—0—0-—0—70

so that
H°(IP?2, °M,) =0  HY(IP2, A°M,) =0  H?(P%, A°M;) =0

Then, we see that the Betti table of (IP?, Op2(2)) is given representation-theoretically by

[0 1 2 3
k — — —
- sv s@hy v

0
1

and computing dimensions from Proposition 1.1.1, we see that the Betti numbers are given by

(001 2 3
01
1

- 6 8 3
in accordance to what we have proved before. In particular this shows that our assumption

that the maps in the cohomology complex have maximal rank is verified in this case.

6.1.2 The general case

Now we want to apply this strategy to the case of an arbitrary d > 1. The main points are:

1. Compute the decomposition into irreducible bundles of gr A® M. To do this we can exploit
two auxiliary tools:

e The formula for the plethysm of A"(S™(k?)) that we have obtained in Proposition 5.7.1.

e The fact that irreducible homogeneous bundle on IP? are stable (see [ ], [Ott]). So
that their tensor powers, alternating powers and symmetric powers splits as the direct
sums of homogeneous vector bundles with the same slope.

2. Compute the cohomology H'(IP?, gr M) thanks to Bott’s Theorem in Example 5.4.1.
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3. Compute the cohomology of the complex
0 — HO(P?, gr A2 My) =% HY(IP%, gr A2 My) -5 H?(IP?,gr A°Ey) —= 0

under the assumption that the maps ¢y an c; have maximal rank. Then use Theorem 5.6.4,

which tells us that
Ker ¢;

Im ¢,

H'(IP?, A°Mj) =

4. Compute the Koszul cohomology through Example 2.1.1, that tells us that

K, 4(IP%, Op2(d)) = HI(IP?, APTIMy)

Now, the first point is to compute the decomposition of gr A® M; into irreducible representations.
We have already seen in the case d = 2 that

gr (VY ® Op2) = Q(—1) & Op2(1)

and then
gr (SVV @ Op:) = $%(gr V¥ @ Op2) = SH(Q(—1) ® Op(1 EBSh (d — 2h)

Now, the exact sequence
0— My — SVY®Opr — Op2(d) — 0
yields an exact sequence
0 — gr My — gr SVY ® Opr — Opa(d) — 0
so that

gr My = @sh (d —2h)

We need to study the wedge power gr A° M, for every s > 0. We see that

d
gr A° My = N°(gr My) = /\ (@sh Q(d —2h) > P R Ams"Q(d —2n)
(a1,...

1 ,ﬂd) h=1

EB ®/\“h5h (an(d—2n)) = P [émshgl (sd—ZZa;Jz)
) Lh=1 h

(a1,...,84) h= (a1,-84
where the sum is over the set
{a=1(ay,...,a3) |a, >0, 4+ ---+a;=5s}
But since rk $"Q = I + 1 we can limit ourselves to sum over the set
Ags={a=(ar,...,05) |0<a, <h+1, a9+ ---+a;=s}

hence

gr N°My= P lé /\”hShQ] (sd—zgahh>

lZEAd,S h=1
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Now, we need to find the decomposition of ®z:1 A% ShQ: we can write formally

d

@ A5"Q = €D S"Q(bu) @1 M(a,n)

h=1 n>0

where M(a, n) is a vector space that counts the multiplicity of the SL(2)-representation S"(k?) in
®Z:1 A% S (k?) and the by, are certain integers. To determine the b, we can use the slope: we see
that
d h ! n 1 1¢
w(®j_y A" S"Q) = ) u(A"S"Q) =) saph =5 ) ayh
h=1 =12 23

and then the equation y(S"Q(b,)) = u(®7_, A" S"Q) tells us that

1/ 4
b, == Zahh—n
2 \i=

Summing up, we can write

d
gr N° My = GB @S”Q (ds — g Z ayh — Z) ®x M(a,n) (6.4)
h=1

EIGAd,s n>0

Now we have to compute the vector space M(a, ), which is a problem in representation theory
of SL(2). However, the above expression tells us already that

d
M(a,n) =0 if ) ha,—n=1mod2
=1

Now, let W = k? be the standard representation of SL(2). Then we need to compute the
decomposition into irreducible representations of ®¢_; AS"W. For every a = (ay, ..., a;) € Ags.
We can write formally

NuSPW = @D SW @ [ (ay, b, e)

e>0

where ] (ay, h, e) is the vector space that counts the multiplicity of S°W in A%S"W. And now we
see that

h=1

d d
QR AUS"W = R) (@ SW @ J(ay, h,e)) =PswWe
h=1 h=1 e

= e>0

d
K@ @ Q) J(ap, h, eh)]

where K(¢") is the vector space that counts the multiplicity of S"W in STW ® ... ® S%W, and the
sum is over all e = (eq,...,¢4), e, > 0. Thus, in our above notation we can write

M(a,n) = @

e h=1

d
K @ @) ] (an, b, eh)] (6.5)

The vector spaces K(*") can be computed inductively thanks to the Clebsch-Gordan formula:

Proposition 6.1.1 (Clebsch-Gordan formula). Let a > b > 0 be two integers. Then

b
SAW ® Sbw — @ Su+b—2hw
h=0
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6.1. Working on the projective plane

Proof. This is a simple application of the Pieri’s formula 1.1.3: we see that
SW® S'W = $""W e s Uw g @ shw
but as SL(2)-representations, we see that
SIOW = gh-kw
for all 1 > k > 0 and we get the formula. O

In particular, we can say when K(¢") £ 0: this was explained to us by A. Maffei.

Corollary 6.1.1. With the notations as above, let e = (eq,...,e4) and n > 0. Set r = e + - - - + ¢4 and
m = maxi_, {2e, —r}. Then

o Ife;+---+ey =0 (mod 2), then K™ # 0 if and only if

n=0 (mod?2), max{m,0} <n<r

o Ifey +---+e; =1 (mod2), then K" = 0 if and only if

n=1(mod?2), max{m,1} <n<r

Proof. We proceed to prove the thesis by induction on d. The case d = 1 is clear, and the case d = 2
follows from the Clebsch-Gordan formula 6.1.1. Then we suppose that d > 1 and that the thesis
is true for d — 1. Now, we observe that K(¢") is symmetric with respect to the e; so that we can
suppose e; > ey > - -+ > ¢4. In particular m = e; —ep; —e3 — - - —e4. Now, let ¢/ = (eq,...,€4-1),
then

STW®...0S%W = P(S"Wa KEP)) @ S4W = PPpswe K(eap)n) o k(€p)
p=0 p=0n=0

hence
KEm = @B KEP) g KlEar)m)
p=0

and we study the various cases.
e Suppose that e; + - - +¢;_1 = 0 mod 2: then we have the two subcases

- ed = 0 mod 2: suppose first that K(¢") # 0. Then there exists a p > 0 such that
KP) £ 0 and K(€P)m) o£ 0. By inductive hypothesis we know from K(¢?) # 0 that
p =0 (mod 2) and

max{ﬁ’l—f—’z—---—ed_l,o} <p<er+---+esq
and from K((¢P)") -£ 0 we know that n = p + ¢4 = 0 (mod 2) and
max{p—ezeq—p0} <n<p+ey

but then we see thatn < p+e; <e;+---+e;andthatn > p—e; >eg —ex—--- —ey,
so that
max{m,0} <n<r

Conversely, suppose that n = 0 (mod 2) and max{m,0} < n < r: then we want
to show that there is a p > 0 such that K(¢?) £ 0 and K((@?)") £ 0. By inductive
hypothesis, these conditions are equivalent to p = 0 (mod 2) and

max{p—eze;—p, 0} <n<e;+p, max{e; —ep— - —ej 1,0} <p<er+---+es 1
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thatis p =0 (mod 2) and
max{n—ege;—nm+e; 0} <p<min{n+eyr}
but now we observe that

(n+es) —(n—ey
(n4eq) —(eg—n
(n4eq) — (m+ey

so that in any case
min{n+esr} —max{n—eze;—nm+e;0} >0

and if they are equal, then we see that n +¢; = 0 (mod 2) and r = 0 (mod 2) by
hypothesis, so that we always manage to find a p that works out.

- e; =1 (mod 2): this case can be solved as the previous one.

e Suppose thate; +---+¢e;_1 =1 (mod 2): then this case can be solved in a way similar to
that for the one before.

O

Unfortunately, we have not managed to find an explicit formula for the dimension of K(¢")
and we do not have an explicit criterion for deciding when J(a,b,c) # 0 either. However, this
strategy can be effectively implemented with the aid of a computer:

e We have written a program in Python that computes the set
Ajgs={a=(a1,...,03) |0<a, <h+1 a1+ - +a;=5s}

through the formula
min{s,d+2}
Aciis= || Adsnx{h}
h=0

that allows to compute the A, starting from the Ay ,, that are very easy to determine.

e We have written a program in Python that computes dim K(¢") using the Clebsch-Gordan

formula 6.1.1. Again we note that the K((¢1+¢4)") can be computed inductively from the
K((ell"'/edfl)/.)_

e We have written a program in Python that computes dim J(a, b, ¢) through the formula of
Proposition 5.7.1.

e We have written a program in Python that computes the decomposition gr A® M, via the
formulas 6.4,6.5 and the auxiliary programs listed before. Then we have written another
program that computes the cohomology H!(IP?,gr E;) via Bott’s theorem as in Example
5.4.1 and computes the cohomology H'(IP?, E;) using Theorem 5.6.4, under the additional
hypothesis that the maps have maximal rank.

For the cases d = 2,3,4 we have obtained the same results of Subsection 2.7.3, confirming the
hypothesis of the maximal rank.

However with this method we have managed to compute the cases d = 5, 6 as well, that our
approach of before, or the standard approach through Macaulay2, could not break. We report
here the graphs of k1 (P2, Op:(d)) and k2 (IP?, Op2(d)) in these cases.
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600000 4000

500000

400000

300000

200000

100000

00 2 4 6 8 10 12 14 16

Figure 6.1: The plot on the left shows the Betti numbers k1 (IP?, Op:(5)), whereas the plot on the
right shows the Betti numbers k;, »(IP?, Op2(5)). These diagrams are obtained under the additional
hypothesis that the maps ¢; have maximal rank.
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Figure 6.2: The plot on the left shows the Betti numbers k1 (IP?, Op:(6)), whereas the plot on the
right shows the Betti numbers k> (IP2, Op2(6)). These diagrams are obtained under the additional
hypothesis that the maps ¢; have maximal rank.

6.2 Working on the flag variety

We consider now another approach to computing the cohomology of the vector bundles A°M,
through homogeneous bundles on the flag variety over IP2.

6.2.1 Homogeneous bundles on the flag variety
Take the Borel subgroup B~ < G = SL(3) given by upper-triangular matrices
to * *
B™ = t1 x| |totitr =1
tr
and we consider the flag variety X = G/B~. Notice that there is a natural projection map

m: X=G/B~ — G/P = IP?

X is naturally an homogeneous variety, so that we can study homogeneous bundles over it
with the methods developed in Chapter 5.

Keeping the same notation of Examples 5.1.1, 5.1.2 and 5.1.3 we see that B~ = P(A) and in
this case D’ = AR(T) and W/ = W.
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Moreover, the Levi decomposition of B~ is given by B~ = U x T, where T is the torus of
diagonal matrices and U is the set of upper-triangular unipotent matrices

A

Then, we know from the discussion in Chapter 5 that the irreducible homogeneous bundles
on X correspond to irreducible representations of T, that is, to characters A € X*(T); in partic-
ular, since every irreducible representations of T is one-dimensional, all these bundles are line
bundles. For every character A = p1A; 4 paA2 of T, we denote by L) = L the corresponding
homogeneous line bundle.

Bott’s Theorem on X can be expressed as follows:

p1.p2)

Proposition 6.2.1 (Bott’s theorem on X). Let A = p1Ay + paA; be a character of T. Then
5(P1+PLP1)(V), prl + P2 > p1 > 0
0, otherwise

Sh=L=m=2)(V),  ifpy—1>—p—2>0
HY(X,Ly) = { S=bptpt (V) ifp —1>p14+pp+1>0

HY(X,L)) = {

0, otherwise
S(—P1—3fP2)(V), if —p1—3>p2>0

H2(X,Ly) = { SCP=3=n=r-D(V) if —py—3>—p—pp—3>0
0, otherwise
SEP=P2—4=2=2)(V) if —pi—py— 4> —py—2 >

H3<X, LA) — ( ) lf Pl' p2 Z —p2 >0
0, otherwise

Proof. It follows from the above remarks and Bott’s Theorem 5.4.1. O

Remark 6.2.1. As for the projective plane, Bott’s theorem is best understood graphically: see
picture 6.3.

A particular class of homogeneous bundles on X are those coming from P? by pullback.
Indeed, it is easy to see that, if E is an homogeneous bundle on P2, then 77*E is an homogeneous
bundle on X and, moreover the functor

*: HomVecp: — HomVecy
corresponds simply to the restriction
Modp — Modjp- (0: P— GL(V)) = (pjp-: B~ — GL(V))
In particular we see that for any homogeneous bundle E on IP? we have
gr 7' (E) = " (gr E)

indeed, both expressions amounts to taking a representation of P and restrict it to a representation
of T.

We can describe explicitly the effect of the pullback on irreducible bundles. Consider a
character A = p1A; + p2A; such that po > 0 and take the corresponding irreducible homogeneous
bundle E, on IP2. This is the bundle that corresponds to the irreducible representation V) of
R = GL(2) with highest weight A, and then computing 7*E, is the same as computing the
decomposition of V) into weight spaces, that is

rkE,—1 p2
N*(E?\) = @ Ly—na, = @ L(p1+n,p2—2n) (6.6)
n=0 n=0
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Figure 6.3: Bott chamber of X: the darker shaded parts are the Bott chambers corresponding
to irreducible homogeneous bundles with nonzero H°, H!, H? and H>. The Bott chamber with
nonzero HY correspond to the Weyl chamber D. The hyperplanes corresponding to bundles with
zero cohomology are represented in blue.

The reason why we are interested in working with the flag variety is that we can study the
cohomology of homogeneous bundles on IP? by pulling them back to X:
Proposition 6.2.2. Let E be an homogeneous vector bundle on P2. Then
H'(P?,E) = H'(X, 7*E)
for every i.

Proof. This follows from the Leray spectral sequence. See [Ott]. O

6.2.2 Cohomology and Random triangles

From Proposition 6.2.2 that we can compute the cohomology H'(IP?, ASM,) as the i-th cohomology
of the complex

0 — HY(X, A°mt*gr My) — H°(X, A°mt*gr My) — H°(X, A°t*gr My) — 0

that is obtained pulling back the corresponding complex on IP2. From the above remarks,
we see that 77%(gr M) is a direct sum of line bundles, so that it is much easier to compute its
alternating power A°7t*(gr My), as there is no problem of plethysm or tensor decomposition.
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Remark 6.2.2. We point out that for a general homogeneous vector bundle F on X it is not known
whether the cohomology H'(X, F) coincides with the i-th cohomology of the complex

0 — HY(X,gr F) =% H'(X,gr F) - H?*(X,gr F) =50

indeed, X is not an Hermitian symmetric variety, so that Theorem 5.6.4 does not apply.
However it was proved by A. Boralevi in [Bor] that there is still an isomorphism

H°(X, F) = Ker cg

Now we want to apply this strategy: we know from the previous section that we have a
decomposition of homogeneous bundles on IP? given by

d
gr My = EBSh (d—2h) = B Ea—onp
h=1

so that, thanks to the formula 6.6 we see that
d
gr m*My = 0" (gr Mg) = DD Lig—2nskh-200 = D Liap)
h=1 k=0 (a,b)E€T,

where
Tg={(d—-2h+k)A+(h—-2k)Ay |h=1,...,dk=0,...,h}

is a triangle minus one vertex:

Figure 6.4: The bundle gr 77*M3: the elements of T3 are denoted by the fuchsia dots.

Now, since the L, are all vector bundles we see that

N(grm'My) = B  Ly+oin
{paeits }
where the sum is over all distinct subsets of T; of cardinality s. For example, the decomposition of

/\Zgr 7t* M3 is illustrated in the following figure.
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6.2. Working on the flag variety

Figure 6.5: The bundle gr A2 *Mj: the numbers over each dot denote the multiplicity of the
corresponding line bundle in the decomposition.

We see that the decomposition of the bundle gr A® 7*M; recalls somehow the Central Limit
Theorem: indeed, summing over all subsets in T; of cardinality s corresponds to considering the
random sums Xj + - - - + X;, where the X; are random variables uniformly distributed over Ty,
with the condition that all the X; are distinct. This observation raises hope towards Conjecture 1,
but a complete proof appears quite difficult anyway. Here we present two partial results in this
direction.

Discrete random triangles

We have seen before that
A (gr T Mg) = @ Lyyttps
{m1mis }
where the sum is over all distinct subsets of T; of cardinality s.
The problem here comes from the fact that we are considering subsets of T; of a fixed
cardinality. However, if we consider all possible alternating powers at the same time we see that

—+o0
@ A (gr " My) = EB Ly ooty
s=0 {pmr }

where the second sum is over all subsets { jt1,..., 1y } C T;. This means that

—+o0

D r(gr Mg = DL
A

5=0

where m(d, A) is the number of subsets of T; the sum of whose element gives A. More precisely

Zﬂﬂ}

m(d,\) = #{1 CTy
uel
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This can be modelized probabilistically as follows: take for every y € T; a random variable X,
with distribution

1 1
PO, =) =5 PX,=0)=,
and let
Sa= ). Xy
HeTy
then it is easy to see that
m(d,A)
P(S;=A) = ———— for all A
( d ) ZV m(d, 1/)
Proposition 6.2.3. With the above notations, we have that, as d — +oo
S;—IE|S,
dz[] — N(0,Q)

in distribution, where

1(9 0
Q:72<0 1>

To prove this result we need some preparation first. To begin with, we recall a variant of the
Central Limit Theorem due to Lyapounov.

Theorem 6.2.1 (Multidimensional Lyapounov’s CLT). Let { Yy, | n > 1,1 < k < n } be a triangular
collection of random variables vith values in R? such that the variables in the rows Yoi,..., Ynn are
independent and ]E[|Yn,k|3] < oo Set Ty =Yy1+ -+ Yo If

n
Var|T,| — X~ and lim Y E[[Yx — E[Y,4] =0
k=1

n—-+0o

for a certain 6 > 0, then
T, — E[T,] — N(0,%)

in distribution.

Proof. See [ 1. O

Then we consider the following situation: take a family of i.i.d. standard Bernoulli random
variables (B(,4))a>04>0 and consider for each a > 0,b > 0 the variable

. a 0 B(a,b)
Z(a,b) - <0 b) <B(a,b)

The meaning of this is that we have taken independent random variables Z(, ;) such that

P(z0=())=2 7(E0=() -

Now, for every d € IN consider the random variable

Ri= ), Zupy

a>0,b>0
a+b<d

We want to investigate the asymptotic behaviour of R,;. To do this, it will be useful to define
Zk=" )., Zap
a>0,b>0
a+b=k

in particular we note that the Z; are independent and that Ry = Z; + - - - + Z;.
First we compute the mean and the variance matrix.
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Lemma 6.2.1. Let Z and R, be as before. Then the mean and the variance of the Zy are given by

E[Z,] - k(’<4+1) G) Var(Zy] = k(kﬂ 1) <2kk _+11 zkk—+ 11>

whereas the mean and the variance of the R; are given by

dd+1)(d+2) (1> Var[R,] = d(d+1)(d+2) (2d+2 d—1)

E[Rq] = 12 1 9% d—1 24+2

Proof. Let B ~ B, ) be a random variable with the same distribution as the B(, ;). Then we can
write B = (C D)T and it is easy to see that C, D, CD are standard Bernoulli, so that

E[C] = E[D] = % Cov(C,C) =Cov(D,D) = % Cov(C,D) = E[CD]—E[C]E[D] =

Now, it is easy to see that

ElZi] = ). E[Zqpy] = % (a;b;_k (g 2)) G) N % <k(k(2)+l) "“‘3”) G) - k(k4+1) G)

a+b=k
and
1 a 0 1 1 a 0 1 az ab
o ehi=q & \0 b)\1 1)\0 b) "4, & \ab b

4

1 (k(k+1)(2k+1) k1) (1) ) k(k+1) <2k+ 1 k-1 )

6 —
k(k+1g(k—1) k(k+1)6(2k+1) 24 k—1 2k+1

From these, we can compute the mean and the variance of the R;: the mean is given by

YEz- (Y k(k+1)> 1\ _d(d+1)(d+2) (1
E[R,] k:ZlJE[Zk] <k_21 1 (1> 12 (1>

and the variance by

g L& (k(e+1)(2k+1) k(k+1)(k—1)
Var[R,] = k:Z]Var[Zk] = ﬂk; <k(k+1)(k— 1) k(k+1)(2k+1)>

Cdd+1)(d+2) (2d+2 d—1
- d—1 2d+2

96

Now we can prove that the R; are asymptotically normal:
Lemma 6.2.2. Let Ry = Z1 + -+ Zy = Yayp<n Z(ap) be as before. Then

Ry — E[R,]

ph — N(0,%)

in distribution, as d — o0, where
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Proof. We want to apply the previous theorem: we set Y = % and T; = Zgzl Yok = %. Then it
is clear that

1 1 /2 1
Var[T;] = EVar[Rd] — X = € (1 2)

Now fix kK > 1 and observe that

£ B 1 h(B(k—n) — E[Bix—m]) _
};)(Z(a,b) ]E[Z(a,b)])‘ 2 2 ((k—h)(B(h,kh) —]E[B(h,kh)])> -

1 1
Yax — EYaul| = 12— E[Z]| = — o

T2
_1 ( Yo hCi )
Yho(k — )Gy
where Cj, = B(j,x_;) and Ay = ZZ:O hCj, and B, = Zé‘lzo(k — h)Cy_p. In particular, Ay and By have

a2
the same distribution (as it is clear by their construction).
Now, we want to use the Lyapounov’s CLT with § = 2: observe that we have

1

A 1
a7 (Bzf)‘ < 5 ([ Akl + |Bi])

| —

23
Y — EYaul[* < =5 (| Ael + |Be))* < @(\Ak!4+ |Bel)

[¢5)

d
where for the last inequality we have used the convexity of the function x — x* for x > 0.

Now we can compute
4y 2 4 4 24 4
E[[Yax — E[Yar]['] = (B[l Ad"] + E[|Bel]) = _GE[|Ak[']
Now, one can show (using cumulants, for example) that IE[]Ak|4] ~ CKk® for a certain constant

C so that
7

d
d
Y E[|Yq — E[Y; ][] ~ BE asd — +oo
=0

for another constant B, and then we conclude. O
Proposition 6.2.3 follows easily from the above result.

Proof of Proposition 6.2.3. Consider the affine maps

fa: A]R(T) — A]R(T) x+— Ax+ by

el ) i)

Then it it easy to show that the set

where

Ty={(d—2h+k)A +(h—2k)Ay [ h=1,...,dk=0,...,h}

=)

so that, in the notations of Proposition 6.2.3 and Lemma 6.2.2 we have that

goes into the set

aZO,bZO,lga—i—bgd}

Si=fa(Rq) = A-Ry+1Dy

Then
Sa —E[S4] _ 4. R E[R4]
dz? o dz?
and since we know from Lemma 6.2.2 that
R; — E[Ry
ER) g
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in distribution, as d — +o0, it follows that

Sq — E[S,]
dZ

To conclude, it is enough to observe that

AT N(0,2) = N(0,A7'2(AHT) = N(0,Q)

— AL N(0,%)

Continuous random triangles

Consider again the decomposition

N(grm'My) = B Ly+oip
{pitts }

where the sum is over all distinct subsets of T; of cardinality s.

We have already said that this decomposition corresponds to taking the sum S; s = X1 + - - - +
X415 where the X;; are i.i.d. random variables uniformly distributed on T;, with the condition
that X;; # X, if i # j. We would like to see an asymptotic normal behavior, but the condition
Xai # Xa; is quite difficult to work with. We consider then a simplification of this situation:
namely, we imagine to work not on a discrete triangle minus one point but on a continuous
triangle. Then the condition X;; # X;; becomes meaningless, and we just have to consider a sum
of i.i.d. random variables without any restriction.

More precisely, we consider for every d the full triangle T; defined as the convex envelope of
T; U {dA; } and we take a sequence of ii.d. random variables (X;;);>1 with uniform distribution

on Ty. Then for every s > 0 we define the sum
Sas = X1+ -+ Xae

and we want to investigate the asymptotic distribution of S, ; as s — +oco. Thanks to Lyaponouv’s
Theorem 6.2.1 we can prove that there is asymptotic normality in the case s = d.

Proposition 6.2.4. With notations as before, we have that, as d — +oo

S;4—EI[S
d,d g[ d,d] —>N(O, Q)
in distribution, where
1/1 0
Q_4<01>

Proof. First we consider the following situation: for every d > 1 let C; be the triangle
Ci={(xy)|x=20y=>20x+y<d}

and consider a sequence (Z;;);>1 of i.i.d. random variables uniformly distributed over C;. Then

define
Tg=Zg1+ - +Zja

We want to compute the mean and the variance of T;: let Z = (A, B) be a random variable with
uniform distribution over C;. Then we see that

2 2 2 4 d
]E[A]_dZ/chdXdy_dZ/o x(d—x)dx-E-g—g
2 2 2 & d
ElB] = gz [ wixdy = g [ vld =iy = 55 =5
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so that

Bz)=5 (1), Em=amz = ()

To compute the variance we see that
E[A%] = 2/ xdxdy = 2 /dxz(d —x)dx = —
d? Je, dz Jo

2 2
E[B’] = dzfcdyzdxdy = ;/0 yAd—y)dy = =

2 2 4 (d—x)? d?
IE[AB]:dz/Cdxydxdy:dz/O X dx:ﬁ

so that
£ 2 £ &
Var[Z] = (_1%2 d§’6> , Var[Td] = dVﬁr[Z] = (_1%3 d§)6>
36 18 36 18

Zai
3
d2

Now, we define the variables W;; = =5 and we want to apply Theorem 6.2.1 to them. Observe

that Wyq +-- -+ Wy = d_%Td and that
Varld 3T, =¥ = L ( 2 _1>

Now we need to show that

d

Y E(|Za; - B[Zy ][] = 0

lim ———
d—+oo J5(2+9) o

for a certain 6 > 0. For any § > 0 we have that
s s 5
|Z ~ E[Z][*"" < (|A~ E[A]| + |B ~ E[B]|)*** < 2"*°(]A — E[A]|*" + |B — E[B]""")

by convexity of the function x — x?>9. Then, since A and B have the same distribution, we see
taking expectations that

E[|Z —E[Z]*"] < 22"E[|A - B[A]*"]
but since |A| < d it follows that
IEHZ _ ]E[Z] |2+5] < 42+5d2+5

Then
d 2 o, dB
EIEHZd,i —E[Z4]]77°] € lim 47— =

lim ——— = =
d—+o0 g7(2+0) d—4-oc0 d3+20

This shows that T _EIT
‘1_73[‘1] — N(0,%)

2

in distribution, for d — +o0. To conclude, it is enough to observe that the affine maps
fdi A]R(T) —)A]R(T) x|—>Ax+bd

that we have seen in the proof of Proposition 6.2.3 send Ty to C, so that Ty = (S, ). Then, we
get the desired result as in the proof of Proposition 6.2.3. O

Remark 6.2.3. With the same technique, one can prove a similar statement for the S, ; with s = md
for a certain constant m.
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