Numerical Solution of the Hartree-Fock Equation by
the Tensor-structured Methods

Venera Khoromskaia
Max-Planck Institute for Mathematics in the Sciences, Leipzig

ILAS, Pisa, Italy, June 21-25, 2010

Venera Khoromskaia Max-Planck Institute Numerical Solution of the Hartree-Fock Eq 1/29



Outline of the talk

@ Tensor-structured (TS) methods in RY
@ Basic tensor formats
@ Tensor product operations
@ Best Tucker approximation
@ Multigrid accelerated BTA

Venera Khoromskaia Max-Planck Institute Numerical Solution of the Hartree-Fock Eq 2/29



Outline of the talk

@ Tensor-structured (TS) methods in RY
@ Basic tensor formats
@ Tensor product operations
@ Best Tucker approximation
@ Multigrid accelerated BTA

© Accurate TS computation of integral operators in R?, d > 3
@ The Hartree-Fock equation
@ TS Computation of the Coulomb matrix
@ Computation of the exchange matrix

Venera Khoromskaia Max-Planck Institute Numerical Solution of the Hartree-Fock Eq 2/29



Outline of the talk

@ Tensor-structured (TS) methods in RY
@ Basic tensor formats
@ Tensor product operations
@ Best Tucker approximation
@ Multigrid accelerated BTA

© Accurate TS computation of integral operators in R?, d > 3
@ The Hartree-Fock equation
@ TS Computation of the Coulomb matrix
@ Computation of the exchange matrix

© TS numerical solution of the Hartree-Fock equation
@ 3D nonlinear EVP solver by TS methods

Venera Khoromskaia Max-Planck Institute Numerical Solution of the Hartree-Fock Eq 2/29



Rank-structured representation of higher order tensors

A tensor of order d, A= [aj, i, iy € If] € RAx--xla
/g:{l,...,ng}, f:].,...,d,
for ng=n, N =nc.

O] n

tensor product of vectors u(f) = {uj, "}l _1 € R’s forms the canonical

rank-1 tensor

A(l) = [uiliez = u® R...Q u(  with entries up = u,(ll) o ,(dd)a

storage: dn << n9.
the canonical format, Cg

R
A= A(R) = Z Ckul((l) R...Q u(d) Ck € R’ (1)
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Tucker tensor format

The rank-(ry,. .., rq) orthogonal Tucker approximation

[Tucker, De Lathauwer].

Ax A (N = Zl/l 1’ Zud lﬂyl’ »Vd Vll) - ® Vlgj)' (2)

A(r) — ,6 X1 V(l) X2 V(Z) X3 ... Xyg V(d)

Vectors in V() = [V1(£) vre)] form the orthonormal basis.
The core tensor B = [3,,,...,] € RM*-X1d,

r= meax{rg} is the (maximal) Tucker rank.

Storage: r¢ 4 drn < n9.
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Mixed TC tensor format

R
Zbkul((l) .® U(d) X1 v X9 v® X3 ... Xq v,

©)
Vs B
I3
(3) @
/ r
N L I
v®@ u(l) (rl)
@
1 v Re=r2
nd 1 d+drn

Advantages of the Tucker tensor decomposition:
1. Robust algorithm for decomposing full format tensors of size n?.
2. Rank reduction of the rank-R canonical tensors with large R.

3

3. Very efficient for 3D tensors since r” is small.
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k=

Multilinear operatkons in CR n tensor format

®u( Zb v(1)®

Y v,(,,d).

o & = E 2L NGe
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Multilinear operat,l\,ons in Cr n tensor format
1:chuk1)®. ®u Zb v(1®...®v,(,,d).

Euclidean scalar product (complexity O(dR;Ran) < n?),

R R
<A1,A2 Z ZZ: Ckb H <u,(f), v'(né)> .
k=1 m=1 (=1
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Multilinear operat,l\,ons in Cr n tensor format
A=Y aule. . odd A —Zb V... e v,

Euclidean scalar product (complexity O(dR;Ran) < n?),

R R

Al,AQ chkb H<uff),v'(n€)>.
k=1 m=1 (=1
Hadamard product of A;, Az
Ri R
A1 © Az :ZZZCkb (Uk @V(1>®-~-®( (d)QV(d)).
k=1 m=1

Venera Khoromskaia Max-Planck Institute Numerical Solution of the Hartree-Fock Eq 6 /29



Multilinear operatll\pns in Cr n tensor format
A=Y aule. . odd A —Zb V... e v,

Euclidean scalar product (complexity O(dR;Ran) < n?),

R1 R
<A1,A2 zl:zz:ckb H<u§f),v'(n€)>.
k=1 m=1 (=1
Hadamard product of A;, Az
Ri R
AL O Ay —chkb (Uk @V(1>®-~-®( (d)QV(d)).
k=1 m=1

Convolution, for d = 3 (O(RyRanlogn) < n®logn (3D FFT))

Ri R>

Ak Ao =3 cubm(uf® + vD) ® (2 5 VD) @ () # v
k=1 m=1
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Tucker tensor approximation

Ay €Vn:  f(A):=||A— Aol|> — min over AcT,. (3)

The minimisation problem [De Lathauwer et al., 2000] (3) is equivalent to the
maximisation problem

2
g(v®, . vy .= HAO X1 vl s X d V(d)TH — max (4)

over the set of orthogonal matrices V(9 € Rm*"t

For given V(9 the core £ that minimises (3) is

B=Agx1 VO x sy VOT c pxexn, (5)

[De Lathauwer et al, 2000]: Algorithm BTA (Vy, — Ty n).

Complexity for d = 3: We_,+ = O(n* + n®r + nr? + nr3). )
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BTA of function related tensors

. ‘Orthogonal vecors, =6
5 ., os|
® . 0.4
. 03,
. p oz, 0
. . K & W
1070 =+"Fn| i \_.; i 0 2 \ >, 1
-, 3
~E¢ . 0z S
L ¢ s o]
s
010 L

Slater function g(x) = exp(—a||x||) with x = (x1,x2,x3)" € R3

£ A0 — Ayl Aol = ARl _ Maxiez |a0,i — ari
NE TR ET T Al .

Aol 7 T maxier|ao,i]

[Khoromskij, VKH. '07]
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MGA BTA for 3D periodic structures

Multicentered Slater funct.with 1000 samp,

10

—E . n=129

6
Tucker rank

The “multi-centered Slater potential * obtained by displacing a single Slater
potential with respect to the m x m x m spatial grid of size H > 0, (here m = 10)

m m m

g(x) = Z Z Z e—a\/(xl—iH)2+(xz—jH)2+(><3—kH)2.

i=1 j=1 k=1
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Canonical to Tucker Approximation

[B.N. Khoromskij, VKH '09]

Theorem
Let A € Crn. Then the minimisation problem
AE€CRn CVn: Ay =argminycy, 1A= V|v,, (6)
R 2
W 7@ 3 (EYRACY: @7 (@
(2, ..., 28] = argmaxy e u, ol (VY /). (V u,
v=1 Ve
Init. guess: RHOSVD Zée) = the truncated SVD of U(Y) = [ugl)‘.‘ug)].
Error bounds for RHOSVD
d min(n,R) R
A=Al < lell D20 Do o7 )2 where el = 3 ¢
£=1 k=rp+1 v=1
4
-
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Canonical to Tucker Approximation

The maximizer Z() = [zfé)...sz)] € R™*" is obtained by ALS of the matrix
unfolding

B(q) S Rnxﬁ,’ wfg—1rg+1...1d- (7)
(c) The minimiser in (6) is then
A(r) = ,@ X1 Z(l) X2 Z(z) X3 ... Xqg Z(d)

R
ﬁ::§2q4zﬂfréﬁ)®."®(zwﬂ]¢”)ecRr }
v=1

Complexity for d =3, n > R: Wc_.1 = O(nR? + nr*)

QT =T2C:R—- R <rP<R
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MGA Tucker approximation for Cg , tensors

@ Sequence of nonlinear appr. problems for A= A, ,n = ny, := ng2™,
m=20,1,..., M, on a sequence of refined grids w3 p,,.

Q Zéq) on grid w3 ,, — by linear interp. of Z(@) ¢ RMm-1%74 from W3, n,_ -

© The restricted ALS iteration, is based on “most important fibers” (MIFs) of
unfolding matrices.
Positions of MIFs are extracted at the coarsest grid

B = Z(q)TB(q) € R, (8)

Location of MIFs corresponds to pr columns in 3, with maximal Euclidean
norms (maximal energy principle).

©Q Complexity for d = 3: O(Rrnpm + p?r’ny).
(Linear w.r.t. nand R !)
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MGA C2T (Cr.n)

[B.N. Khoromskij, VKH ’08]

B(q) — unfolding of (B[q]), B(q) = Z(q)TB(q); ng = 64, ny = 16384

n
n, n r3/r r3/r
2 72, . 22

r,

> a1/
yal
Bl

n n noo |y L coreB(g
find MIFs
MIFs for H,O
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MGA Tucker vs. single grid

=-n=2048
~=-n=1024
~¥-n=512
~-n=256

/

200 400 600 800 1000 1200

rank

minutes

Single grid vs. multigrid times for (:2 H6

-m-C2T single grid Lot
C2T multigrid g

-

1000 2000 3000 4000 5000 6000 7000 8000
univariate grid size

Linear scaling in R and in n (left) for C2T algorithm.
Multigrid vs. single grid times for the C2T transform in computations of Vy for

CoHe (I’ight).
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MGA BTA for full format tensors

MGA best Tucker decomposition for full format tensors,

[B. Khoromskij,VKH’09], [VKH '10, in progress]

We_.1 = O(n®) for meaeta, instead of O(n*) for sra.

Slater unciion, MGA Tucker, & L (s0lid) E - (dashed) Times for MGA Tucker, Slater function
10 35
. —a-n=512
10 3 ~a-n=256
L ~=-n=128
10 25
10° —n=512 ? w 2
—n=256 R £
N 2
107 —n=128 E15 —
—n=64
107 --=n=512 Jc/
- - -n=256
10" -==n=128 ; i 0.5
«==n=64 ]
14
10 a
4 8

6 8 4 6
Tucker rank Tucker rank

Full size tensor with number of entries 5123, times for Matlab.
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Other grid-based approaches and tensor formats

@ Plane waves (BigDFT)
Groups of R. Schneider, S. Goedicker.

@ Wavelets - canonical format
G. Beylkin, M. Mohlenkamp,
R. Chinnamsetty, M. Espig, H.-J. Flad, W. Hackbusch, B. Khoromskij.

@ 3D Adaptive cross - Tucker format
|. Oseledets, D. Savostyanov, E. Tyrtyshnikov.

@ Hierarchical dimension splitting
W. Hackbusch, S. Kiihn.

@ Hierarchical SVD of tensors
L. Grasedyck.

@ TT, TC, and QTT formats
I. Oseledets, E. Tyrtyshnikov, B. Khoromskij.
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The Hartree-Fock equation

The Hartree-Fock equation
Foi(x) = Ngi(x), i=1,...Now, x€R3
1
.7-':=—§A— Ve+ Vg — K,

the Hartree potential

.7 Py 4 -
Vilx) = /]R3 ¥ 22 A

Ro
where p; = > ¢ kgk(x).
k=1

The exchange_operator

_ [ ) IR
(KCp) (x) == /RS ey P (xy) = 3 wil)eily).
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O(n) computation of the Hartree potential on huge 3D grids

Vi is computed on large n x n x n Cartesian grids, with n ~ 103 = 10*

Norp

Ro
p() =2 (@), @i=> cueulx), x=(x1,%,x)€ R’
i=1 k=1

gk(x) = gia(x) gra(x2) gr3(xs), ,
gt = (xe — Ag) ot e Wb A, RS

gk,é — Uff)vxé S [_b7 b]v
b=6-+10 A. s

Ro(CHs) =55, Ro(CaHs) = 96, Ro(H20) =41, R, = flfotl)

R
p~F,= Zk;Cku,((l) ® uff) ® uff), c € R, u,(f) eR".

= p is presented in the computation box [—b, b]*® with R, ~ 10° =+ 10*.
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O(n) computation of the Hartree potential on huge 3D grids

R,(CHy) = 1540, R, (CoHg) = 4656, R, (Hp0) = 861

Next : MGA C2T + T2C transformations to reduce the rank:

Ry, ~ 10°.
Ry ~ 20 + 30 canonical tensor G for the Newton kernel =

TIxT
(using sinc—quadratures) [C. Bertoglio, B. Khoromskij '08]).
The rank-R,, canonical tensor F for p:

Ror Ry
VH:F*G:Zchbm(uf*v{")®(u§*v2'")®(u§*v§")

m=1 k=1

Coulomb matrix: tensor inner products in GTO basis {gk}f,

I o= /3 gk(x)gm(X)VH(x)dx, k,m=1,...Ry.
R
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Tensor-product convolution vs. 3D FFT

The cost of computation of Vi by tensor product convolution (1D FFT):

Ncsc = O(R,, Rynlog n)

instead of O(n®log n) for 3D FFT.

| n’ | 1283 | 2563 | 5123 | 10243 | 20483 | 4096° | 81923 | 163843 |
FFT3 4.3 | 55.4 | 582.8 | ~ 6000 - - - | ~ 2 years
CxC 0.2 0.9 1.5 8.8 20.0 61.0 | 157.5 299.2
c2T 4.2 4.7 5.6 6.9 10.9 20.0 37.9 86.0

CPU time (in sec) for the computation of Vi for H»O.

(3D FFT time for n > 1024 is obtained by extrapolation).
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High accuracy computations of Vi

(Calculation over the number of entries N & 4.3 - 10'2).

Abs. approx. error, A for H,0
H,0,r.=20
207
- - n=4096
==--n=8192
—Ri-4096-8192 5| ]
10°
g H
E H
E
—
107 i
T
-6 -4 -2 0 4 6 2000 4000 6000 8000 10000 12000 14000 16000
a) atomic units univariate grid size n

[m] = =
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High accuracy computations of the Coulomb matrix for H,O

(for calculation over the number of entries N ~ 4.3 - 1012). Approx. error O(h3), h=2b/n (h =~ 0.0008 Z)

Water molecule: Err. for Coulomb matrix

Electron density of H,O
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High accuracy computations of the Coulomb matrix for CoHg

a) CPU times for Vi : O(nlogn) on n x n x n grids with max.: n = 8192.
b) Absolute approximation error of the tensor-product computation of the
Coulomb matrix for C;Hg molecule.

C,Hg, abs. appr. error for V,

- - n=4096
---n=8192
_|—Ri-4096-8192
10
A [FeeTime o
-3 conv. time g ¢
10 s ke
|
g0 107
£ ¢
4 .
107
2
2000 4000 6000 80 -4 -2 o " 2 4 6
0200 univariate grid size a) atomic units
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TS computation of the exchange matrix

[VKH "09]

7(x,
Kk, m :z/ / gk(x)( y)gm(y)dxdy, k,m=1,...Ry
R3 JR3 Ix —y|

1. Compute the discrete tensor product convolution

Wa m(x) = /3 %dy, cost: O(RyRonlog n) per element (x Ry/N)
& —

2. Entries of the Exchange matrix for every orbital,

Vima = [ 02080 Wa n(x)d

with the cost O(RyRgnr).
3. Entries of the Exchange matrix

Norp

Kk,m = Z Vkm,a

a=1
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Abs. error for the Exchange matrices Kex for

TS computation of the exchange matrix on huge 3D grids

CHy (Richardson extrapolation for n = 4096)
and HyO (Rich. for n = 16384).

abs. er. CH4, Kex

Ri 4096

, Ri,
ex

n=8192->n=16384

o & = E E 9DaAe
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Solution of the Hartree-Fock on a sequence of 3D grids

[Flad, Khoromskij, VKH "09]

Ry
Discretized GTO basis, p;(x) ~ > ckigp(x), x €R3, i=1,..., Now
k=1

Foi(x) = Nigi(x), = FG=X\SG

FZHo—l-J(C)—K(C), CZ{Ck,'}Z[C1C2...CN

orb

] c RROXNorb
Hp is the stiffness matrix of the core Hamiltonian —%A + Ve

Our iterative scheme

@ Use DIIS [puiay '80] to provide fast convergence.
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Solution of the Hartree-Fock on a sequence of 3D grids

[Flad, Khoromskij, VKH "09]

Ry
Discretized GTO basis, p;(x) ~ > ckigp(x), x €R3, i=1,..., Now
k=1

Foi(x) = Nigi(x), = FG=X\SG

F=Ho+J(C)—K(C), C={ck}=[CGC...Cn,,] € RRXNow
Hy is the stiffness matrix of the core Hamiltonian —%A + V.
Our iterative scheme
@ Initial guessfor m=0: J=0, K=0 = Fo= Hp.

@ On a sequence of refined grids n = ng,2ng, ..., 2Png,
solve EVP [Hy + Jn(C) — Kn(C)JU = ASU .

Fast update of J,(C) and Kn,(C).

(]

(]

Grid dependent termination criteria €, = &g - 47°.

Use DIIS [pulay '80] to provide fast convergence.
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HF for the pseudopotential case of CH,

Left: multilevel convergence of iterations for the pseudopotential case of CHy.
Right: convergence in effective iterations for finest grid.

abs. error, | A= A |, CH4, pseudo
o nit

10 10

~ \
107 \ ' !

conv.in eff.iterations, CH4, pseudo, n=512

10
\ n=512, 488 sfit
107 107
N
[ : : \
]
10° 10°
[Ema ] \
-4 -4
10 10
2 4 6 8 10 0 1 2 3 4
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[terations of the nonlinear 3D EVP solver

Left: all electron case of H,O.
Right: the pseudopotential case of CH30H .

residual in HF EVP, all electron case H 0
0 o CH3OM,resicual
10 10

_ 107 =] \/\/ \
10

10 -5
nerf}tgns 5 10 15 20 25
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Thank you for attention

The talk is based on

@ H.-J. Flad, V. Khoromskaia, B. Khoromskij.
Solution of the Hartree-Fock Equation by the Tensor-Structured Methods.
Preprint MPI MIS 44/2009.

g V. Khoromskaia.
Computation of the Hartree-Fock Exchange by the Tensor-structured Methods.
Preprint MPI MIS 25/2009

T. Blesgen, V. Gavini and V. Khoromskaia.
Approximation of the Electron Density of Aluminium Clusters in Tensor-product Format,
Preprint MPI MIS 66/2009

0 V. Khoromskaia and B. N. Khoromskij.
Multigrid Accelerated Tensor Approximation of Function Related Multi-dimensional Arrays.
SIAM Journal on Scientific Computing, vol. 31, No. 4, pp. 3002-3026, 2009.

B. N. Khoromskij, V. Khoromskaia, S.R. Chinnamsetty and H.-J. Flad.
Tensor Decomposition in Electronic Structure Calculations on 3D Cartesian Grids.
Journal of Computational Physics, 228(2009), pp. 5749-5762, 2009.

B. N. Khoromskij and V. Khoromskaia.
Low Rank Tucker-Type Tensor Approximation to Classical Potentials.
Central European Journal of Mathematics v.5, N.3, 2007, pp.523-550.

http://personal-homepages.mis.mpg.de/vekh/
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