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Summary. We consider the theoretical determination of firing rates in some biolog-
ical neural networks that consist of synaptically connected excitatory and inhibitory
elements. A self-consistent argument is employed to obtain equations satisfied by the
moments of the firing times of the various cells in the network. We first present re-
sults for networks composed of leaky integrate-and-fire model neurons in the case of
impulsive currents representing synaptic inputs and an imposed threshold for firing.
Solving a differential-difference equation with specified boundary conditions yields
an estimate of the mean interspike interval of neurons in the network. We gaphically
demonstrate that there may be a critical number of connections n = n. such that for
n < n. there is no nontrivial solution whereas for n > n. there are three solutions.
Of these, one is at baseline activity, one is unstable and the other is asymptotically
stable. Simulation results are reported which demonstrate that sustained activity is
possible even without external afferent input and that the analytical method may
yield accurate estimates of the firing rate. We also consider a network of generalized
Hodgkin-Huxley model neurons. Assuming a voltage threshold, which is a useful
representation for slowly firing such nerve cells, a functional differential equation is
obtained whose solution affords an estimate of the mean network firing rate. Re-
lated equations enable one to estimate the second- and higher-order moments of the
interspike interval.

1.1 Introduction

Investigations and theories of information processing in the nervous system
have recently addressed the role of stochasticity in the activity of both single
neurons [1-4] and neural networks [5-8]. One source of variability that occurs
in cortical (and other) neurons is the “spontaneous” spiking activity in the
absence of deliberate or known external input. The role of such spontaneous
activity in relation to the processing of afferent input is not yet fully under-
stood. However, spontaneous activity is now not considered to be simply noisy
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background activity. According to [9], the spontaneous activity of many brain
neuronal networks determines the nature of the response of the brain to ex-
ternal stimulation and may contribute to the quality of perception. In visual
information processing, it has been found that spontaneous activity does in-
deed create extra variability in nervous system responses to visual stimuli [10].
Furthermore, some or all such spontaneous activity has been hypothesized to
play an important role in visual information processing as it tends to provide
a substrate for modulation by afferent input.

Spontaneous neural activity arises because the brain contains a large number
of neurons with very dense patterns of connections between cells. Sporadic or
sustained random inputs from the thalamus may occur at various parts of the
cerebral cortex [9]. Small trains or bursts of activity in one region, possibly
due to spontaneous transmitter release at synaptic terminals, are propagated
to other regions and may circulate in recurrent loops. Some of the details of
brain connection patterns have recently been described in detail for neurons
of the mammalian neocortex [11]. However, in most studies, as for example in
[5-8], and the current chapter, the precise details of the connections are omit-
ted in favour of randomly assigned connections or fully connected networks.
In a sense, spontaneous neural activity represents the simplest electrophysi-
ological state or ground state for populations of neurons in the living brain,
even though the underlying circuits are possibly as complex as for networks
involved with perception or cognition. It is clear that by virtue of the complex-
ity of the spatial and temporal aspects of the dynamics of individual neurons
as well as the enormous complexity of the underlying biochemical processes,
there are difficulties with analytical approaches to finding the quantitative
features of spiking or nonspiking activity in neural networks with any degree
of realism for the physiological properties of the composite single neurons.
However, they may be useful for networks of artificial neurons, which are not
usually endowed with a complex biochemical environment. Analytical results
concerning dynamical neuronal behaviour are few even for single neurons [2,
12-15] and very sparse for neural networks composed of nonlinear elements,
so that efficient simulation and other techniques have been developed for net-
works with stochastic dynamics [7, 16].

In many network models the neurons are considered to be weakly connected
so that they are treated as independent and a mean field approach is adopted.
It is then possible to use solutions of a single-neuron Fokker-Planck (or Kol-
mogorov) equation for the neuronal depolarization [5, 12-15], with suitable
boundary conditions, to provide an estimate of the fraction of cells in the net-
work at various levels of excitation. Background noise, usually represented by
Poisson processes or white noise, has been found to play an important role in
the propagation of signals through model networks [6] and in understanding
the behaviour of cortical and subcortical neurons involved in cognitive infor-
mation processes such as working memory [17-21].

It is of interest to attempt to determine as far as possible with analytical
techniques the relationships between the microscopic physiological variables
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associated with single nerve cells, their patterns of connectivity, and global
spiking activity. Such relationships are expected to assist in casting light on
computational aspects of neuronal information processing and cognitive ac-
tivity. Here we describe a method for analytically estimating the firing rates
of neurons in stochastic networks of an arbitrary number of elements using
Markov process theory. We consider, in section 1.2, networks of generalized
integrate-and-fire neurons and present some exact results for networks of ex-
citatory neurons. In section 1.3 we state corresponding results for networks
composed of neurons with generalized Hodgkin-Huxley dynamics. In order
that the theoretical estimates are as accurate as possible, our attention is fo-
cused mainly on slowly firing networks whose spiking is in singlets. We explore
the relations between single neuron dynamics, network size and the nature of
sustainable spontaneous activity.

1.2 Networks of Generalized Leaky Integrate-and-Fire
(LIF) Neurons

Let the electrical depolarization from rest for the kth cell in a network of
n neurons be Vi (t) at time ¢. In general, in the LIF scheme, the dynamical
equations for the network can be written

dVi = f(Vi)dt + Y ajdNj(Ajst — djg) + e dNg™ k= 1,2,...,n,  (1.1)

J=1

where a;, (element of the matrix A) is the strength of the connection from
neuron j to neuron k, which determines the magnitude of the postsynaptic
potential elicited when this connection is activated (it is assumed that a;; = 0
for all j). The threshold for action potential generation in the kth cell is set
at 0, here assumed to be constant. N;(A;;t) is the number of spikes emitted
by neuron j in the time interval (0,]; the parameter \; represents the mean
rate of spiking so that as usual as an approximation 1/); can be interpreted
as the mean time between spikes from neuron j. The quantities d;; are the
time delays between emission of a spike by cell j and the appearance of a
postsynaptic potential in cell k. The process Nf** is an external Poisson input
which produces synaptic potentials of magitude e;. According to (1.1), the
input currents are delta functions so that the detailed temporal structure of
postsynaptic potentials is here ignored in a first approximation. This structure
can easily be incorporated by adding subsidiary variables, but this would make
the theory much more complicated and so is omitted.
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1.2.1 A Network of Excitatory and Inhibitory Neurons

Suppose there are ng excitatory (type E) and n; inhibitory (type I) cells,
whose membrane potentials in the absence of synaptic activation satisfy
Vi = fe(Vg) and Vi = f1(Vr), respectively. The postsynaptic potential am-
plitudes are the nonnegative quantities agg, arg, agr and ayy, where the first
subscript refers to the presynaptic cell type and the second to the postsynap-
tic cell type. The corresponding numbers of connections for individual cells
are ngg,nig,ng; and nyy, respectively. Thus each E-cell receives a total of
ngg+nig synaptic inputs and each I-cell receives ngr+nyr such inputs. Since
each F-cell has effectively the same input, its membrane potential satisfies

dVE = fE(VE)dt + aEEdNEE(nEEAE;t) — (L[EdN[E(TL[E)\[;t), (].2)
whereas for each I-cell,
dVi = fr(Vi)dt + agrdNgr(npip;t) — arrdNi(nihrt), (1.3)

where Ngg, Nrg are the pooled excitatory and inhibitory input point pro-
cesses for E-cells, and Ngj, Ny are the corresponding processes for the I-cells.
Here we do not include external afferent input (or background noise) which
can be taken into account as in subsection 2.2. Letting the thresholds of the
two kinds of cell be 8 and 67, we then have the following result, where now
refractory periods are included. The proof of this follows by considering the to-
tal input frequencies for the component neurons and their respective expected
time intervals for their membrane potentials to reach threshold.

Theorem

If ﬁ—i—tR,E s the mean time interval between spikes in an E-cell and )\—11 +tR1
1s the mean time interval between spikes in an I-cell of the network, then these
quantities may be estimated implicitly by solving the simultaneous differential-
difference equations

dF,
fE(U)d—f +nppdAeFe(v+agr) + nipArFg(v —arg)
—(neppAE +nipAr)Fp(v) = -1, v<0g, (1.4)
dFy
fI(U)% +neprAgFr(v+agr) + nirArFe(v —arg)
—(nerdAg +nArn)Fr(v) = -1, v <6y, (1.5)

with boundary conditions Fg(v) = 0,v > 0g, Fr(v) = 0,v > 0 and Fg(0) =
ﬁ, Fr(0) = )\—11, provided such solutions exist.
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Here Fg(v) and Fr(v) are the mean times for the potentials Vg and Vi to
reach thresholds from initial values v, and we have put

1 -t 1 -1
Ag=—+t Ar=|—+t
E </\E + R,E) I <)\1 + R,I)

where tg g and tg 1 are the refractory periods of the excitatory and inhibitory
cells, respectively. In general, in the search for such solutions, one may insist
that Fg and Fj vanish for v < vg < 0 and v < vy < 0, respectively, and then
let vg and vy — —oo to ensure that the thresholds for action potentials are
attained.

Equations (1.4) and (1.5) are difficult to solve exactly but may be solved
numerically or approximately via simulation of the corresponding stochastic
differential equations. In the simpler situation of a uniform network where
each cell has the same membrane potential dynamics, including thresholds 6
for action potentials, and the same numbers of excitatory, ng, and inhibitory,
ny, inputs, with the same amplitudes ag and a; for the synaptic potentials,
the same refractory periods tg, and all cells fire at the same mean rate A,
(1.4) and( 1.5) reduce to the single differential-difference equation

dF
f(v)%+A[nEF(v+aE)+n1F(v—a1)]—(nE—i—n[)AF(v) =-1, v<#, (1.6)
where A = (1/X + tg)™%; (1.6) is solved with the constraints F(v) = 0,v >
¢ and F(0) = ;. Numerical solutions of (1.6) have been obtained in [28].
Diffusion approximations may be employed to obtain approximate estimates.

1.2.2 A Network of Only Excitatory Cells

Suppose that all connections are excitatory so that aj, > 0 and each cell
recetves the same number of inputs, ng. The network may or may not be fully
connected, as long as each neuron receives synaptic input from ng other cells.
The number of inputs is thus ng < n — 1, with equality applying in the case
of a fully connected network. It is feasible that there are neurons that are not
presynaptic to any other cells, although this is unlikely in the mammalian
central nervous system. To simplify, we ignore the transmission time intervals
d;, and assume further that all nonzero a;; = ag, which quantities may in fact
be random but are here assumed to be deterministic or at their mean values.
We assume also that all cells have equal thresholds 6; = 0,7 = 1...,n and
the same subthreshold dynamics described by the function f. The network is
then described by the stochastic equations

AV, = f(Vi)dt +ap > dN;(Njit — djg) + exdNg™ k= 1,2, ,n. (1.7)
j=1
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Now each cell receives excitatory postsynaptic potentials according to ng
similar pooled point processes with the same mean rates, which we set at A\g,
and their amplitudes are all ag so the generic depolarization V' of each neuron
satisfies

dV = f(V)dt + apdN(npAp;t) + edNV < 0,V(0)=v<6.  (1.8)

In general we have the following result whose proof is immediate from the
theory of mean exit times of Markov processes [27] and the requirement that
the network input frequency in a network of identical neurons each of which
receives np inputs is ng times the output frequency of each cell. Here F'(v)
is the mean exit time of V' from (0, §) for an initial value V' (0) = v.

Theorem

f v is the mean time interval between spikes in a neuron of the network de-
scmbed by (1.7), then it may be estimated implicitly by solving the differential-
difference equation

dF
f(v)% +npAp[F(v+ar) — F()] + A [F(v+e)— F(v) = -1, ve(0,0),
(1.9)
with boundary conditions F(v) = 0,v > 0 and F(07) = ﬁ, provided such a
solution exists.

However, with the above kind of single-neuron model, the time interval be-
tween spikes may have to take into account a refractory period, tg, of order
a few msec, which may be significant. In this case (1.9) becomes

f(v)% + )\EIL%@%[F(U—’_QE) —FW)]+X"F(v+e)—F)]=-1, v<0,
(1.10)

but the second boundary condition is still F(01) = ﬁ

1.2.2.1 Graphical and Numerical Methods of Solution

We illustrate graphically that a nontrivial solution of (1.10) may fail to exist
or there may be three solutions, one of which may correspond at least approx-
imately to a stable connected network with nonzero firing rates. To do this we
consider a network of cells whose common frequency transfer characteristic,
including the effect of an external input and a refractory period, is known and
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is as depicted by the blue curve in Figure 6.1. It is assumed that all postsy-
naptic potentials are the same size and that background activity, represented
by the terms exdNg*!, drives each cell to fire at rate fj,, which may be zero.
For a cell to be a member of the given network, if each cell fires at rate f,,
the total input frequency to each cell must be nf, above background, where
n is the number of cells which connect to any given cell. Hence it is required
that the output frequency is related to input frequency above background f;
by fi =nf, or f, = fi/n. Such straight lines are drawn in Figure 6.1.

For the straight line with the largest slope and hence the smallest value of n,
labeled case A, there is no intersection with the frequency transfer function
of the neuron so that theoretically no sustainable firing above background
is possible in a network with this number of connections to each cell. For a
critical value n. of the number of connections, f, = n% fi, labeled B, the line
is tangent to the frequency transfer curve. For n > n., as typified by the line
labeled C, there are three solutions, one being at f; = 0 (external input only)
and output frequency fp. Of the other two, P, is unstable whereas the asymp-
totically stable point P; corresponds to a possible stable network frequency.
Furthermore, if a network has an observed firing rate fs, the number of neu-
rons in the network or the number of connections to each neuron could be
estimated by ascertaining where f, = nf, intersects the transfer curve. The
latter could be obtained empirically. The reciprocal of the slope of the line
from the point (A°“*, f;) to the stable point of intersection gives an estimate
of n.

Exact analytical solutions have not been found for (1.9) for § > 3, but numeri-
cal methods are available [22]. However, the numerical methods are not simple
to implement so that simulations of network activity are useful and have been
performed for a large range of network sizes and for various parameter values.
A problem often encountered is that neurons tend to fire synchronously in
groups which makes the analytical methods described in this chapter not ap-
plicable because of the underlying assumption of randomness. It is has been
found that it is unusual to find sustained network activity in the absence of
an external afferent drive, ed N¢*t. One example is shown in Figure 6.2. In this
simulation there were 1000 LIF neurons with on average 400 connections per
cell. The internal excitatory synaptic potential amplitude was 0.04 mV and
the external input to each cell had a rate A°®* = 500 per sec with amplitude
e =1 mV. The time step used was At = 0.00005 sec. The afferent input was
terminated at the 200th time step, and yet activity is seen after a short de-
cline, to rise spontaneously to an apparently steady state. Several checks on
the validity of the analytical method were performed. For example, for a fully
connected excitatory network of 50 neurons, with ¢ = 1mV, A¢** = 500 per
sec, ap = 0.2 mV, threshold 15mV, and time constant 20 msec, the network
individual neuronal frequency obtained by simulation was 7.0 per sec whereas
that predicted by the analytical method was 8.4 per sec.
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Fig. 1.1. Output frequency is plotted against input excitatory frequency. The fre-
quency transfer characteristic of cells in the network is indicated by the blue curve.
fo is the output frequency above fi,, which corresponds to an external input fre-
quency of A\°"*. f; is input frequency above A“*!. The straight lines A, B and C
represent cases where the output frequency is a given fraction of the network input
frequency for each cell, so f, = fi/n where n is the number of cells which connect
to each cell. In case B, fo = fi/n.. For more details, see the text.

1.2.3 Diffusion Approximations

An alternative approach is to use smoothed versions of the network voltage
processes called diffusion approximations. For such processes it is relatively
easy to find the transfer characteristic not only for neurons of purely excitatory
networks but also those including both excitation and inhibition. The validity
of such an approach depends on parameter values [23]. Further details of
such approximations, which have computational advantages, will be reported
elsewhere.
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Fig. 1.2. Simulated activity in a network of 1000 LIF model neurons. The number
of neurons firing is plotted against time. The external afferent input to each cell was
terminated at 200 At. Note the sustained activity in the absence of afferent input.
The parameter values are given in the text.

1.3 A Network of Neurons with Generalized
Hodgkin-Huxley Dynamics

As is well known, the original Hodgkin-Huxley model [24] describes subthresh-
old activity and action potential generation in squid axon and contains only
sodium, potassium and leak currents. However, many types of ion channels
with distinct roles and dynamics [25, 26] have been found in, for example,
pyramidal cells, so it is useful to generalize the Hodgkin-Huxley system.
Towards such a generalization we consider M + 1 neurons described by the
dynamical system

i — L . mej .
e == (- via ) TT + 1

k=1 j=1

dgji
Zl]:fj = i (Ui) (1 = Yiji) — Broj (Ui) Vi

where ¢ = 1,..., M + 1, Vi;=Nernst potential for the kth ion species for the
1th neuron, the maximal conductances are g,;, there are p; gating variables
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asociated with the kth ion species and I; is the total input current for the ith
neuron. (Note that n = 3 for the Hodgkin-Huxley system.)
In a network of connected such neurons we suppose that

dU; —_ Fr  mag ut
Ciﬁ =— ;gki (Ui — Vki) jl;[lvkj/ + € dN™ + El:a”d]vl()\l;t — Ai),

where 4,0 =1,...., M + 1, N; is the output process describing the spikes of the
Ith neuron and where {a;;,i,0 = 1,..., M + 1} is the connection matrix, 4;; is
a time delay and €;dN£® is an external input to cell i.

1.3.1 Network Firing Rate

Let now N be an (approximating) Poisson process representing the input train
for each cell. Then for a generic cell, ignoring the time delays of transmission,
with each cell firing at rate A, and assuming a fully connected network,

dU n B Pk - ot
CE — ;gk <U_Vk) j[[lfykj"- + edN"" + adN(MM;t),

where all nonzero elements of the connection matrix are set at a > 0 so that
all synapses are excitatory.

Let the infinitesimal (Markov) operator associated with the neuron’s dynamics
be Lyeuron- For example, for the usual leaky integrate-and-fire model with

av
T a(V)+ synaptic input

we have if
»Cneuronf(x) - a(x) dl‘ :

Then let F(u,v) be the first exit time of U to suprathreshold values with an
initial value (u, v) where u is the initial voltage and v contains the initial val-
ues of all gating variables (m, n and h for Hodgkin-Huxley). Then, assuming
that the spiking of each cell is not too rapid and occurs in distinct singlets,
and that the synaptic potentials are small relative to threshold such that syn-
chronization is not predominant, we have the following result, which states
that the network firing rate can then be estimated, using the single neuron op-
erator, Lyeuron, as the solution of a (very complicated) differential-difference
equation with the stated boundary conditions. Similar equations hold for the
higher moments of the firing time.
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Theorem

The network firing rate X can be estimated from the solution of the functional
differential equation

LewronF(u, v)+MAF (u+a,v)— F(u,v)]|+ X" [F(u+e,v) — F(u,v)] = —1,
with the appropriate boundary conditions and the additional constraint

1
A\ )

where vg contains the chosen initial values of the subsidiary variables.

F(O, V()) =

Proof

The theorem follows immediately from standard first exit-time theory for
discontinuous Markov processes [27], assuming that each neuron fires at rate
A and receives excitation from other cells in the network at rate MA.

1.4 Discussion

We have outlined methods for determining the statistics of neuronal spiking
activity in networks of neurons with general physiological properties (sub-
threshold dynamics, threshold and refractory period) in cases where random
activity can be sustained. Solutions of functional differential equations yield
estimates of the firing rates and higher moments of the interspike interval.
These solutions can be found by graphical, numerical or simulation methods.
We have concentrated on networks whose neuronal spike trains are roughly
Poisson and given results for excitatory networks. We demonstrated graph-
ically that there may be three solutions where f, = f;/ng intersects the
frequency transfer curve of each neuronal element and that one of these was
stable and gave the frequency of spontaneous activity. With realistic param-
eter values it is thus possible to estimate the average number of connections
to each cell. This approach may provide insight into the factors controlling
spontaneous activity of neurons in the mammalian and other nervous systems.
Networks with small excitatory postsynaptic potential amplitudes and those
with excitatory and inhibitory connections can sometimes be analyzed more
easily with diffusion approximations. The theory is accurate only for networks
in which synchronization is unlikely as this tends to invalidate the assumption
of continued randomness in individual neuronal spike trains. This was amply
demonstrated in simulations of networks containing up to 1000 neurons. Ad-
ditional sources of randomness, especially those which can be considered to
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be of a perturbative nature and tend to decrease the chance of synchroniza-
tion can easily be included in the analytical framework presented here. Such
perturbative noise has been included, and found to play an essential role in
maintaining network activity in studies of both a theoretical [6] and more
applied nature [17, 18].
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