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Abstract

We obtain computational results for a new extended spatial neuron model in which the neuronal elec-
trical depolarization from resting level satisfies a cable partial differential equation and the synaptic input
current is also a function of space and time, obeying a first order linear partial differential equation driven
by a two-parameter random process. The model is first described explicitly with the inclusion of all biophys-
ical parameters. Simplified equations are obtained with dimensionless space and time variables. A standard
parameter set is described, based mainly on values appropriate for cortical pyramidal cells. When the noise
is small and the mean voltage crosses threshold, a formula is derived for the expected time to spike. A sim-
ulation algorithm, involving one-dimensional random processes is given and used to obtain moments and
distributions of the interspike interval (ISI). The parameters used are those for a near balanced state and
there is great sensitivity of the firing rate around the balance point. This sensitivity may be related to genet-
ically induced pathological brain properties (Rett’s syndrome). The simulation procedure is employed to
find the ISI distribution for some simple patterns of synaptic input with various relative strengths for exci-
tation and inhibition. With excitation only, the ISI distribution is unimodal of exponential type and with a
large coefficient of variation. As inhibition near the soma grows, two striking effects emerge. The ISI dis-
tribution shifts first to bimodal and then to unimodal with an approximately Gaussian shape with a con-
centration at large intervals. At the same time the coefficient of variation of the ISI drops dramatically to
less than 1/5 of its value without inhibition.
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1. Introduction

Stochastic aspects of neuronal activity have been energetically studied, especially after it had
been pointed out they were important effects that needed explanation and elucidation [1,2].
Although it had been long realized that the spike trains of neurons in various structures in the
mammalian central nervous system are highly variable [3–5], the meaning and significance of
the random nature of such neuronal patterns of activity are still unclear. Stochastic models of neu-
rons thus continue to be of much interest as exemplified by several recent articles with diverse
approaches and diverse objectives of analysis [6–10]. Recently, the different ways in which, for
example, cortical pyramidal cells, fire regular (not necessarily periodic) sets of spikes with current
injection, but in apparently random fashion in vivo have been contrasted [11]. The issue was
raised as to whether the stochasticity is in fact an integral part of the information transmission
process. Indeed apparently random spontaneous activity has been found to play an important role
in visual perception [12].

In a recent paper [13], a new stochastic spatial model neuron was introduced in which the volt-
age satisfied the usual linear cable equation with an input current which obeyed a first order par-
tial differential equation. This model bears the same relation to the purely white-noise driven cable
[14] as Stein’s model with two components [15,16] does to the original one-component model [17].
The effect of the additional components is to make the time-courses of postsynaptic potentials
smoother, more in accordance with observation. It is noteworthy, however, that in cable models,
there is smoothing also if the observation point is remote from the point at which the synaptic
input occurs. Relatively few articles have addressed analytically the properties of cable model
neurons with noise, but an interesting investigation oriented towards the signal processing
capabilities of neurons with various sources of fluctuation was carried out by Manwani and Koch
[18,19].
2. Model description

Let V (x, t) be the depolarization from resting potential at time t and space point x with corre-
sponding input current density I (x, t). Then, in the form explicitly showing the biophysical param-
eters of the neuron [20] we have for the stochastic partial differential equations describing the
model,
rmcm
oV
ot
¼ �V þ rm

ri

o2V
ox2
þ rmI ; 0 < x < l; t > 0; ð2:1Þ
where I = I (x, t) is the input current density. We will distinguish between excitatory and inhibitory
input streams by letting {NE (x, t), 0 < x < l, t P 0} and {NI (x, t), 0 < x < l, t P 0} be two-param-
eter stochastic counting processes for the numbers of excitatory and inhibitory synaptic inputs.
That is, for example, NE (x, t) is a random variable representing the number of points in the
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rectangle (0,x] · (0, t] at which excitatory inputs arrive. In general, the current density satisfies the
partial differential equation
oI
ot
¼ � I

sc

þ aEðx; tÞ
o2N E

oxot
� aIðx; tÞ

o2N I

oxot
; ð2:2Þ
where sc is the time constant of decay of the current (which might in fact depend on x) and where
aE, aI P 0 describe the excitatory and inhibitory event amplitudes as functions of space and time.
The corresponding rate functions are defined as kE (x, t) and kI (x, t) with
E
o2N Eðx; tÞ

oxot

� �
¼ kEðx; tÞ
and
E
o2N Iðx; tÞ

oxot

� �
¼ kIðx; tÞ;
where E denotes expectation.
The expected values of NE and NI are thus
EðN E;Iðx; tÞÞ ¼
Z t

0

Z x

0

kE;Iðy; sÞdsdy:
Note that if (x0, t0) is a space–time point at which an excitatory event occurs, then the contribution
to oI

ot is aE (x0, t0)d (x � x0)d (t � t0) and similarly for inhibition. In Table 1 are given the units and
meanings of the various symbols for the variables and parameters before and after the following
change of variables.

2.1. Change of variables and the diffusion approximation

It is convenient to change variables in order to reduce the number of constants appearing in the
equations. To this end, we put
X ¼ x
k
; T ¼ t

sm
so distances are in space constants and time in time constants. We also introduce �cm ¼ kcm which
is the capacitance of a characteristic length of membrane and put V ðX ; T Þ ¼ V ðx; tÞ,
IðX ; T Þ ¼ ksmIðx; tÞ, NE;IðX ; T Þ ¼ N E;Iðx; tÞ, �aE;IðX ; T Þ ¼ smaE;Iðx; tÞ so that the differential equa-
tions become
oV
oT
¼ �V þ o2V

oX 2
þ I

�cm

; 0 < X < L; T > 0; ð2:3Þ

oI
oT
¼ �aI þ �aEðX ; T Þ

o2NE

oXoT
� �aIðX ; T Þ

o2N I

oXoT
; ð2:4Þ
where we have put a ¼ sm

sc
and L ¼ l

k. We will also put



Table 1
Variables and biophysical parameters

Symbol Description of quantity Units

x Distance along neuron cm
t Time since beginning of ‘experiment’ s
l Length of neuron cm
rm Membrane resistance of unit length times unit length ohm cm
cm Membrane capacitance per unit length Farads/cm
ri Internal resistance per unit length Ohm/cm
k Membrane characteristic length,

ffiffiffiffi
rm

ri

q
cm

sm Membrane time constant, cmrm s
V (x, t) Depolarization from resting potential V
I (x, t) Current density A/cm
sc Time constant of decay of current s
NE, I (x, t) Count of number of excitatory (inhibitory) events Dimensionless
aE, I (x, t) Amplitude of excitatory (inhibitory) events A
kE, I (x, t) Mean rate of arrival of excitation (inhibition) per cm second
X,T Dimensionless distance, x/k and time, t/sm Dimensionless
V ðX ; T Þ Depolarization at (X,T) V
IðX ; T Þ smkI (x, t) C
NE;IðX ; T Þ Count of number of excitatory (inhibitory) events Dimensionless
kE;IðX ; T Þ Mean rate of arrival of excitation (inhibition) ksmkE, I Dimensionless
�aE;IðX ; T Þ Amplitudes sm aE, I (x, t) C
a Ratio of membrane to current time-constant sm/sc Dimensionless
qIE Ratio of inhibitory to excitatory input frequency (uniform) Dimensionless
tR Refractory period in time constants Dimensionless
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kE;IðX ; T Þ ¼ ksmkE;Iðx; tÞ:

We wish to consider a diffusion-type approximate version of (2.4) and thus introduce the drift
lðX ; T Þ ¼ �aEðX ; T ÞkEðX ; T Þ � �aIðX ; T ÞkIðX ; T Þ

and noise amplitude
rðX ; T Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a2

EðX ; T ÞkEðX ; T Þ þ �a2
I ðX ; T ÞkIðX ; T Þ

q
:

A two-parameter white noise replaces the derivatives of the Poisson processes so that the differ-
ential equation for I is now
oI
oT
¼ �aI þ lðX ; T Þ þ rðX ; T Þ o2W

oX oT
; 0 < X < L; T > 0; ð2:5Þ
where W is a standard two-parameter Wiener process or Brownian motion. Eqs. (2.3) and (2.5)
describe the model we wish to consider in dimensionless space–time. We will use it to compute
statistical properties of neurophysiological variables in the remainder of this article. Note that
the synaptic reversal potentials first employed in stochastic modeling in [21] and conductance-
based changes for synaptic action are lumped into the additive synaptic current terms; cf [6].
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From the standard theory for linear partial differential equations, the voltage V at each X and T
is the random variable
V ðX ; T Þ ¼
Z L

0

GðX ; Y ; T ÞV ðY ; 0ÞdY þ 1

�cm

Z L

0

Z T

0

GðX ; Y ; T � SÞIðY ; SÞdS dY ; ð2:6Þ
where G is the Green’s function for the cable equation V T ¼ �V þ V XX for given boundary con-
ditions and V ðY ; 0Þ is the initial potential, which at each Y may be a random variable. This rela-
tion was exploited in [13] to find analytical expressions for several statistical properties of the
potential in subthreshold states, including moments and spectral density, for various boundary
conditions. Most expressions obtained assumed that the amplitude and rate functions were con-
stant throughout the length of the neuron.
3. Effects on spiking of spatial synaptic input patterns

We assume that the amplitude and rate functions only depend on position which is equivalent
to assuming that the input Poisson processes are temporally homogeneous but not necessarily spa-
tially homogeneous. However, changes in synaptic strength or rates in time can be easily
implemented.

Assuming the potential is uniformly at rest at T = 0, from [13] the mean voltage is given by
E½V ðX ;T Þ� ¼ 1

�cm

Z L

0

Z T

0

GðX ;Y ;T �SÞe�aS�
Z S

0

eaU �aEðY ÞkEðY Þ��aIðY ÞkIðY Þ
� �

dU
� �

dSdY :

ð3:1Þ

For cables of finite length, the Green’s function can be written as a Fourier series
GðX ; Y ; T Þ ¼
X

n

/nðX Þ/nðY Þe�knT ; T > 0; ð3:2Þ
where {/n} is the set of normalized spatial eigenfunctions and {kn} is the set of corresponding
eigenvalues. In general, if we put
F ðY Þ ¼ �aEðY ÞkEðY Þ � �aIðY ÞkIðY Þ;
which describes the net synaptic drive in (Y,Y + dY], then the mean depolarization is found to be
E½V ðX ; T Þ� ¼ 1

a�cm

X
n

/nðX ÞUnðLÞ
1� eknt

kn
� ðe

�at � e�kntÞ
kn � a

	 

;

where we have defined
UnðLÞ ¼
Z L

0

/nðY ÞF ðY ÞdY ;
and it is assumed that kn 5 a for any n. In the event that kn = a, the corresponding term in curly
brackets is replaced by
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1� eknt

kn
� t e�knt

	 

:

Several types of boundary condition may be employed for the cable equation (2.3) and for each
type there is a different G. Even the rather complicated lumped-soma boundary condition [20,
chapter 6] gives an incomplete picture because the axon is ignored. If the latter is included, the
treatment will depend on the nature of the myelination. Since we are concerned with gaining
some insight into the effects of various patterns of input, a reasonable choice of boundary
condition is to employ sealed end conditions at both X = 0 and X = L. In this case, the eigen-
values are
kn ¼ 1þ n2p2=L2; n ¼ 0; 1; . . .
and the normalized (to unity) eigenfunctions are
/nðX Þ ¼
1ffiffi
L
p ; n ¼ 0;ffiffiffiffiffiffiffiffi

2=L
p

cosðnpX=LÞ; n ¼ 1; 2; . . .

(

Standard parameter values. We use parameter values which are based on those appropriate for
pyramidal cells. However, because information is patchy we have to also draw on values for
other cells such as spinal motoneurons. The value of sc is obtained from [22]. The membrane
time-constant sm was set at 30 ms after reference [23]. Using these two time-constants gives
a = 10, but a much smaller value would be appropriate for motoneurons. The threshold condi-
tion is an approximation only and the voltage criterion used was h = 10 mV, which is in the low-
er end of the range. Larger values would of course lead to longer interspike intervals with an
approximately exponential relationship. The space-constant k was estimated by scaling from
the motoneuron value of Rm to that of a pyramidal cell which is 16 times greater [23] and using
ri appropriate for a cylinder of diameter 10 lm. The electrotonic length of the nerve cylinder was
set at 2, corresponding to a physical length of 7.6 mm, which is reasonable for large pyramidal
cells in layer 5.

The rates of background excitatory and inhibitory synaptic input are obtained from the data of
[24,25] assuming 8250 excitatory synapses with average frequencies of 1 Hz and 1475 inhibitory
synapses with average frequencies of 5.5 Hz. These data give 165000 excitatory events per cm
per second which for the assumed cylinder of L = 2 and diameter 10 lm translates to
kE ¼ 1881 (dimensionless) and kI ¼ 0:98kE. To estimate aE a charge of 3 · 10�10 C was assumed
to be delivered during a 5 ms period to give a current of 0.6 · 10�7 A. This gives
�aE ¼ 0:03� 0:6� 10�7. The magnitude of �aI was set equal to that of �aE. The standard parameter
values used are summarized in Table 2.

3.1. Uniform stimulation

When sealed end conditions are employed and the synaptic drive does not depend on position
so that
F ðY Þ ¼ �aEkE � �aIkI
the mean voltage is found to be independent of X,



Table 2
Standard parameter set

Parameter Value

sc 3 ms
sm 30 ms
a 10 (dimensionless)
h 10 mV
k 3.8 mm
L 2 (dimensionless)
kE 1881 (dimensionless)
kI 0.983kE (dimensionless)
�aE 0.03 · 0.6 · 10�7 (dimensionless)
�aI 0.03 · 0.6 · 10�7 (dimensionless)
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E½V ðX ; T Þ� ¼ �aEkE � �aIkI

a�cm

1� e�t þ 1

1� a
ðe�t � e�atÞ

� �
; a 6¼ 1:
When a = 1, this is
E½V ðX ; T Þ� ¼ �aEkE � �aIkI

�cm

1� e�tðt þ 1Þ½ �:
3.1.1. Approximate firing rates
Assume that a threshold voltage h must be reached at some point along the neuron for an ac-

tion potential to be emitted. Then an estimate T̂ h may be made of the time Th at which V ðX ; T Þ
reaches threshold, assuming

(a) the steady state value ð�aEkE � �aIkIÞ=ða�cmÞ � h
(b) the standard deviation of V ðX ; T Þ (see Section 3.2.1 of Ref. [13]) is small relative to

E½V ðX ; T Þ� for t < E [Th].

The validity of (a) is not dependent on X but this is not the case for condition (b). If we consider
just the point X = 0, using the steady state value standard deviation [13] and of the mean, the con-
dition (b) becomes approximately
r
1

1þ a
þ
X1
n¼1

2

ð1þ k2
nÞð1þ aþ k2

nÞ

" #1
2

6 K

ffiffiffiffiffiffiffiffi
2L
a�cm

s
;

where K ¼ �aEkE � �aIkI and r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a2

EkE þ �a2
IkI

q
. The estimated mean ISI is made from the implicit

relation
E½V ðX ; T̂ hÞ� ¼ h; ð3:3Þ

and the calculated firing rate is then determined from
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f ¼ 1

E½T̂ h� þ tR

;

where tR is a refractory period.
In Fig. 1, we show the firing frequency of the given model neuron calculated by using (3.3).

Here we have used the standard parameters but let the ratio of the frequency of inhibition to that
of excitation,
qIE ¼
kI

kE

;

vary from the standard value of 0.98 to nearly unity. The expected time to reach threshold when
q = 0.98 is 0.0969 time constants which gives a very high firing rate of 169 Hz assuming
tR = 0.1sm. Small increases in q lead to very large changes in the output frequency. Thus when
q = 0.995 the mean time for V to reach threshold has more than doubled at E½T̂ h� ¼ 0:2382sm with
a firing rate of 98.6 Hz; and when qIE is only slightly further increased to qIE = 0.9993, the value
of E½T̂ h� ¼ 3:276sm and the frequency of firing is only 9.6 Hz.

Balanced inputs. The term ‘balanced’ has been employed to describe the rough equality of excit-
atory and inhibitory inputs to cortical neurons [26,27] and the standard parameter values that we
have employed are close to those of the balanced input paradigm. It is remarkable that small
changes from the (approximately) balanced condition lead to such radical changes in output firing
frequency. This means that if the ‘normal’ or ‘usual’ values of the input rates and amplitudes, tak-
ing also into account their spatial distributions over the postsynaptic neuron’s surface, are near a
0.98 0.985 0.99 0.995 1 1.005
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RATIO OF INHIBITORY TO EXCITATORY FREQUENCY
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. The blue curve shows the approximate expected time, in time constants, for the depolarization to reach
old as the fraction of inhibitory input frequency grows relative to the excitatory input frequency. The black curve
the mean firing frequency in Hertz assuming a refractory period of 3 ms and a time constant of 30 ms.

eters are appropriate for pyramidal cells. Points (red circles and blue diamonds) obtained from solutions of (3.3).
nterpretation of the references to colour in this figure legend the reader is referred to the web version of this
.)
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balanced state then a small shift in any one of the quantities (a) frequency of excitation, (b) fre-
quency of inhibition, (c) amplitude of excitation, (d) amplitude of inhibition, will lead to either a
state of much larger output frequency or a state of much decreased output frequency. From a net-
work point of view, if many connected cells undergo similar input parameter changes, then the
network may become over-excited and over-synchronized or, on the other hand, it may become
effectively silent. These conclusions would also be obtained from other models, including conduc-
tance-based non-linear models of Hodgkin–Huxley type or even one-dimensional integrate-and-
fire models. The existence of small shifts in excitatory postsynaptic current amplitudes due to
the presence of a genetic mutation in Rett’s syndrome has recently been confirmed experimentally
[28]. Such small changes lead to very large changes in the activity of the neurons affected.

3.1.2. Simulation method and results
In [13], it was shown that for finite-length cables, the potential V (X, :) at any space point could

be represented in terms of one-dimensional random processes as follows. Recall that V ðX ; T Þ can
be written as
V ðX ; T Þ ¼ E½V ðX ; T Þ� þ V RðX ; T Þ

where V R is a purely random component while E½V ðX ; T Þ� is purely deterministic. In the case of
constant r and a bounded space interval it was shown that if we define the processes
W nðtÞ ¼
Z b

a

Z t

0

/nðyÞdW ðy; sÞ; t P 0;

U nðsÞ ¼ e�as

Z s

0

eau dW nðuÞ; s P 0
and
V nðtÞ ¼
Z t

0

e�knðt�sÞU nðsÞds
then the following explicit series representation holds
V RðX ; T Þ ¼ r
X

n

/nðX ÞV nðT Þ
in which individual terms are independent. Furthermore, the following system of stochastic differ-
ential equations holds
d
U n

V n

� �
¼
�a 0

1 �kn

� �
U n

V n

� �
dt þ

dW n

0

� �
:

To simulate a path for V ðx; tÞ at fixed x, we may therefore use the following Euler-type iterative
formulas in conjunction with the expected value of V ðx; tÞ
U nðt þ DtÞ ¼ U nðtÞ � aU nðtÞDt þ Nð0; 1Þ
ffiffiffiffiffi
Dt
p

V nðt þ DtÞ ¼ V nðtÞ � knV nðtÞDt þ U nðtÞDt
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V Rðx; t þ DtÞ ¼ V Rðx; tÞ þ rDt
X

n

/nðxÞ½U nðtÞ � knV nðtÞ�:
Here N (0,1) is a member of a sequence of independent standard normal random variables.
The method of simulation was applied to determine model neuronal response with the standard

parameter set as indicated in Table 2. It became apparent after a few trials that due to the large
variability in the input processes with these parameters and due to the fact that the chances of
inhibition and excitation were almost equal, the voltage trajectories would sometimes spend very
large amounts of time at very hyperpolarized states. In real neurons such excursions are prevented
by the inhibitory reversal potential. In order to prevent such excursions, it was decided to put a
reflecting barrier at �10 mV, which is roughly the value of the inhibitory reversal potential. The
resulting interspike intervals were almost the same as those obtained without the reflecting barrier,
which indicates that if a sequence of inputs is inhibition dominated then it matters not much if the
voltage is allowed to wander around at large negative values because if the inhibitory reversal po-
tential was included the voltage would spend an almost equivalent long time at that reversal po-
tential. The similarity of the results with and without the reflecting barrier are illustrated in Fig. 2,
where histograms of the ISI are shown in the two cases for 1000 trials each. With the reflective
barrier at �10 mV (left histogram), the mean ISI was 0.1509, the standard deviation was
0.2724 and the coefficient of variation (CV), 1.81. Without the barrier these three quantities were
0.1773, 0.3319 and 1.87, respectively. In most other cases examined, the difference between the
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Table 3
Mean ISI results for uniform stimulation with the standard parameter set, as qIE, the ratio of inhibition to excitation
varies

qIE Mean Eq. (3.3) Mean r = 0.05 Mean ISI Standard deviation Coefficient of variation

0.98 0.097 0.113 0.186 0.326 1.76
0.99 0.148 0.162 0.206 0.411 1.99
0.995 0.238 0.255 0.263 0.540 2.05
0.999 1.224 1.245 0.287 0.618 2.16
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two sets of results was very small so that for the rest of the reported results in this article, no bar-
rier was in place.

Simulations were performed with the standard parameter set for several values of qIE near the
value 1. The results are summarized in Table 3. In column 2 are shown the results from (3.3) (no
noise), these points having also being plotted in Fig. 1. Column 3 shows the mean ISI for the same
mean input but with the deliberately chosen small value of r of 0.05. It can be seen that good
agreement is obtained between the simulation results with small noise and the analytical approach
employing (3.3). In columns 4, 5 and 6 are the mean, standard deviation and CV from simulation
(500 trials) with r given by the actual value
r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a2

EkE þ �a2
IkI

q
:

The mean ISIs in columns 2 and 3 (noise-free, (3.3) and small r simulation) are always in good
agreement. However, the full noise mean ISI (column 4) departs further from the columns 2
and 3 results as qIE increases, even though the increases are not large. As more inhibition is includ-
ed, the mean ISI increases as expected, but not to the same extent as in the noise-free or small r
cases. Evidently, the large fluctuations obtained when the full noise is included make fast transi-
tions to threshold much more likely. As qIE increases, the mean, standard deviation and CV of the
ISI increase, the CV eventually attaining quite large values of over 2.

3.2. Effects of non-uniform stimulation

It is well known that distributions of excitation and inhibition are not uniform over the soma-
dendritic surfaces of most neurons, including cortical and other pyramidal cells. For the latter, there
is a preponderance of inhibition nearer the soma [24,26,29]. We will attempt to explore briefly a uni-
form versus non-uniform distribution of synaptic input as follows. We restrict our attention here to
cases where the noise amplitude function is constant, despite the variations in synaptic strengths.

Uniform case. We let both excitation and inhibition be uniformly distributed over the neuronal
surface. The function �aEðX Þ is set at the usual value �aE for all X 2 (0.L) and the function �aIðX Þ is
set at ��aE. The function kEðX Þ ¼ kE for all X 2 (0,L) and the function kIðxÞ ¼ kE for all X 2 (0,L).
With these values we find for all X 2 (0,L)
lðX Þ ¼ 0;

rðX Þ ¼ �aE

ffiffiffiffiffiffiffiffi
2kE

q
:
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Simulation, based on 1000 trials, was used to estimate the ISI for this case uniform stimulation
using standard values for �aE and kE. This gave values of the mean, standard deviation and CV
of the ISI as 0.2784, 0.5767 and 2.07, respectively. The histogram of ISI values was similar in
shape to those of Fig. 2.

Non-uniform case. For a simple example of non-uniform synaptic input, we have placed the
same total excitation and inhibition as in the uniform case but now the inhibition is uniformly
distributed on the proximal part (0,L/2) and the excitation is uniformly distributed on the distal
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Fig. 3. Interspike interval histograms for various values of the parameter q which determines the background level of
excitation. For q = 1 there is no inhibition but excitation in the distal half of the cell. As q decreases, more inhibition
appears in the proximal part of the neuron’s dendritic tree so that eventually when q = 0 there are equal amounts of
inhibition and excitation with proximal inhibition and distal excitation.

Table 4
Mean ISI results for non-uniform stimulation as described above as the additive current parameter q varies

q Mean ISI St. Dev. CV

1.0 0.087 0.081 0.926
0.9 0.203 0.142 0.699
0.8 0.385 0.181 0.471
0.7 0.595 0.177 0.298
0.6 0.849 0.194 0.229
0.5 1.240 0.248 0.200
0.4 2.220 0.325 0.146
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part (L/2,L). Thus �aIðX Þ ¼ ��aE and kIðX Þ ¼ 2kE for 0 < X < L/2, zero otherwise, and �aEðX Þ ¼ �aE

and kEðX Þ ¼ 2kE for L/2 < X < L and zero otherwise. We also insert an adjustable uniform con-
stant background input of 2qkE�aE, where 0 6 q 6 1. This gives
lðX Þ ¼ 2kE�aE½q� 1�; 0 < X < L=2;

2kE�aE½qþ 1�; L=2 < X < L;

(

and rðX Þ ¼ 2�aE

ffiffiffiffiffi
kE

p
is the same. Note that the stimulation is non-uniform for all q. When q = 1

there is zero input for (0,L/2) and excitation on (L/2,L), and when q = 0 there is inhibition on
(0,L/2) and excitation of the same strength on (L/2,L). The same standard amplitude (�aE) was
employed in simulations for this case. The threshold point for action potential generation is, as
throughout, X = 0.

Simulations were performed for various values of q with 500 trials and a time-step of 0.0002 s
or less. The histograms for the ISI for several values of q are shown in Fig. 3. For q = 1, when
there is in fact no inhibition, the histogram is similar to those of Fig. 2. When the amount of inhi-
bition towards the soma (X = 0) is increased slightly (q = 0.9), the density of the ISI starts to in-
crease at large times and decrease at small times, giving the distribution a bimodal form. As the
amount of inhibition near the soma increases, and concomitantly the amount of excitation in the
distal parts of the cell decreases, the peak near the origin drops and the one at large times grows.
Eventually, at q = 0.4 the ISI distribution is again almost unimodal, but the mass is isolated from
the origin as small intervals are absent. It achieves a Gaussian-type appearance with its mean and
mass at a large distance from the origin. This is one of the few examples (that is for q = 0.9–0.5)
where a bimodal distribution is encountered for the ISI in a neural model where the subthreshold
behaviour is linear, although the phenomenon would probably occur in the standard cable model
[14], although bimodality has been observed in more complex models of cortical pyramidal cells
[31].

The corresponding results for the mean, standard deviation and CV of the ISI for various val-
ues of q are given in Table 4. As q decreases, the mean ISI increases quite sharply, but the stan-
dard deviation increases much more slowly, resulting in a rapidly declining CV, which by q = 0.4
is only 16% of its value when q = 1.
4. Discussion

Experimental observations on the trains of spikes emitted by neurons almost anywhere in the
mammalian central nervous system reveal that they are usually essentially stochastic. The mean-
ing or relevance of such apparent randomness is not clear [11]. Models to study such phenomena
may be solved using numerical or analytical methods, or a combination as in the present paper. In
the last 50 years, a gamut of mathematical stochastic models has been proposed, beginning with
simple perfect integrator models employing unfiltered Brownian motion and one-dimensional lea-
ky-integrate-and-fire (LIF) models which often entail an Ornstein–Uhlenbeck process whose
study has been very fruitful.

We have chosen a model which increases the amount of physiological reality over simple
cable models by including current decay on arrival of postsynaptic potentials. Including a
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space-dimension is valuable for considering the effects of different spatial distributions of the var-
ious synaptic inputs which bombard a cortical cell’s surface, usually at an extremely high rate. In
the present model, the differential equation for the synaptic current is driven by an two-parameter
Poisson processes, so that the neuron is represented by a system of two coupled stochastic partial
differential equations rather than one. We turned to a diffusion approximation in which the Pois-
son noise was replaced by Gaussian 2-parameter white noise. This gave a current which we call a
two-parameter Ornstein–Uhlenbeck process. In an earlier publication [13], we obtained expres-
sions for most of the usually studied statistical properties of the voltage in the absence of a thresh-
old for firing.

A standard set of parameters was extracted from the available literature on cortical pyramidal
cells, but the accuracy of these data is not guaranteed as they come from disparate sources. The
values employed for the input parameters kE;I and �aE;I give rise to a near balanced condition,
which means the drift is often small but the noise is large. We were able to relate the results on
firing rates around the balance point to the synaptic input situation in Rett’s syndrome (smaller
values of �aE).

The changes in the probability distribution and the CV of the ISI as the spatial distribution of
inhibition and excitation change are the most interesting aspects of the results we have obtained.
However, it remains an important project for future work to study more closely the effects that
various spatial distributions have, as previous studies of balanced inputs have usually been made
with one-dimensional models [27,30] with which an accurate study of spatial distributions is not
possible.
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