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Abstract

The circuitry of cortical networks involves interacting populations of excitatory (E) and inhibitory (I) neurons whose relationships are
now known to a large extent. Inputs to E- and I-cells may have their origins in remote or local cortical areas. We consider a rudimentary
model involving E- and I-cells. One of our goals is to test an analytic approach to finding firing rates in neural networks without using a
diffusion approximation and to this end we consider in detail networks of excitatory neurons with leaky integrate-and-fire (LIF) dynam-
ics. A simple measure of synchronization, denoted by Sq, where q is between 0 and 100 is introduced. Fully connected E-networks have a
large tendency to become dominated by synchronously firing groups of cells, except when inputs are relatively weak. We observed ran-
dom or asynchronous firing in such networks with diverse sets of parameter values. When such firing patterns were found, the analytical
approach was often able to accurately predict average neuronal firing rates. We also considered several properties of E–E networks, dis-
tinguishing several kinds of firing pattern. Included were those with silences before or after periods of intense activity or with periodic
synchronization. We investigated the occurrence of synchronized firing with respect to changes in the internal excitatory postsynaptic
potential (EPSP) magnitude in a network of 100 neurons with fixed values of the remaining parameters. When the internal EPSP size
was less than a certain value, synchronization was absent. The amount of synchronization then increased slowly as the EPSP amplitude
increased until at a particular EPSP size the amount of synchronization abruptly increased, with S5 attaining the maximum value of
100%. We also found network frequency transfer characteristics for various network sizes and found a linear dependence of firing fre-
quency over wide ranges of the external afferent frequency, with non-linear effects at lower input frequencies. The theory may also be
applied to sparsely connected networks, whose firing behaviour was found to change abruptly as the probability of a connection passed
through a critical value. The analytical method was also found to be useful for a feed-forward excitatory network and a network of excit-
atory and inhibitory neurons.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The electrophysiological activity and properties of corti-
cal neuronal networks have been of much interest for the
previous 100 years (Sherrington, 1906). As detailed knowl-
edge of neurophysiology and neuroanatomy has grown
since about 1950, mathematical models have been devised
to try to explain the more salient features of the spread
of neuronal activity including such phenomena as travel-
ling waves and population oscillations (Bazhenov et al.,
0928-4257/$ - see front matter � 2006 Elsevier Ltd. All rights reserved.
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2005; Gerstner, 2000; Liley et al., 1999; Rulkov et al.,
2004; Tuckwell and Miura, 1978). However, since the
appearance of Hebb’s fundamental work (Hebb, 1949) on
neural assemblies and synaptic modification, much atten-
tion has been directed to the actual patterns of spiking
activity of cortical and other neuronal networks (Abeles,
1991; Amit, 1989; Gerstner and Kistler, 2002). One aspect
of spiking activity within cortical networks, synchroniza-
tion, has been hypothesized to play an important role in
information processing (Konig, 1994; Konig et al., 1996a;
Singer, 1993, 1999). An interesting empirical observation
is that, at least in visual cortex, synchronization concomi-
tant with oscillation tended to be found for neurons
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separated by large distances but not over smaller distances
(Konig et al., 1996a), indicating that in the latter instances
the synchronization is due to common inputs. Synchroni-
zation has also been posited as playing a key role in certain
memory processes (Axmacher et al., 2006). However,
whereas some have claimed that synchronization is useful
within the cortex to group together cells involved in a com-
mon task, it is not certain if it has real significance (Tie-
singa and José, 2000) as it may just be an incidental
property of active networks.

In order to analyze theoretically the spiking behaviour
of cortical and other neuronal networks, a variety of mod-
els for single neurons has been employed. At the level of
greatest simplicity are those which represent neurons as
zero–one elements (Hopfield, 1982). The inclusion of some
physiological properties of real neurons is effected by using
the leaky integrate-and-fire (LIF) model in various forms
(Abbott and Van Vreeswijk, 1993; Amit and Brunel,
1997a; Brunel, 2003; Brunel et al., 2001; Brunel and
Hakim, 1999; Brunel and Hansel, 2006; Deco and Rolls,
2005; Hansel and Mato, 2003; Knight, 1972; Neltner
et al., 2000; Van Rossum et al., 2002; Van Vreeswijk and
Abbott, 1993). Such relatively simple models have the
advantage that their use does not require much computer
memory so that large populations are fairly easily studied.
More complex and hence more realistic models which
incorporate not only many ion channels but also the spatial
extent of a neuron’s soma-dendritic surface (Destexhe and
Paré, 1999; Destexhe et al., 2001) have also been employed
(Bush and Sejnowski, 1995; Liley et al., 1999), but have the
disadvantage of requiring much computer memory and a
large number of parameters. As alluded to above, one
may also adopt a continuum approach where the discrete
nature of neural populations is smoothed out so that the
spiking of individual neurons is not distinguished (Beurle,
1956; Bresloff and Coombes, 1998; Gerstner, 2000; Tuck-
well, 1998) and a ‘‘map-based’’ approach where the dynam-
ics of neuronal activity is summarized in a firing rate
function (Tuckwell, 1998; Rulkov et al., 2004). However,
with the emphasis on the role of spike-timing in theories
of cognitive processes (Axmacher et al., 2006; Konig
et al., 1996b; Perez-Orive et al., 2004), it is likely that the
models of cortical networks that distinguish individual
neurons and their spike occurrences in both space and time
will prove more useful in the understanding of central ner-
vous system function.

Investigations of neural networks often rely on simula-
tions, but it is also desirable to have analytical results.
The latter have been achieved in early work concern-
ing oscillators (Abbott and Van Vreeswijk, 1993) and
more recently useful results have been obtained for net-
works of LIF model neurons using diffusion approxima-
tions (Amit and Brunel, 1997a,b; Brunel, 2000; Brunel
et al., 2001). For example, methods for analyzing the stabil-
ity of asynchronous states using a diffusion approach have
been given in Amit and Brunel (1997b) and Brunel (2000).
Deng et al. (2004) have obtained theoretical results on the
stability of synchronized states in a more general
framework.

However, diffusion models are deficient in many param-
eter ranges (Tuckwell and Cope, 1980) and our aim in this
article is to demonstrate that an analytical approach is
sometimes useful in determining firing rates in some LIF
networks when a diffusion approximation is not made.
Such an approach may be extended to networks composed
of generalized Hodgkin–Huxley neurons (Tuckwell and
Feng, 2006). To demonstrate the methods we consider
the following three LIF networks: (i) a fully connected net-
work of excitatory neurons (ii) a feed-forward network
(Van Rossum et al., 2002) and (iii) a network containing
both excitatory and inhibitory elements. We are interested
in the conditions under which network elements fire in a
random or asynchronous fashion, as opposed to firing syn-
chronously in groups, and in determining some of the
parameter dependence of the general network firing char-
acteristics. In particular we examine, in the fully connected
case, the effects of changing external afferent frequency, the
intra-network EPSP amplitude and the size of the network.

1.1. Structure of cortical neuronal networks

The anatomical details of neuronal connections in the
mammalian cerebral cortex are still being determined, but
recently there have been published comprehensive schemes
involving excitatory and inhibitory cells in various layers
along with external thalamic inputs (Douglas and Martin,
2004). Cortical circuits involve excitatory (spiny cells) and
smooth inhibitory neurons with numbers in the ratio of
about 4 to 1. Inhibitory cells are usually fast spiking inter-
neurons, with only local connections, which may be pre-
dominantly vertical or horizontal. These cells and their
subtypes have quite different anatomical and physiological
properties and have different concentrations in the various
layers (McCormick et al., 1985). Excitatory cells send their
output through both local and long range connections to
other parts of cortex or other structures (Binzegger et al.,
2005).

An accurate model of a cortical network would ideally
take into account the various cell types, some of which
were mentioned above, as well as the cortical layer in which
a given neuron occurs. The number of neurons under an
area of 1 mm2 of cortex is between 30,000 and 60,000 (Hil-
getag and Barbas, 2006) so a reasonable sample would be
an area of about 1/10 mm2 containing about 5000 neurons,
of which approximately 4000 are excitatory and 1000 are
inhibitory. It is a large computational challenge to incorpo-
rate such details within the limits of a model which is not
excessively complicated (Bush and Sejnowski, 1995; Grill-
ner et al., 2005; Haeusler and Maass, 2006). Furthermore,
the spatial aspects of single neurons can be important
(Bush and Sejnowski, 1995) and distributions of synapses
are not uniform. For example, in cat parietal cortex a pyra-
midal cell receives about 20,000 synapses of which about
80% are excitatory, the remainder being inhibitory but
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more concentrated towards the soma (Bush and Sejnowski,
1995). The geometry of connections is usually ignored alto-
gether, but simplified connectivity patterns are sometimes
assumed. For example, in one approach, excitatory cells
synapse with 12 neighbouring excitatory cells and 3 neigh-
bouring inhibitory cells while inhibitory cells act upon 7
neighbouring excitatory cells and no inhibitory cells
(Bazhenov et al., 2005). Although inhibitory–inhibitory
connections are few in number, they may play an impor-
tant role (Brunel and Hansel, 2006; Somogyi et al., 1998).
Given the complexity of real cortical networks, it is natural
to consider simplified models.

1.1.1. Simplified cortical network models
For spike generation we choose LIF models similar to

those employed by Amit and Brunel (1997b) and Brunel
(2000). Suppose there are nE excitatory cells and nI inhibi-
tory cells in total. Let the potentials (depolarizations) of the
excitatory cells be V E

j where j = 1, . . . ,nE and those of the

inhibitory cells be V I
i , where i = 1, . . . ,nI. Let sE and sI be

the corresponding time constants and let the connection
matrices from E to E, I to E, E to I and I to I have elements
aEE

kj , aIE
lj , aEI

ki and aII
li , respectively, where all these matrix ele-

ments, here assumed to be non-negative, are random vari-
ables whose probability distributions depend on the
distances between the various kinds of individual neurons,
dEE

kj , dIE
lj , dEI

ki and dII
li . The corresponding times for transmis-

sion of impulses are tEE
kj , tIE

lj , tEI
ki and tII

li . The spike trains of
the excitatory neurons are the point processes NE

j and those
of the inhibitory neurons are N I

i . External inputs are desig-
nated N E;ext

j and N I;ext
i , to E- and I-cells respectively with

corresponding EPSP and IPSP amplitudes �E;ext
j and �I;ext

i .
The equations describing the excitatory cells are

dV E
j ¼ �

V E
j

sE

dt þ �E;ext
j dNE;ext

j þ
XnE

k¼1

aEE
kj dNE

k ðt � tEE
kj Þ

�
XnI

l¼1

aIE
lj dN I

lðt � tIE
lj Þ; V E

j < hE

and the equations for the I-cells are

dV I
i ¼ �

V E
i

sI

dt þ �I;ext
I dN I;ext

i þ
XnE

k¼1

aEI
ki dN E

k ðt � tEl
ki Þ

�
XnI

l¼1

aII
li dN I

lðt � tII
li Þ; V I

i < hI;

where hE and hI are the thresholds of the two populations.
After a neuron’s depolarization reaches or exceeds thresh-
old, it is reset to resting level as it emits a spike to target
cells. A refractory period may ensue. Along with initial
conditions, the above stochastic equations completely de-
scribe the activity in the model cortical network. Now as
we wish to explore an analytical theory in a simple case
first, we restrict our attention to networks containing only
excitatory elements. Such networks may arise in the cortex
if inhibition is nullified, as for example by applying the
GABA-blocker bicuculline.
1.1.2. Networks of excitatory LIF neurons

Although, as described above, neuronal populations in
the cerebral cortex and other central nervous system struc-
tures invariably contain both excitatory neurons and inhib-
itory neurons, many theoretical studies have examined
networks composed of model neurons which only make
excitatory synaptic contact with each other or there may
be only inhibitory neurons (Brunel and Hakim, 1999; Bru-
nel and Hansel, 2006). We begin by considering a network
of purely excitatory elements. We are interested in deter-
mining in a systematic fashion the manner in which the
activity in such networks depends on various parameters.
In the case where the elements in the network are LIF neu-
rons, we may summarize the dynamical properties of the
model as follows:

(i) The number of neurons is n.
(ii) The connection strength from neuron j to neuron

k is
ajk; j ¼ 1; . . . ; n; k ¼ 1; . . . ; n:

Unless otherwise stated we put ajj = 0, j = 1, . . . ,n.
These quantities are dimensionless.
(iii) Neuron j has a threshold for firing of hj mV.
Unless otherwise stated all thresholds are the same,
hj = h.

(iv) Neuron j receives external input from a standard
Poisson process N ext

j with rate kj per second. Unless
otherwise stated all these rates are the same kj = kext.

(v) When neuron j receives an external excitatory input,
its membrane potential is depolarized by �ext

j mV.
Unless otherwise stated all these are the same,
�ext

j ¼ �ext.
(vi) When neuron j within the network fires, if it elicits an

EPSP in neuron k then it has magnitude �jk. Usually
we put �jk = �int.

(vii) The membrane potential (depolarization from resting
level, 0) at time t of neuron j is Vj(t).

(viii) The initial value of Vj(t) is uniformly randomly dis-
tributed on (0,hj) or is at resting level, 0.

(ix) If Vj(t) exceeds hj, neuron j fires an action potential at
its target neurons and its potential is reset to rest after
a refractory period of tR seconds. Usually we put
tR = 0.

(x) The time constant of decay of the membrane poten-
tial of neuron j is sj. Usually we put sj = s, the same
for all neurons.
2. Methods

2.1. Theory of firing rates

There are few analytical results available which describe the activity in
neural networks, but see, for example, Amit and Brunel (1997a,b), Brunel
(2000) and Brunel et al. (2001) for some of those previously described for
diffusion processes. We present a method for estimating the mean inters-
pike interval of neurons in the simple network described in the previous
paragraph. For such a network, we may write the following system of n

coupled equations:
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dV jðtÞ ¼ �
V jðtÞ

s
dt þ �extdN ext

j ðtÞ þ
Xn

k¼1

akj�kj dNkðt � tkjÞ;

j ¼ 1; 2; . . . ; n; ð1Þ

which applies when Vj is less than threshold h, assumed the same for all
neurons. Here tkj is the time delay for transmission from neuron k to neu-
ron j, but we set these delays at zero for the remainder of the article. The
term dNk gives rise to a delta function in the derivative of Vj at the spike
emission times of neuron k, so that the depolarization of neuron j jumps
by akj�jk at such times.

If they are identical physiologically, all the neurons in the network fire
at about the same mean rate because they all get versions of the same point
process input from the other n � 1 cells. Thus, the input frequency in a
network of identical neurons each of which receives (n � 1) inputs is
(n � 1) times the output frequency of each cell. Assuming that the com-
mon rate is k spikes per second, then each neuron acts like one whose
activity is described for subthreshold voltages by

dV ¼ � V
s

dt þ �ext dN extðtÞ þ �int dNðtÞ; ð2Þ

where N is a counting process, assumed to be approximately Poisson, with
rate parameter (n � 1)k, and �int is the EPSP amplitude within the net-
work. We have also assumed that ajk = 1 for j 5 k. We then have the fol-
lowing analytical result (Tuckwell, 1975). Here F(v) is the mean time for
the voltage to attain threshold h for an initial value V(0) = v, so that the
mean time to reach threshold from rest is given by F(0).

If 1
k is the mean time interval between spikes in a neuron of the network

described above, then it may be estimated by solving the differential-differ-
ence equation

� v
s

dF
dv
þ ðn� 1Þk½F ðvþ �intÞ � F ðvÞ� þ kext½F ðvþ �extÞ � F ðvÞ� ¼ �1; ð3Þ

for v < h, with boundary conditions F(v) = 0, v P 0 and F ð0þÞ ¼ 1
k.

One may also incorporate a refractory period in this approach. Solving
Eq. (3) enables one to estimate the rate of firing in the network, assuming
that there is not a great deal of synchrony or roughly simultaneous firing
of large groups of neurons. We will call a result obtained by this approach
a predicted one versus one from direct simulation of a network. Because it
is not straight forward to solve (3) using algebraic methods (Tuckwell,
1975) we find the solution by finding self-consistent rates from solutions
of (2). Simulation procedures are discussed briefly in the appendix.

3. Results

3.1. Sustained random firing

Many sets of parameters for purely excitatory networks
result in considerable synchronization as the population
breaks up into a few or many coordinated groups. These
patterns are very stable once formed. However, there are
also several sets of parameters for which the network shows
Table 1
Results and predictions for networks of various sizes

Network size, n �ext kext �int Network frequen

2 1.5 750 3.0 60.3
3 1.0 750 3.0 35.3
4 1.0 750 1.5 31.7
5 1.0 750 1.5 35.8

10 1.0 750 0.75 42.4
20 1.0 600 0.4 24.4
50 1.0 500 0.2 7.0

100 1.0 500 0.05 6.5
500 1.0 500 0.01 7.5

1000 1.0 500 0.0075 12.4
no signs of splitting into such groups and a sustained pat-
tern of random or ‘‘asynchronous’’ firing occurs, at least
over reasonably long time periods.

It is clear that as a rough guide, if a large degree of syn-
chrony is to be avoided the product n�int must be small rel-
ative to h, so that if a substantial subset of cells does fire at
about the same time, it will not induce a very large depolar-
ization in many other cells in the population. Such condi-
tions promote the dominance of the random external
Poisson input, for which we note that there is no threshold
frequency for firing. For example, the following parameter
values led to random firing in a network of n = 2 neurons:
h = 15 mV, s = 20 ms, kext = 750 Hz, �ext = 1.5 mV,
�int = 3.0 mV, ajk = 1, j 5 k and ajj = 0, Vj(0) = 0 for all
j, and tR = 0. The results of network simulation and theory
are shown for this example in the first row of Table 1. A
sequence of networks of increasing size was then investi-
gated by simulation and theory and the corresponding
results obtained are also shown in Table 1 sometimes with
different values of some of the parameters, as indicated in
columns 2–4.

In order to make the term ‘‘synchronous’’ more precise,
it is necessary to define synchronous firing in terms of mea-
surable quantities. Often the definition involves correlation
or coherence (Konig, 1994) or related quantities (Samonds
and Bonds, 2004), but here we pursue a simpler approach
and introduce the following quantities which are useful
when the population size is large enough (e.g. greater than
50). Let Sq be the percentage of the number of epochs of
the ‘‘experiment’’ when there was any firing at all, during
which a fraction greater than q of the population of neu-
rons participated in the firing. Thus, S5 = 10% means that
of the epochs when at least one neuron fired, then the frac-
tion of epochs during which more than 5% of the popula-
tion was firing was 0.1. Usually we examine the quantities
S5, S10, S15 and S20 to assess the degree of synchronization.
If all these quantities are zero (for large enough n) then the
firing will be called asynchronous. Note that from a plot of
number of neurons firing versus time period, if no more
than r% of the neurons ever fired simultaneously, it can
be deduced that Sr = 0.

An example of sustained asynchronous firing with 50
neurons is illustrated in Fig. 1. Here the synchronization
measure S4 = 0 as there were never more than two neurons
cy Predicted frequency Single neuron Disconn. net

59.5 47.6 47.2
36.5 20.3 22.2
33.3 20.3 20.7
36.4 20.3 20.7
42.0 20.3 20.9
24.4 9.5 10.5
8.4 3.3 3.8
6.4 3.3 4.6
7.6 3.3 4.6

11.3 3.3 4.5
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Fig. 1. Sustained random spiking in a fully connected network of n = 50
excitatory neurons with external Poisson input. The parameters are as
follows. h = 15 mV, s = 20 ms, kext = 500 per s, �ext = 1.0 mV,
�int = 0.15 mV, ajk = 1, j 5 k and ajj = 0, Vj(0) = 0 for all j, tR = 0. Time
step Dt = 0.00005 s.
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Fig. 2. Spike pattern in a network of 1400 neurons where the activity dies
away spontaneously – for parameters see text.
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Fig. 3. Spike count versus time for the data of Fig. 2.
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firing simultaneously. All the parameter values are given in
the caption of the figure. There is an initial period of set-
tling in, due to the fact that all the neurons were started
in the resting state. These initial data were chosen in order
to make a more rigorous comparison with the theoretical
predictions. The phenomena are however essentially the
same if the initial conditions were randomized. The spike
rates in the network simulations shown in Table 1 were cal-
culated after the settling in period.

However, it was observed, infrequently, that in some
cases an apparently stable random firing pattern was estab-
lished but that it subsequently died away completely,
despite the fact that the external Poisson input was still
switched on. This phenomenon, which was unusual,
occurred in a network of n = 1400 neurons with the follow-
ing parameter set: h = 15, s = 20 ms, kext = 520 Hz,
�ext = 0.6 mV, �int = 0.01 mV, ajk = 1, j 5 k and ajj = 0,
and tR = 0. In this case the initial potentials were randomly
distributed from resting value to threshold. The spike ras-
ter (reduced) is plotted in Fig. 2 and the corresponding
spike frequency plotted versus time period in Fig. 3. Evi-
dently the external input is not strong enough to induce fir-
ing when the rates across the network drop randomly to
almost zero. On the other hand, it was also observed, infre-
quently, that a long silent period preceded a building up to
firing activity across the network. This is illustrated in
Fig. 4, where in a network of 100 neurons, the whole net-
work was silent for about the first 900 epochs, followed
by synchronous firing across the population for a few peri-
ods, then almost complete silence for 700 periods, then
another few periods of synchronous firing. This pattern
repeated until about the 4000th period whereafter there
was rapid firing in synchronous groups of several neurons.
The parameter values for this trial are given in the figure
caption.
It can be seen in the above cases in Table 1 that the
agreement between the neuronal firing frequencies
obtained by simulation of the network and those predicted
from the analytical approach is in all cases very good and
in many cases excellent. There is also good agreement
between the single neuron frequencies, calculated by the
more accurate direct method (see appendix) and the fre-
quencies of the neurons in the network when the connec-
tions are removed. Note that in all the examples given in
Table 1 the network was firing randomly, without evidence
of synchronization. However, even when this was not the
case the analytical approach could still give accurate
results. For example, with a network of n = 1000 cells
and with the same parameters as in Table 1 except
�int = 0.01 mV, the neuron spiking rate in the simulated
network was 33.2 Hz whereas the predicted rate was
32.6 Hz, despite the fact that there was a considerable
degree of synchronous firing across the population.
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Fig. 5. The changes in mean output frequency of neurons in networks of
various sizes as the mean afferent frequency increases. The middle curve is
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Fig. 4. Periods of silence terminated by short periods of synchronous
firing in a network of 100 neurons, followed by rapid firing due to
synchronous groups of several neurons. Only the spikes of 50 neurons are
shown. The parameters are as follows: h = 15, s = 20 ms, kext = 500 Hz,
�ext = 1.0 mV, �int = 0.175 mV, ajk = 1, j 5 k and ajj = 0, Vj(0) = 0 for all
j, and tR = 0.Dt = 0.00005.
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3.2. Dependence on network size and external frequency

We investigated the dependence of network activity, as
measured by mean unit firing rate, on both the afferent fre-
quency, that is the mean rate of arrival of input from exter-
nal sources, and the size of the network. Recall that in this
section the network is fully connected.
3.2.1. Changes in afferent frequency
In order to see how overall network activity in an excit-

atory network depended on the afferent frequency kext, the
latter was systematically varied whilst all other parameters
were held fixed for networks of sizes n = 50 and n = 100. A
restricted range of kext was employed in order to keep a
fixed value of Dt = 0.000025 s. The parameter values are
given in the caption of Fig. 5. In addition, the single neuron
output frequencies were obtained by two methods: averag-
ing over 1000 trials using the solution of the stochastic Eq.
(2) without the synaptic input term from other neurons in
the network and the direct simulation method described in
the appendix. All single neuron parameters were held the
same as in the network simulations, results for the latter
being obtained by averaging over 40,000 time periods.
The results for the single neuron are shown in the lower
(blue)1 curve of Fig. 5 – this is often called the frequency
transfer characteristic for the (model) neuron. It should
be recalled here that a refractory period has not been
included. The dependence of mean output frequency on
mean afferent input frequency is almost linear for the two
network sizes considered. Indeed for the range of input fre-
1 For interpretation of color in Figs. 5 and 8, the reader is referred to the
web version of this article.
quencies kext from about 500 to 1200 Hz depicted in Fig. 5,
this is the case for networks of n = 50 and n = 100.
However, the curves at mean input frequencies between
350 and 500 Hz are apparently non-linear, as seen in
the right-hand portion of Fig. 5. The curve for n = 100
seems to rise more sharply than the other two curves for
kext P 450 Hz, although eventually all three curves are
almost linear. Note that these are for stochastic and not
deterministic inputs.
3.2.2. Changes in network size

In order to see how network size influenced mean unit
activity, the afferent (Poisson) frequencies were held at
the three values kext = 600, 800 and 1000 Hz whilst the net-
work size varied from n = 5 to n = 100. The remaining
parameter values were the same as in the above subsection
on variations in afferent frequency. The resulting mean unit
frequencies are shown in Fig. 6. Of interest is the fact that
when n is relatively small, the spiking activity is dominated
by the (independent) Poisson inputs to the individual cells.
This was apparent from the spike rasters which are not
shown. In fact for the parameters considered, the non-ran-
dom component of firing induced by simultaneous excita-
tion of other neurons is not appreciable until the network
size is greater than n = 50–75. It is at about these values
of n that the slopes of the curves of neuron mean spiking
frequency start to increase rather sharply due to substantial
intra-network contributions to the states of each neuron.
The values of n at which these changes occur will of course
depend, inter alia, on the internal EPSP amplitude �int.
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3.3. Dependence on internal EPSP size

It is of interest to consider the effects of changing the
magnitude of the cell-to-cell excitatory synaptic input in a
0 0.5 1

10

20

30

40

50
ε = 0.0

N
E

U
R

O
N

 N
U

M
B

E
R

0 0.5 1

10

20

30

40

50
ε = 0.09

TIME

N
E

U
R

O
N

 N
U

M
B

E
R

Fig. 7. The changes in the firing patterns in an excitatory network of n = 100
both external Poisson input and input from all the other neurons. The param
Dt = 0.00005 s, ajk = 1, j 5 k and ajj = 0, Vj(0) = 0 for all j and tR = 0.
network described by Eq. (1) when this quantity is the same
for any pair of pre- and post-synaptic cells; that is

�ij ¼ �int ¼ � > 0

for all i and j except i = j. We call � the internal EPSP
amplitude as opposed to �ext. When � is zero, or very small,
the activity in the network is dominated by the two param-
eters kext and �ext which when acting alone give rise to
purely random firing because each cell is receiving indepen-
dent random input from outside the network. This is dem-
onstrated in Fig. 7 in the top two frames, where the results
of simulations are shown for n = 100 cells. Here � = 0 (left)
and � = 0.05 (right). The random firing was maintained for
30,000 time steps of 0.00005 s. Much longer trials were per-
formed, up to five times as long, and there was no indica-
tion of any non-random firing pattern. In the bottom left
frame, where � = 0.09, there are vertical bands of simulta-
neously firing neurons, indicating that synchronization ef-
fects are becoming important but are not dominant. In
the remaining frame the internal EPSP is � = 0.15 mV
and it can be seen that the firing pattern is dominated by
vertical bands of simultaneously firing neurons.

To examine the effect of � on the occurrence of various
firing patterns, twenty trials were performed as described
in the previous paragraph with various values of � while
all other parameters were held fixed at values as follows:
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neurons as the network EPSP � amplitude changes. Each neuron receives
eters are as follows: h = 15 mV, s = 20 ms, �ext = 1.0 mV, kext = 500 Hz,
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Table 2
Results and predictions for networks with n = 100

Internal EPSP size,
�int

Simulated network
frequency

Predicted
frequency

0.05 6.3 6.2
0.07 8.0 6.6
0.09 12.7 11.9
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h = 15 mV, s = 20 ms, �ext = 1.0 mV, kext = 500 Hz,
Dt = 0.000025 s, �int = 0.1 mV, ajk = 1, j 5 k and ajj = 0,
Vj(0) uniformly distributed on (0,h) for all j and tR = 0.
In Fig. 8 we show plots of the synchronization measures
S5, S10, S15 and S20 versus the internal EPSP amplitude.
It can be seen that for � < 0.08, there is asynchronous firing
and there seems to be a value, �c � 0.08, above which some
synchronization starts to occur. As � increases beyond �c,
S5 increases slowly until � is about 0.15, whereupon it sud-
denly increases rapidly to eventually reach 100% at
� = 0.19. The quantity S10 behaves similarly, but it under-
goes a rapid increase at the slightly higher value
� = 0.165. S15 stays at values less than 5% until � is about
0.175 and then suddenly increases. S20 remains at very
small values until � > 0.18.

Although the amount of synchronization changes con-
tinuously for values of � > �c, there does seem to be an
abrupt change in the network firing pattern when � reaches
about 0.16. However, such behaviour may arise for the par-
ticular set of parameters chosen and not be found in gen-
eral. This issue will be studied in future work. We point
out that the analytical approach to estimating neuronal fir-
ing rates in the network may perform reasonably well even
when there is a small amount of synchronization. This
claim is supported by the results in Table 2. Here the
remaining parameters are as in the simulations in Fig. 7.
3.4. Sparsely connected excitatory networks

Networks in which all elements connect to each other
are not without interest, but cortical networks have far less
than all-to-all connectivity (Amit and Brunel, 1997b). One
way to reduce the connectivity is not to make all non-diag-
onal elements of the connection matrix equal to unity but
to put ajk = 1 with probability p where 0 < p < 1 when
j 5 k and ajk = 0 otherwise. The analytical method out-
lined above may still be applied if one uses (n � 1)p to
replace n � 1 in the differential-difference equation (3) for
the mean network firing rate. The firing behaviour was
found to undergo an abrupt change as p increased through
a critical value. Several trials were performed with the a
network of n = 500 using the same parameters as for the
previous subsection. With p = 0.09 random firing occurred
with probability one and a mean rate of 6.8 Hz, but when
p = 0.10 the activity was sometimes random but at others
strongly synchronized at very high rates.

3.5. An excitatory feed-forward network

Instead of a network where each neuron receives synap-
tic potentials from a certain number, nEE, of other cells, we
here consider a network similar to that employed by Van
Rossum et al. (2002). The network consists of an input
layer of cells which are driven by external sources. Each cell
of the input layer connects to a certain number of layer 2
cells. Layer 2 cells in turn connect to a certain number of
layer 3 cells and so on. The number of cells is assumed to
be m in each layer and all cells are assumed to have the
same time constants s and thresholds h. Each input layer
cell receives excitation at rate kext with an EPSP amplitude
of �ext. All synapses to internal layer cells involve EPSP’s of
magnitude �.

We will only consider the first layer beyond the input
layer, as the same techniques are readily extended to multi-
ple internal layers. Using LIF models for all neurons, we
then have for the input layer cells

dUj

dt
¼ �Uj

s
þ �ext

dN ext
j

dt
; j ¼ 1; . . . ;m;

where N ext
j describes the afferent impulses to the jth cell and

has rate kext. Letting the depolarization of the kth layer 2
cell be Vk we have

dV k

dk
¼ � V k

s
þ �
Xm

j¼1

ajk
dNj

dt
; k ¼ 1; . . . ;m;

where Nj describes the output train of spikes from the jth
input layer cell and ajk gives the strength of the connection
from the latter to the kth layer 2 cell. All input layer cells
fire at the same mean rate k and assuming there are (any)
nEE input layer cells connecting with each layer 2 cell, then
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the latter fire at rate k2 which is obtained, assuming cells
are initially at rest, as k2 ¼ 1

F ð0Þ where F satisfies

� x
s

dF
dx
þ nEEk½F ðxþ �Þ � F ðxÞ� ¼ �1; x < h

with the boundary condition F(x) = 0, x P h.
An example of spike activity in a simulation of the feed-

forward network is shown in Fig. 9. The parameters are as
follows: m = 100 (total of 200 neurons), nEE = 60,
h = 15 mV, s = 0.020 s, kext = 500 Hz, �ext = 1.25 mV,
� = 1.0 mV with a timestep of 0.00005 s. We may solve
the differential-difference equation for the rate of firing in
the second layer, given the rate of spiking in the first layer.
Proceeding to do this by solution of the equivalent stochas-
tic differential equation gave a predicted mean layer 2 firing
rate of 44.7 Hz per neuron, which compares favourably
with the layer 2 network rate of 47.0 Hz per neuron. Note
that in this case the distribution of interspike intervals in
input layer cells was close to exponential, rendering a Pois-
son process assumption approximately valid.
3.6. A network with excitation and inhibition

Suppose there are nE excitatory (type E) and nI inhibi-
tory (type I) cells, whose membrane potentials in the
absence of synaptic activation satisfy _V E ¼ fEðV EÞ and
_V I ¼ fIðV IÞ, respectively. (For the leaky integrate-and-fire
model, usually fE(VE) = �VE/sE where sE is the membrane
time constant; similarly for inhibitory cells.) The postsyn-
aptic potential amplitudes are the (non-negative) quantities
aEE, aIE, aEI and aII, where the first subscript refers to the
presynaptic cell type and the second to the postsynaptic cell
type. The corresponding numbers of connections for indi-
vidual cells are nEE, nIE, nEI and nII, respectively. Thus each
E-cell receives a total of nEE + nIE synaptic inputs and an
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Fig. 9. Spiking activity in the input layer (top) and layer 2 of a feed-
forward network with 100 neurons in each layer. For parameter values see
text.
external input according to the point process N ext
E whose

rate is kext
E and each I-cell receives nEI + nII such inputs

and an external input according to the point process N ext
I

whose rate is kext
I . Since each E-cell has effectively the same

input, its membrane potential satisfies

dV E ¼ fEðV EÞdt þ aEE dNEEðnEEkE; tÞ
� aIE dN IEðnIEkI; tÞ þ �ext

E dN ext
E :

For each I-cell,

dV I ¼ fIðV IÞdt þ aEI dNEIðnEIkE; tÞ
� aII dN IIðnIIkI; tÞ þ �ext

I dN ext
I :

Here NEE, NIE are the pooled excitatory and inhibitory in-
put point processes for E-cells and NEI, NII are the corre-
sponding processes for the I-cells. Letting the thresholds
of the two kinds of cell be hE and hI, we then have the fol-
lowing result, where now refractory periods are included.

If 1
kE
þ tR;E is the mean time interval between spikes in an

E-cell and 1
kI
þ tR;I is the mean time interval between spikes

in an I-cell of the network, then these quantities may be
estimated by solving the simultaneous differential-differ-
ence equations

fEðvÞ
dF E

dv
þ nEEKEF Eðvþ aEEÞ þ nIEKIF Eðv� aIEÞ

þ kext
E F ðvþ �ext

E Þ � ðnEEKE þ nIEKI þ kext
E ÞF EðvÞ

¼ �1; v < hE;

fIðvÞ
dF I

dv
þ nEIKEF Iðvþ aEIÞ þ nIIKIF Eðv� aIIÞ

þ kext
I F ðv� �ext

I Þ � ðnEIKE þ nIIKI þ kext
I ÞF IðvÞ

¼ �1; v < hI;

with boundary conditions FE(v) = 0, v P hE, FI(V) = 0,
v P hI and F Eð0Þ ¼ 1

kE
, F Ið0Þ ¼ 1

kI
. Here we have put

KE ¼ 1 1
kE
þ tR;E

� �.
and KI ¼ 1 1

kI
þ tR;I

� �.
, where tR,E

and tR,I are the refractory periods of the excitatory and
inhibitory cells respectively. In general in the search for
such solutions numerically one may insist that FE and FI

vanish for v < vE < 0 and v < vI < 0, respectively, and then
let vE and vI!�1 to ensure that the thresholds for action
potentials are attained. The equations for FE and FI are dif-
ficult to solve exactly but may be solved numerically or
more easily via simulation of the corresponding stochastic
differential equations.

3.7. A numerical example

To illustrate that the analytical approach may provide
reasonable estimates of network rates when there are inhib-
itory as well as excitatory elements, we considered a net-
work of 20 excitatory cells and 5 inhibitory cells with the
following parameters: nEE = 20, nEI = 2, nIE = 2, nII = 0,
time constants all s = .020 s, thresholds all h = 15 mV,
PSP amplitudes in mV, aEE = 0.4, aEI = 0.25, aIE = �0.25
and aII = 0. Refractory periods were ignored as the cells
fired slowly. The time step in the network simulation was
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Dt = 0.00005 s. An example of the spike trains obtained is
shown in Fig. 10. For 20 such simulations the average spike
frequency for the excitatory cells was fE = 22.4 Hz and that
for inhibitory cells was fI = 13.6 Hz. These rates compare
favourably with those obtained by the analytical method
(solving the differential-difference equations by simulation
techniques) being fE = 24.9 Hz and fI = 12.2 Hz. However,
other sets of parameters did not lead to such good agree-
ment. This aspect will be addressed in a later publication.
4. Discussion

The cerebral cortex and other brain structures are com-
posed of layers of neurons (and glia) containing distinct
kinds of spiny and non-spiny cells. Inputs to both E- and
I-cells may have their origins in remote or local cortical
areas. We have considered a rudimentary model which
could capture a reasonable amount of the biology of real
cortex. We focussed attention mainly on networks of excit-
atory neurons. One objective was to see if an analytical
method for estimating firing rates in networks of LIF neu-
ron was accurate when a diffusion approximation is not
employed. The totally connected E-network represents
the most difficult case to test this approach because there
is often a large tendency for such a network to become
dominated by synchronously firing groups of neurons.
Nevertheless we obtained random sustained firing in such
networks with fairly diverse sets of parameter values. When
such firing patterns did exist, the analytical approach was
often able to predict average neuronal firing rates with con-
siderable accuracy. This was also the case for a simple
excitatory feed-forward network and a network composed
of excitatory and inhibitory elements.

We also considered several properties of E–E networks,
many of which had previously been explored in similar net-
works (Amit and Brunel, 1997b; Brunel, 2000). Several
kinds of firing pattern were distinguished, including those
with silences before and after a period of intense activity.
We examined whether firing was synchronous for a given
parameter set and investigated how the amount of synchro-
nization depended on the internal EPSP magnitude. The
latter was found to have a critical value �c, such that for
values of � < �c, random firing occurred with probability
one. We found that as � increased beyond �c, the amount
of synchronization at first slowly increased and then sud-
denly rose to large values. We also found network fre-
quency transfer characteristics for various network sizes
and found a linear dependence on external afferent fre-
quency over wide ranges of mean input frequency, with
non-linear effects at some lower frequencies. In later arti-
cles we will explore more complicated models of cortical
networks as described in Section 2.
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Appendix. Poisson inputs and single neuron frequencies

As there are Poisson afferent inputs in the above model,
in order to simulate the activity in the above network, and
also to simulate single neuron activity, it is required to
obtain accurate sequences of event times in Poisson pro-
cesses. It is found that if the sequences are not accurate then
the network results can be very misleading. There are two
ways to generate such sequences, both of which utilize ran-
dom variables with a uniform distribution on the unit inter-
val – designated as U(0, 1) random variables. Let us assume
that the frequency of events is k. In the first method, which
we call the direct method, the probability integral transfor-
mation (Tuckwell, 1995) is used whereby if Uk, k = 1,2,. . .,
is a sequence of U(0, 1) random variables which are inde-
pendent, then X k ¼ � 1

k logð1� U kÞ; k ¼ 1; 2; . . ., is a
sequence of random variables which are exponentially dis-
tributed with means 1

k. This implies that the sequence
T n ¼

Pn
k¼1X k; n ¼ 1; 2; . . . is a sequence of event times in

a Poisson process of rate k. With this method there is little
room for error. In the second method, we use the fact that in
a Poisson process, the probability of an event in a small time
interval (t, t + Dt] is close to kDt, Thus, if a generated U(0,1)
variable is less than kDt, an event is assumed to have
occurred, and no event otherwise. We used both methods
to determine the firing frequency of an LIF neuron in a case
where an exact result is available (Tuckwell, 1975). Here the
stochastic equation is

dV ¼ � V
s

dt þ �dNðk; tÞ;

so that EPSPs of amplitude � arrive with rate k, An input
frequency of 1 per time constant and an EPSP amplitude
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one half of the threshold, gives an expected time for the
depolarization to reach firing threshold from rest of

E½T � ¼ 2þ 1

1� ln 2
:

A comparison of the results obtained by the two meth-
ods described above is shown in the following table:

Comparison of simulation methods
Method of solution
 E[T]
Exact analytic result
 5.259

Direct method
 5.26

Second method, Dt = 0.001
 5.35

Second method, Dt = 0.0005
 5.30
It can be seen in this example that the direct method is
the most accurate, as is expected as there is no approxima-
tion involved. The second method is more convenient but
can be inaccurate unless a suitably small step size is used.
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