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Abstract-we consider multidimensional systems of coupled nonlinear stochastic differential 
equations suitable for the study of the dynamics of collections of interacting noisy spiking neu- 
rons. Assumptions based on the smallness of third and higher central order moments of membrane 

potentials and recovery variables are used to derive a system of ordinary differential equations for 

the approximate means, variances, and covariances. We show the usefulness of such a derivation for 

different cases of model neurons under the action of white noise currents. @ 2000 Elsevier Science 

Ltd. All rights reserved. 
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1. INTRODUCTION 

Stochastic models of neural activity are considered here at the single and network level. We 
are mainly concerned with biological neurons for which state variables are governed by systems 
of nonlinear stochastic systems of the diffusive type. Examples are those in [l-4], or reduced 
systems such as those in [5-71 under the action of white noise perturbations. 

A general form for such dynamical models of stochastic neuronal networks or single neurons 
leads to the following system of pN coupled nonlinear stochastic differential equations (N neu- 
rons): 

(2) 

HereXj,Yj, j = 1,2 ,..., N are, respectively, voltage and (p- 1)-dimensional subsidiary variables 

including possible recovery variables, Jjk are synaptic weights for the connection from neuron Ic to 

0895-7177/00/g - see front matter @ 2000 Elsevier Science Ltd. All rights reserved. Typeset by &#‘I& 
PII: SO8957177(00)00036-4 



176 R. RODRIGUEZ AND H. C. TUCKWELL 

neuron j, and Q( . ) is a threshold function, often taken as sigmoidal in shape. Ij, j = 1,2,. . . , N 

are applied currents for neuron j and &(t), j = 1,2,. . . , N are noise parameters. 

The functions 4(. , .) and $I(. , .) may take different forms according to the individual neuronal 

properties depending on particular nonlinear conductance dynamics and the kinetics of ionic 

currents. 

The transition probability density function could be obtained, at least numerically by solving 

the Fokker Planck Equation for these diffusion processes. This may present a very large compu- 

tational task in the case of a great number of connected cells. Other methods for noisy systems in 

other contexts include Monte Carlo [8] or moment calculations [9]. We present here an approach 

of this latter type suitable for describing the statistical properties of stochastic processes occur- 

ring in neurodynamics. There also have been direct analytical approaches to problems involving 

networks of integrate and fire [lo] and spiking model neurons with synaptic stochastic inputs [ll]. 

2. THE GENERAL CASE AND THE MAIN RESULT 

Actually, for our purpose, it is possible to consider a general system of multidimensional diffu- 

sion processes. Applications to neural systems will then be developed. 

Let X = {X(t), t 2 0) = {(Xr(t),Xz(t), . . . ,Xn(t)), t > 0}, with n 2 1 be an n-dimensional 

random process with components satisfying the stochastic differential equations 

where j = 1,2,..., n and m 2 1. The wk = { Wk(t), t 2 0}, k = 1,2,. . . , m, are standard 

Wiener processes (that is, each of then has zero mean, initial value is zero with probability one, 

and variance equal to t at time t) which we assume to be independent. Conditions for existence 

and uniqueness of solutions are assumed to hold [12]. 

Define the n means for the various components, xj(t), where j = 1,. . . , n, and the n2 covari- 

ancesCij(t)wherei,j=l,..., n. 

Let us assume that the distribution function of X(t) is concentrated near the mean point x(t) = 

pG(t),~2(t), -. -, xn(t)) (that is, Pr{]X(t) - w(t)] < E}, f or some (usually small) positive c, 

is close to 1) and is symmetric around this point. We may find, with the help of numerical 

integration, some conditions under which these assumptions are valid. Third- and higher-order 

odd central moments are in this case, close to zero, fourth- and higher-order even moments are 

small relatively to the second moment. 

This enables us to derive the following system of (1/2)n(n + 3) nonlinear ordinary differential 

equations for the approximate means m(t) = (ml(t), m2 (t), . . . , m,(t) and covariances Cij = 

Cij(t) where i,j = 1,. . . , n (see [13]) 

Cl,. 

(wt) 

(4) 

At this stage, we remark that if all n stochastic equations (3) are linear, the above approximation 

procedure gives known exact results (see [14] for moment equations in this case). 
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We will now apply the above framework to determine the means and second-order central 

moments of a four-component neuron model with additive white noise in the first component. 

3. STATISTICAL PROPERTIES OF A STOCHASTIC 

HODGKIN-HUXLEY NEURON MODEL 

We consider the Hodgkin-Huxley System which exhibits the known properties of biological 

neuron including subthreshold responses, solitary waves [action potentials or spikes) in response 

to suitable stimuli as well as repetitive activity (periodic solutions) in certain ranges of stimuli. In 

the case of an input current perturbed by noise, the system, as described by equations (1) and (2)) 

is four-dimensional where X is the membrane potential variable and Y is a three-dimensional 

vector containing the sodium and potassium conductances. One has, with 

x = (7% h,n), 

$(X9:) = $ [( - X)&% + (UK - X&n4 + (UNa - X)g,m3h] , 
(6) 

UL 

II, = (d’l,@2,+3) with 

$%(X7 K) = %(X)(1 - yi> - PWY,, i = 1,2,3. (7) 

The nonlinear functions {ai( and {pi(X)} have the following 

m(X) = 
(2.5 - 0.1X) 
e2.5-o.1x _ 1 ’ PI(X) = 4e-X’18, 

&(X) = (e3-0.1x + 1)-l, Q3(X) = 
O.Ol(lO - X) 
el-o.lx _ 1 ’ 

while C, Z/L, UK, VN~, gL, gK, and x are constants (see [I ,6]). 

forms: 

~2 = 0.07e-X’20, 

ps(X) = 0.125e-X’80, 

(3) 

(9) 

The dynamical system which can be obtained from the general formulation (4),(5) has dimen- 

sion 14 consisting of four means, x, m, 5, ?Z, four variances, Sx, S,, Sh, S, and six covariances, 

CX,, CXh, CXn, ‘%h, cm, Chn. 

We have considered input synaptic currents consisting of sequences of pulses which are gener- 

ated in a random way, with a random amplitude. For any given choice of this sequence, an extra 

white noise term is applied with amplitude j3. The means and variances are obtained by numer- 

ical integration of the stochastic system, using a standard Euler method, and a given number of 

trials (here 200 trials were used, p = 0.1 and the maximum current is 20nA). This scheme is 

called simulation. Then, these values are compared to the solution of the approximate dynamical 

system. The time step was St = 0.01 ms and calculations have been done in double precision. 

As we can show in Figure 1, means obtained by simulation and solution of the differential 

system coincide almost exactly. The agreement is rather good for the variance of the potential. 

The input current is also shown, In Figure 2, the variance of the potential calculated by the two 

methods is shown in a region where there is no spike. 

When ,!? is increased, there exists an upper value of this parameter above which the moment 

method yields solution which become unstable. For example, with the same current as above, 

this upper value is 0 = 0.3 and the solution is unstable after around 50ms. When /3 is taken 

between 0.1 and 0.3, it remains a good agreement for the means. However, the variances which 

are calculated around instants where there is a spike emission are over-estimated by the moment 

method while they are well estimated when the membrane potential remains under-threshold. 

When a sustained mean current of constant amplitude is applied, the agreement between the 

moment method and simulation is not as good as was the case when the current was a series of 

pulses. For example, in order to compare with the above results, we have considered the case of a 
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Figure 1. Showing the mean and the variance of the potential for a synaptic current 
plus noise, /3 = 0.1. The mean time course of the current is shown at the bottom 
of the figure. The means obtained by simulation and by solving the differential 
system are practically indistinguishable. We also show the variance of the potential 
calculated by the two methods 
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Figure 2. Variance of the potential for the same value of fl and the same current 
as in Figure 1, in a region where the input current does not produce spike emission. 
Continuous line: variance obtained by solving the differential system. Dashed line: 
variance determined by simulation. 

constant current of 1OnA which is perturbed by white noise with amplitude p = 0.1. Repetitive 

pulse solutions are obtained and, as is shown in Figure 3, the means and variances which are 

obtained by the two methods exhibit some differences which may be important and which may 

be lowered if one takes much smaller values of ,6 (of the order of 0.005). 

Similar results were obtained for the Fitzhugh-Nagumo System (see [15]). 

4. ESTIMATES OF FIRING ACTIVITY IN A NETWORK 

When the general system (4),(5) is considered for a network of n cells, it is possible to get 
estimates on firing probabilities in terms of its solutions. In the case of two-dimensional reduction 
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Figure 3. Showing a typical case where the moment method gives different results 

from those obtained directly from simulation. A constant mean current of 1OnA is 
applied to the model neuron and is perturbed by a white noise, p = 0.1. 

as in Fitzhugh-Nagumo case (see also [15]), it is useful to rename the 2n dynamical variables as 

Uj=Xj,Uj+n=Yj,j=l,..., n, so that the system may be written 

dUj = 
[ 
4(Uj, Uj+n) + Ij(t) + 2 Jjk@(Uk) 

k=l 1 dt + pj dWj, 00) 
dUj+, = h(Uj, Uj+n) dt, j= 1,2 ,..., 12. (11) 

Then, it follows from (4),(5) that the following differential equations hold for the approximate 

means of the voltage and recovery variables of the n neurons: 

f!+q 
%ymj+n) +Ij(t) +eJjke(mk) + f QZzz(mj,mj+n)Sj 

k=l 

+2&/(mjY mj+n)Cj,j+n + &a,(mj, mj+n)Sj+n + 2 Jjk@"(mk)Skr 

k=l 1 
and 

dmj+n 
dt 

= h(mj, mj+n) + 5 l[h(mj, mj+n)Sj 

(124 

(12b) 
+2hdmjymj+nF’j,j+n + hyy(mj,mj+n)Sj+nr], j = 1,2 ,..., 72. 

We can also find the equations satisfied by the second-order moments for each network neuronal 
variable. We have, for 1 5 j 5 i 5 n, 

2 (Mm, mi+,) + &(mj, mj+n)) Gj 

+&Cm, mi+n)G+n,j + &(mj, mj+n)G,j+n + Pf + Pj. 
When n + 1 5 i 5 2n, 1 5 j 5 n, we find 

dCn+pf 
dt = Pz(mj,mn+j) + hdmqmn+,)l Cn+q,j + &(mj, mn+j)G+,,n+j 

(134 

+&Cm,, m,+,)Cqj + 2 @‘(mk)JkkCn-q,ky 

k=l 

Wb) 
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whereas when n 5 j < i 5 2n, the covariances are 

where q and T range from 1, . . . , n. 

The following differential equations for the variances are obtained: 

% = ‘2 [4%&i, W+nPi + ~,h, m+nPz,i+n + #] , i = l,...,n, (14a) 

and 

dSn+, q= l,...,n. (14b) 

The more important statistical properties of the network may be obtained when the random 

disturbances are not very large and any deterministic stimuli are fairly small and intermittent. 

The numerical solution of these equations, even for considerably large n, does not present major 

problems with modern computers. Now, under the assumption that the 2n network dynami- 

cal variables are jointly Gaussian distributed, which is expected to be approximately true for 

small {&}, the complete probability distribution of network variables can be obtained in terms 

of means, variances and covariances obtained as solutions of system (12),(14). Thus, if Pk(t; Ok) 

is the probability that neuron k is firing at time t in the sense that its voltage is above some 

threshold value Ok, whatever the values of recovery and potential variables of other cells, we can 

deduce the estimate Pk(t; 19) = 1 - $J ((mk(t) - Ok)/@?@, where T+!J( . ) is the standard normal 

distribution, mk(t) and Sk(t) are the mean and variance of voltage variable. 

REFERENCES 

1. A.L. Hodgkin and A.F. Huxley, A quantitative description of membrane current and its application to 
conduction and excitation in nerve, J. PhysicI. 117, 500-544 (1952). 

2. D. Hansel, G. Mato and C. Meunier, Phase dynamics for weakly coupled Hodgkin-Huxley neurons, Euro- 
physics Lett. 23, 367-372 (1993). 

3. D. Hansel, G. Mato and C. Meunier, Synchrony in excitatory neural networks, Neural Comp. 7, 307-337 

(1995). 
4. Y. Horikawa, Spike propagation during the refractory period in the stochastic Hodgkin-Huxley model, Biol. 

Cybern. 67, 253-258 (1992). 
5. WC. Troy, Bifurcation phenomena in Fitzhugh’s nerve conduction equations, J. Math. Anal. Appl., 54, 

678-690 (1976). 
6. H. C. Tuckwell, Stochastic Processes in the Neurosciences, SIAM, Philadelphia, PA, (1989). 
7. H.C. Tuckwell, On the randomly perturbed reduced Fitzhugh-Nagumo equation, Physica Scripta 46481-484 

(1992). 
8. V. Loreto, G. Paladin and A. Vulpiani, Concept of complexity in random dynamical systems, Phys. Rev. E 

63, 2087 (1996). 
9. H.K. Leung, Metaetable states in a nonlinear stochastic model, Phys. Rev. A 30, 2609 (1984). 

10. P. Blanchard, P. Combe, H. Nencka and R. Rodriguez, Stochastic dynamical effects of neuronal activity, 
J. Math. Biol. 31, 189-198 (1993). 

11. R. Rodriguez, Coupled Hodgkin Husley neurons with stochastic synaptic inputs, In Modern Group Theo- 
retical Methods in Physics, pp. 233-242, Kluwer, Amsterdam, (1995). 

12. 1.1. Gihman and A.V. Skorohod, Stochastic Differential Equations, Springer-Verlag, Berlin, (1972). 
13. R. Rodriguez and H.C. Tuckwel, Statistical properties of nonlinear dynamical models of single neurons and 

neural networks, Phys. Rev. E 54, 5585-5590 (1996). 
14. L. Arnold, Stochastic Differential Equations: Theory and Applications, Wiley, New York, (1974). 
15. H.C. Tuckwell and R. Rodriguez, Analytical and simulation results for stochastic Fitahugh Nagumo neurons 

and neural networks, Journal of Computational Neuroscience 5, 91-113 (1998). 


