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Abstract—Many phenomena of interest in biology can be modeled using diffusion processes
satisfying a stochastic differential equation. We consider first the stochastic differential equation dX
= u Xdt + o X dW, where W is a standard Wiener process and representing a population growth
process. This is simulated using both a strong Euler scheme involving normal pseudorandom
numbers and a weak Euler scheme using Bernoulli pseudorandom numbers. Results are given for
the mean of X(1) and its 95% confidence intervals for various numbers of simulations. It is found
that there are no significant differences between the results obtained by these two schemes at a
particular value of the time step, but that the weak scheme takes less computer time than the strong
scheme. We also consider the process satisfying dX=(—yX + y(1 —X)dr + VX(1 - X)dW,
representing a gene frequency under the influence of random mating and mutation. It is similarly
found that the results of simulation by the two schemes are not significantly different. It is
concluded that in simulations of many biological diffusion processes it is often advantageous to
employ a scheme involving Bernoulli rather than Gaussian random variates not only because it
involves fewer machine arithmetic operations but also because problems with large jumps that
sometimes occur with extreme values of normal variates are less likely, thus enabling one to
employ a larger time step with a concomitant saving in machine time. © 1997 Elsevier Science
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INTRODUCTION

The study of the effects of chance elements in biological systems has a considerable
literature. Some of the first such works involving random processes of the diffusion type
arose in population genetics— see Kimura [1], Crow and Kimura [2] and Roughgarden [3]
for reviews. In that field of research attention was mainly focused on the fixation of various
genes under the influences of random mating, selection (both deterministic and random),
migration and mutation. Not long afterwards a great deal of interest arose in random effects
in the processes of population growth themselves. An early study in this area was that of
Lewontin and Cohen [4], who studied Malthusian growth in a random environment. May
[5] considered stochastic effects in logistic growth and a general class of growth processes
satisfying a stochastic differential equation was analyzed by Tuckwell [6].

In neurophysiology, Gerstein and Mandelbrot 7] introduced a Wiener process model as
an approximation for nerve membrane potential. Among the statistical properties sought
was the time at which the potential first reached a threshold value. More realistic diffusion
process models were introduced later, including the Ornstein—Uhlenbeck process [8,9] and
a process which incorporated the synaptic reversal potentials [10,11].

In most of the work mentioned above, the random process of interest is one-dimensional
diffusion process. If X = { X(r),# =0 } is such a process, then it satisfies an (Ito) stochastic
differential equation of the form,

dX=a(X,ndt+ BX,DHdW, o))
where a and B are given functions and where W= { W(z), r=0 } is a standard Wiener process
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with mean zero and Var(W(r))=1. To analyze simple diffusion processes such as the Wiener
process with drift it has proven expeditious to proceed with analytical methods, based on
the forward and backward Kolmogorov equations. However, in many cases the analytical
method is not useful and must be replaced by numerical methods. The latter include
numerical methods for solving the associated ordinary or partial differential equations and
the subject of this paper, simulation. Both of these kinds of numerical approaches are
useful, but simulation enables one to work directly with the process of interest and thus
gives rise to insights into its physical nature and evolution. In particular, in the study of
linear stochastic partial differential equations, where solutions are composed of infinite
sums of one-dimensional diffusions [12,13], simulation seems to provide an efficient
method of analysis of properties which would be extremely difficult to obtain otherwise.

SIMULATION METHODS

A diffusion process which satisfies the (Ito) stochastic differential equation (1) can be
simulated by a variety of methods. Several such methods are outlined and analyzed in
[14,15]. In the theory of such methods a primary distinction is made between strong and
weak schemes of “numerical solution” and we will briefly describe this.

Let Y, be a numerically generated approximation to the process X when the time step for
the approximation procedure is constant at Az. Suppose that the process is simulated from
t=0to t=T and let ndr = T. Let ¥, be the approximation to X(k4 1), k=0,1,...,n. Then the
approximating sequence Y, is said to converge in the strong sense if

E|X(T) =Y ,1=0, @

as At — 0. This definition implies that when 4r is small enough, the expectation of the
absolute value of the difference between X and Y ,, at the end-time of the simulation is small
so that the paths of X and Y are not very disparate. Hence Y, is said to provide a good
pathwise approximation to X. In a weakly convergent scheme, the criterion (2) is replaced
by one involving closeness of expectations,

| E(g(X(T)) — Eg((Y4,,,)) | =0, 3

where g is from a class of suitable real-valued test functions which might include, for
example, polynomials [14]. As a straightforward example, if g(x) = x™, where m is a
positive integer, then (3) states that the mth moment of X is well-approximated at t=T by
that of ¥, For simplicity we will restrict ourselves to the Euler schemes of approximation
for Ito differential equations of the form of (1). Let

t=kAt. @

A commonly employed procedure for generating an approximation Y, is (dropping the
subscript At for convenience) via the recursive equation

Y= Yk—-l+a(Yk-l’tk—I)At+B(Yk—l’tk—l)Nk\/Zt9 (5)

where { Nk=1,2,..} is a sequence of (simulated) independent, identically-distributed
standard normal random variables with E(¥,)=0 and Var(N,) =1. Here the {N,} are actually
pseudorandom variables which can be obtained from a library program. The latter may use
a linear congruential method to generate uniformly distributed variables which are
transformed to normal variates by using the Box—Mueller formula. However, as pointed out
by the Kloeden and Platen [14], it may be more computationally efficient to use the Polar—
Marsaglia method. The simulation scheme (5) has been shown to be a strongly convergent
scheme—it is called a strong Euler scheme. This method of simulation has been employed
frequently to analyse biological diffusion processes. It was recently used by Lansky and
L4nsk4 [16] in their study of first passage times.

We may replace the sequence of normal random variables in (5) with a sequence of
Bernoulli random variables with the same means and variances. Let {B,,k=1,2,..} be such
a sequence of independent and identically-distributed Bernoulli random variables. Then we

put
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Y=Y, i +a(Y_ it )At+ (Y, 5 )BV At (6)

The {B,} are obtained from a (library) generator of uniform (0,1) random variables, {U, }.
One puts

) i <3
S Ei ®
and clearly
E(BY=0, (®)
Var(B)=1, &)

s0 B, VAt has the correct variance Az. The simulation scheme (6) using Bernoulli rather
than normal random variables is called a weak Euler scheme—it converges in the sense of
the definition (3) above. We will compare results for strong and weak schemes in the
following section.

RESULTSAND DISCUSSION

We decided to compare the above two Euler simulation schemes for two random
processes of interest in biology. The first concerns random population growth and the
second fluctuations of gene frequency under random mating and mutation.

A stochastic growth process

We consider the random Malthusian growth process described by the Ito stochastic
differential equation »

dX=uXdt+aXdw, (10)
where u and o >0 are real numbers. The solution

X(O)=X(0)+u [y X(s)ds + o J; X(s)dW(s), (1)

is a process whose transition probability density is known exactly [17]:

2
ﬁmf ~(u- fz-)t)
0
7t = - 3 b4 -

Pt x) Y, pr exp 5o xt>0 (12)

For this process are also known exactly the mean at time ¢,
M(1)=EX(t) | X(0)=x0)=xee*, (13)
and the variance at time ¢,
V(9)=Var(X(1) | X(0)=xp)=x3e (e ™" — 1), (14)

and the corresponding standard deviation S(z)="V V(f). The process defined by (10) also
provides a model for a fluctuating stock price [18]. We simulated the process X, setting both
the mean and variance parameters to unity; that is =1 and o=1. The time interval was
chosen to be [0,1] and the initial value was set at x,=1.

We examined several statistical properties of the random variable X(1), and in the work
reported here, set the time step 4¢ =0.001, with all programs written in double precision.
The computations were performed on a SUN SPARC SLC workstation. The exact values
of the mean and standard deviation of X(1) are M(1)=e=2.718... and S(1)=eVe—1
=3.563.... The values of the number, N, of trials, used were 20 to 1000 in steps of 20. At
the end of each set of N trials we calculated the mean, variance and 95% confidence limits
for E(X(1)) and determined the machine time employed for the simulation. Here the
machine time is the number of seconds of CPU time devoted to the user's process (denoted
by u in response to the TIME command).
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Table 1. Results for random Malthusian growth
Strong—scheme (5) Weak—scheme (6)

N=200

M) 2.845 2.855
S 4.436 4329

cl (2.230, 3.459) (2.255, 3.455)
L(Ch 1.230 1.200

T 18.46 3.90
N=1000

1740} 2.891 2.850
S. 3.939 3.990

Cl. (2.647, 3.136) (2.603, 3.097)
LCh 0.488 0.495

T 92.11 19.27

In Table 1 we give the results for N=200 and N=1000 for the strong and weak schemes.
In addition to the sample mean and standard deviation, the table gives CI, the confidence
interval for the mean and its length L(CI).

It is interesting to compare the results for the scheme (5) using pseudonormal random
variates with those for scheme (6) which uses pseudo-Bernoulli random variates. For
N=200 both schemes return a value for the mean of X(1) which has an error of about 4%.
The estimates obtained for the standard deviation of X(1) are very similar, being 4.436 for
scheme (5) and 4.3294 for scheme (6). Furthermore,the 95% confidence intervals for the
mean are of about the same length, being 1.230 for the strong scheme and 1.200 for the
weak scheme. However, if one considers the CPU time devoted to the user's process in this
set of runs, one sees that the strong scheme consumes 18.46 s, whereas only 3.90 s were
used when the weak scheme is employed.

For N=1000 the estimated means also differ only slightly for both schemes and in each
case the estimated standard deviations are much closer to the true value. The 95%
confidence intervals for the mean are almost of the same length and are both much smaller
than for N=200 as expected. Again the CPU time consumed when using the strong scheme
was more than that used by the weak scheme, the respective values being 92.11 s and 19.27
5.

Similar results were obtained when we performed simulations with various other
numbers of trials. Figure 1(a) shows the mean and relevant 95% confidence intervals
obtained for numbers of trials between 20 and 1000 when the strong scheme (5) was
employed to simulate the stochastic differential equation (6). The corresponding set of
results for the weak scheme is shown in Fig. 1(b). As expected the estimate of the mean
becomes consistently closer to the true value as N increases and the confidence intervals
become narrower. However, there is no discernible qualitative or quantitative difference
between the two sets of results.

Wright-Fisher genetical model with mutation

As a second example we consider a diffusion model for the gene frequency X € [0,1]
which evolves according to the Ito stochastic differential equation

dX=[— 7 X+ (1 - X)dt+VX(1 - X)dW. (15)
Here v, and 7, are the mutation rates for the two alleles and the variables have been scaled

{21
We simulated this process with an initial value X(0)=0.5 and with mutation rate

parameters y,=0.75 and y,=1.25. At first a time step of 4r=0.001 was chosen for the cases
of 200 and 1000 trials as for the first example. Another advantage of the use of the weak
scheme became apparent, because with this choice of time step the use of normal random
numbers made the run abort due to a negative gene frequency. This occurred because a
randomly chosen normal variate was of an extremely large absolute value and took the gene
frequency X outside its range of [0,1]. With the same choice of parameters, this problem did
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not occur with the scheme involving Bernoulli random numbers.

With a value of Ar=0.0001 the problem of extreme values of the normal variates was
avoided and the results, being the mean, standard deviation and confidence intervals for the
gene frequency at ¢=0.1 are given in Table 2 for the strong and weak schemes.
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Fig. 1(a). Estimated mean of the value of X(1) for the process defined by (10) with u =1 and =1

together with 95% confidence intervals when the strong Euler scheme (5) is employed, vs the

number of trials. (b) As in Fig. 1(a) except that the results are shown for the weak Euler scheme
6).
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Table 2. Results for Wright-Fisher diffusion with muta-
tion

Strong—scheme (5) Weak-—scheme (6)

N=200

M1 0.518 0.522
Sl 0.145 0.138
ClL (0.498, 0.538) (0.504, 0.542)
L(CI) 0.043 0.038

T 387.34 12.7
N=1000

M1 0.524 0.528
KY®)) 0.145 0.142
Cl (0.515, 0.533) (0.519, 0.537)
17(s/)) 0.018 0.018

T 5129 63.9

It can be seen that there are only no significant differences in the results for the statistical
properties of this genetical diffusion process when the strong and weak schemes are
employed. The results for the computing time consumed again lend support to the idea that
the weak schemes are more efficient, although a true comparison is perhaps impeded by
virtue of varying conditions of local queues for central processing times. It is apparent that
the weak scheme, employing Bernoulli random variables as in (6) is preferable for this
diffusion process as one may use a larger time step than that necessary for the strong
scheme in order to avoid the problem of large jumps which occur when tail values of
norrmal variates arise.

SUMMARY

Many phenomena of interest in biology can be modeled by the use of diffusion processes
satisfying a stochastic differential equation. In most cases exact solutions for such models
are not available and it is advantageous to proceed via computer simulations. We have
considered the two main classes of simulation procedures—the so-called strong schemes
involving normal random numbers and weak schemes involving Bernoulli random
numbers. We have found that the statistical properties of the simulated processes are not
significantly different when these two kinds of scheme are employed. Problems may arise
with the use of normal random numbers when extreme values occur. This phenomenon
rarely arises with Bernoulli variates and thus using a weak scheme may often enable one
to use a larger time step and hence save on computer operations. There may also be an
advantage in the weak schemes because the generation of Bernoulli variates requires less
machine operations than the generation of normal random numbers.
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