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Abstract

Stochastic versions of the Hodgkin-Huxley, Fitzhugh-Nagumo and Franken-
haeuser-Huxley equations are formulated. In the case of space clamping the
corresponding vector Markov processes are obtained with special reference to
the multidimensional diffusions. In all cases the backward and forward Kol-
mogorov equations are explicitly obtained.

1. Introduction

Since the 1940s, when observations were first made on the stochastic nature of the
sequences of discharges from nerve cells (Brink et al., 1946), many models have
appeared to account for this behaviour. Most of these models have involved one-
dimensional random processes which represent the level of excitation in the neuron.
For example {X(¢), 120} might be a stationary Gaussian process mimicking the
depolarization in the cell. When X hits a deterministic threshold function the cell
emits an action potential, The threshold was re-set following a spike. This was the
structure of the models of Hagiwara (1954), Geister and Goldberg (1966) and Calvin
and Stevens (1968).

In another class of models {X(¢), 1= 0} was usuaily a Markov process in continuous
time which on first reaching threshold caused an action potential to be emitted. Sub-
sequently, usually following a refractory period, the depolarization X was resetand a
renewal process was generated representing a spike train. This was the structure of the
models of Gerstein and Mandelbrot (1964) and Stein (1965) which gave rise to the
respective diffusion processes — Wiener process and Ornstein-Uhlenbeck pro-
cess.

More recently, in view of the success of the Rall model of the neuron, with its
inclusion of the spatially extended dendritic trees, attention has been turned to
stochastic cable model nerve cells involving both one-parameter (Tuckwell et al.,
1984) and two-parameter (Tuckwell and Walsh, 1983) white noise input currents.
Such models have been energetically studied as they involve infinite-dimensional
processes of much interest to probabilists (Kallianpur and Wolpert, 1984).
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As mentioned above, even in the one-dimensional models there is an arbitrary
choice of threshold mechanism. The situation is even more perplexing in the
stochastic cable models — there is an endless variety of threshold conditions that one
might impose. If {M(x,£), 0<x<L, r>0} is the depolarization on the cable, then

= . sup
T, mf{t. O<x<L V(x,t)>g}

and
Ty=inflt: V(x,1)=0, x,<x<x,}

are two candidates for the interspike interval.

The reason for the arbitrary nature of the threshold condition is of course that the
system (usually a differential equation) has no natural threshold properties. The
situation may be compared with the Hodgkin-Huxley equations. In that system a
local excitation, if strong enough, will grow into an action potential. This will then
propagate according to the trajectories of the system in a 4-dimensional phase
space. -

There are three systems of equations often employed in the deterministic
modelling of nerve cell activity. These are the Hodgkin-Huxley (1952) equations, the
Fitzhugh-Nagumo (Nagumo ez al., 1962) equations and the Frankenhaeuser-Huxley
(1964) equations. These three systems are all nonlinear and are of dimensions 4, 2 and
5 respectively. In this paper we will formulate stochastic versions of these three
systems of reaction-diffusion equations. In addition, the vector-valued Markov
processes obtained for them in the space-clamped case will be studied and equations
obtained which must be satisfied by their transition probability functions.

2. Stochastic Hodgkin-Huxley equations

When the input current density /(x,¢) is a random process in space-time, the
depolarization ¥{x,t), the potassium activation n(x,t), the sodium activation m(x,t)
and the sodium inactivation A(x,?) are all random processes in space-time also. So
long as the noisy input current is additive we have, realizing that often derivatives are
merely formal because the processes involved may be almost surely nowhere
differentiable,

aV_ a W, _ -
(2!) Cm—a—t = 2—p’- K{ +gKn4(VK_ V) +gNﬂm3h(VNa- V)
+8Vi— V) +1(x1), a<x<b,

22 ’ %=an(V)(l —n) = B(V)n,

@.3) S (V) (1= )~ BV,
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@4 3 ) (1= h) = BV,

. . is the

i nit area, @a=nerve fiber radius, p; is

¢ C,,—membrane capacitance per ul ' !

Y:lttl:z:celhﬁar resistivity, 8= constant maximal avallgble potas§1um cond_uc;ta_nce ;;/er

: nit area, V= potassium equilibrium potential relative to resting ;:iotentla s g,.,;,un,,i,,tz
. orre iti i i uctance pe!

i dium, g, is the leakage con
re the corresponding quantities for so , d . ;
:rea ¥, the equilibrium potential for the leakage current, the coefficients (@’s and f’s)

in the n, m and A equations being in the standard case

10—V

2.5) a,(V)= 100 (™= "1y
1
(2.6) Ba(V)=ge "™
B 25—V

2.7 am(V)= T0(e® 0 —1)
2.8) , Bn(V)=4e™"

7 -
2.9) aN=15¢""

1

(2.10) By(V) = go=vo 1 -

Choices of interest for the input current density are:
(i) Gaussian white noise at a point xo€[a,b),
dw
@.11) I(xt) = 5(xl—xo)(p + ajt—), |
where {W(1),t=0} is a standard Wiener process and p and o are constants;

(i) Uniform two-parameter Gaussian white noise
’>w
= T a<x<b,
2.12) I(x,t) u+66x6t ,a

where {W(x,t), x€la,b], ¢=0} is a two-parameter standard Wiener process;

(iif) Poisson excitation and Poisson inhibition at single space points,

AN _ g0 a8
2.13) I(x,t)=8(x—xE)aE—Jt—”3—-8(x xar—"s
are independent standard Poisson processes

where {Ng(2), t>0} and {N,(?), =0} iandard Poisson prochess

with intensities Az and A;, ag and ay are non-nega
xr€la.bl: :
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(iv) Uniform two-parameter Poisson white noise

_. O°Neg(xt) _  3*Ni(x1)
(2.14) It =ag— o » a<x<b,

where {Ng(xt), xe[ab)], t=0} and {N/(xt), xe[a,b], =0} are independent
standard two-parameter Poisson processes, ag and a; being non-negative constants.
More general kinds of random input current can be devised but we will not consider
them here.

It is clear that with any of these random applied currents, the determination of the
probabilities and moments associated with the variables ¥, n, m, h is difficult.
Simulation is one method of attack (see e.g., Stein, 1967; Skaugen, 1978) but is
extremely limited when it comes fo presenting results. Notice that even finding the
expectation of V{(x,¢) is a difficult task.

Of course (2.1)-(2.4) in conjunction with one of the random input current densities
(2.11)~(2.14) is physiologically a vastly superior alternative to the one-dimensional
process models in which one has to make an arbitrary choice of threshold condition.
It is not unreasonable to expect that the stochastic version of (2. 1)~(2.4) will have not
travelling wave solutions for ¥, n, m, and A but rather their probabilities and
moments will be travelling waves. That is, we will be looking for solitary waves of
probability and threshold conditions will not have to be artificially invented. It is
hoped to address these matters in a subsequent paper, but now we turn to an
extremely interesting related development.

2.1 Space-clamped system

Neurophysiologists often try to eliminate diffusive effects by employing what they
call a “space-clamp”. The word clamp for them means to hold constant so space-
clamp means to hold constant in space. Ifa quantity is constant in space then its space
derivativesare zero. Thus if we space-clamp a patch of nerve membrane ¥(x,?) can be
replaced by ¥(¢) and 3 V/9x becomes zero.

In order to obtain a more conventional notation let us put X for n, Yfor mand Z for
h. We are now dealing with the vector (V(t), X(¢#), Y(t), Z(t)) of random processes
with t=0. Let us make the substitutions

Cl=§K/Cm
€2=8na/ Cm
3=8/Cn

and rewrite Vx, Vy, and ¥, as vy, vy, and v, respectively.

Putting
I _ dw,
C BT
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so that the voltage equation is driven by additive Gaussian white noise, the system of
equations can be written in standard form as

c(ve— V)Xt (vya— VY Z+es(v— V) +

v
QL) di x |= a6, (N (1 —X) = B.(NX dt
Y an(V)(1=Y) = B.(N)Y
z o (1-2)- V) Z
6000 w;
+l 0000 |d| Wm
0000 Wy
0000 W,

where W;— W, are independent standard Wiener processes. o
Equation (2.1.1) is in standard form for a multidimensional diffusion process. In
fact, (V,X,Y,Z) is a 4-dimensional temporally homogeneous Markoy process.
Let us suppose that the transition probability function for (2.1.1) is defined as

(2.1.2) P(v,x,y,2,t; ¥,%,,2,1) =
=Prilt)<v, X(t) <x, Y()<y,Z() <z| N =3, X(D) =% Y(}) =7 Z(]) =2}

following results.

The transition probability density function p for the space-clamped stqchastic
Hodgkin-Huxley equations (2.1.1) satisfies the backward Kolmogorov equation

2 o el _ ap
2.13) —%’%=l/w¢%§-+{cl(v,(—v)x4+c2(v,\,,,—v)y3z+c3(v,—v)+y}R

: - = )

(D1~ = BN L+ [an() (1 =)~ Ba(WH ]
+Ha) (1=~ BN HE,

and the forward Kolmogorov equation

2
@14 Lopoih- 2 platx=nx+ = nyz+ e + )

_ -:;(p{a,,(v)(l —x) —ﬁn(‘v)x})—aiy(p{am(v)(l -y _ﬁm(V)y})

-2 playn (12~ Bi(n3).
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Proof

Just apply corollaries 1 and 2 of Theorem 6 of Gihman and Skorohod, p. 297 (1972)
tq the system (2.1.1) which has been put in the standard form for a multidimensional
diffusion process. B

We may glso easily obtain the Kolmogorov equations when the input current is
Poisson white noise, either simple or compound.

If the Gaussian white noise current in (2.1.1) is replaced with a compound Poisson
white noise

2.1.5 d_d
( ) C. dtJuV(t,du),

where v(.,.) is a Poisson random measure with
2.1.6) ‘ E(v(t,du)) =TI (du),
then the term % 0°8°p/37 in the backward equation (2.1.3) is replaced by

.17 Jpuxy,2,t; v+ u,%,5,7,0) 1(du) — Ap
R
where
(2.1.8) A= [ T(du).
R

In particylar, ifi the(e are jumps up of magnitude ag with intensity Ag and jumps down
of magnitude a; with intensity 2;, the term %623°p/8% is replaced by

2.1.9) Aep(v,x.3,2,1; V+ag %,9,2,1) + Ap(v,x,,2,t; v—ar, %,5,%,1) — (Ag+ Aj)p.
Similarly, the term %:06%4’p/8v? in the forward equation (2.1.4) is replaced by

(2.1.10) Jp(v—uxy,21 %,%5,7DHT(du) — Ap,
R

in the compound Poisson white noise case, and in particular by
@111)  App(v=ag,x,y,2,4 %,%,5,2,0) + Ap(v+ar,x,y, 2,1, 3,%,3,7,1) — Ap,
when the jumps are +ag and — a; with intensities Ag and 2.

Proof

Ju.st apply the corollaries quoted above to the case of a multidimensional dis-
continuous Markov process. Jij

A f?w remarks are in order. Firstly, an experiment corresponding to the system of
eqpatlons (2.1.1) has been performed by Guttman e al. (1974) who applied white
noise current to a space clamped squid axon. Hence a comparison of theory and
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experiment is feasible. White noise has also been used as a stimulus for nerve cells
with more complicated geometries (see, for example, Bryant and Segundo, 1976;
Moore and Christensen, 1985). Secondly, whereas the system of stochastic equations
(2.1.1) is nonlinear, the Kolmogorov equations (2.1.3) and (2.1.4) are linear and
therefore amenable to numerical solution by known methods. Freidlin (1985) has
analyzed certain reaction-diffusion systems (deterministic) by studying a Markov
process with a similar infinitesimal operator. Furthermore, there is no need to define
a threshold function for (2.1.1) and study first passage times to it. One expects that
solutions of the Kolmogorov equations will have probability mass concentrated, in
the small o case, near the deterministic action potential trajectories. For certain
values of y one might find that the Kolmogorov equations have periodic solutions,
corresponding to trains of action potentials.

3. Stochastic Fitzhugh-Nagumo equations

Because the Hodgkin-Huxley equations are difficult to analyze, a simpler system
with only two components has been employed. This system can be written

av_ v

3.1 E=—67+f(V)_W
W _,
—; b rW)

where V= W(x,t), W= W(x,t) and fis given by the cubic
(3.2) SN =1-V)(V—a)

Here a is a constant satisfying 0<< @< 1 so that f'has zeros at 0, ¢ and 1. A term I(x,?)
representing an applied current may be inserted on the right of (3.1). Roughly
speaking, the variables ¥and m of the Hodgkin-Huxley system are mimicked by the
single variable Vin the Fitzhugh-Nagumo equations (3.1); and the variables n and
are mimicked by the single variable W, which may be called a recovery variable. The
system (3.1), with the appropriate initial and/or stimulus conditions, supports
travelling solitary wave solutions which are supposed to represent action

potentials.
Putting
av_ o _
(3.3) 51 " a2 W —WHIx)
W _, ..,
TR b(y—7W),

where I is given by any of (2.12)-(2.14) gives stochastic Fitzhugh-Nagumo
equations. : :
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3.1 Space-clamped system

Let us first consider the space-clamped version of (3.3) driven by Gaussian white
noise:

3.1.1) dxX=(f(X)~ Y+ u)dt+ cdWw,
dY=b(X—-yY)d!,

where {W(1),12>0} is a standard Wiener process and y and & are constants. Defining
the transition probability function

(3.1.2) P(x,y,t;X,9,f)
=PriX())<x,Y()<y|X(}) =XY(i) =7},

with corresponding density p(x,y,; X,,f), we have the following results.

The transition probability density function for the space-clamped Fitzhugh-
Nagumo equations (3.1.1) satisfies the backward Kolmogorov equation

_9p_, a’p 2 — (4 5— i) OP
(3.1.3) 57 /zozb—)_c;+(f(x) yHu) 5z +b(E=179) %
and the forward Kolmogorov equation
W _ 2908 - -9 _
(3.1.9) 3 =005 I {flx)—y+ul) ay(p{b(x wml).
Proof. As in Section 2. i}

In addition we have for Poisson inputs,

The transition density p(x,y,t;X,5,i) for the stochastic space-clamped Fitzhugh-
Nagumo system

(3.1.5) dX=(fAX)—Y)dt+ f uv(dt,du)
R

dY=b(X— yY)dt

satisfies the backward Kolmogorov equation

(3.16) =2 oyt EH DI ~ Ap
R

PR =) b= 1) 2L,
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where A is given by (2.1.8). In particular if

(3.1.7) fuv(dt,du)=aEdNE—a,dN,,
R
then
(3.19) — 3 hgp+ (x5 % +andil) + MpCoy s S ardi)

gy
_(lE+/'l,)p+(f()_c)—-jz)%-}—b(x_yy)é_l}’:)'

Furthermore, the forward Kolmogorov equations corresponding to (3. 1.6)and (3.1.8)
are

dp _ _ X —A
(3.1.9) ¥ Rf p(x—uy %) (du) — Ap

3 —N— L ipx—
— 5=l =)= 5 ploe— ),

and
(3.1.10) B hep(x—asp 535D + b (e @b T
a3 _ @ _
— (gt a)p= o (pU1x) — i) 5;(p{b(x wml),
respectively.

Proof. As in the previous sections. [l .

Note that if any of these stochastic nonlinear systems has both Poisson .and
Gaussian white noise, then the corresponding terms in the Kolmogorov equations
just add, so long as the separate noise sources are independent. .For example, if the
space-clamped Fitzhugh-Nagumo system is driven by Gaussian and compound
Poisson white noises, so we have

(G.L1D dx=(fAX)— Y+ p)dt+ ocdW+ fuv(dz,du)

dY=b(X—yY)dt,

then the transition density satisfies the forward Kolmogorov equation
% 2% - (o) —y+ ) = Zp b~ )
@112 Sr=holos o5 PU) —y ) ay(p )

+ [ p(x—uy %D (du) = Ap.
R
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4  Stochastic Frankenhaeuser~Huxley equations

For certain nodal membranes different expressions from those of Hodgkin and
Huxley have been found to apply (Frankenhaeuser and Huxley, 1964). It is found that
a non-diffusive, five-component system is required and the ionjc currents are better
described by constant field expressions. Then if the actual membrane potential is
Vau(1), we have

av, Cherm—Cg2 ChePn—Co
w0 CT:=%H7FPKV'"+%_UM7FPN,VM

i oW o
+&Vi— Vp+ VRHM&J, I,

(e"m—1)

where Cf, Cla, C, Cfaare the internal and external concentrations of potassium and
sodium ions, Y=F/RT, F =Faraday’s constant, R=gas constant, T =absolute
temperature, Py, Py, and P, are potassium permeability, the sodium permeability
and a nonspecific permeability, ¥;, g, refer to leakage, as before, Va=resting
membrane potential, C is the capacitance and I, is the applied current. The
permeabilities are given by

“.2) Pya= Pygrth,
@3 Pe=Porthem ot
.9 P=Fpt

“3) = 4V (1= m)= o
“6) =™~ - gh
@7 === g,00m
49 =8 (1~n) -0

where V=js the depolarization and the functions a,,,, @by Ay Uy, By, By, By anci B, are
given in Tuckwell (1987).
We consider this system with Gaussian white noise current

97
Stochastic equations for nerve membrane potential

I aw
(4.9) —C4=y+a 7

Is VVW,X,Y,Z to
here { W(t),i=0} is a standard Wiener process. We use the symbo
:vepresem V,,,n,m,h and p respectively. We define

(4.10) Y =~6,

and re-label V, Vg with lower case letters v, vg. Now set

@.11) o
Priv(e) <v,W(t) <sw,X(1) <x,Y() <yZ(1)<z| ) =%W()) =W,

X(D)=%Y(})=5Z() =2},

3 Vs Wb )y )t)'
Wlﬂl Collespolldlﬂg transition dellSlty p(v,w,x, V,Z,t VWX, ¥,2Z. Note ﬂlat llSua“y llle
(V) ly version o the I’ankenhaeuse 'Huxley equations 1s the space ¢ ped .

n f F T 1 lam one. We

now have,

) ] j kenhaeuser-Huxley
The transition probability denszty function fsft); ﬁtgethlzr;)z:c ey
j i jan white noise input curren
equations with Gaussia
equation

B _ 1,28 1 {1V [(Cher—CR)PA+
(4.12) _E_V“’lW”L{e"—ll( /i

p
Pratp+ B,22)| + &L (v—7 +pf =
+ (Chrae” — Cia) (Prg25+ P,22)| + ¢ (vy—¥+vg) y} 5

-\ = 0D
S 9 Y (1—5) = o 73
+{@y(3) (1= %)~ B (N 2 + {an(P) (1= 3) =~ Bm(DH 55

Ha® (=)~ BOFL +la,()(1-2) = B L,
and the forward Kolmogorov equation
@13) R '/2613721, — 2 (o F | (Cler— P+
+(Chae™— C) (Pray+ P+ S v vt vi) + uf}

— 2 {p{ay (1) (1= w) = aIWl} — o= {p Lan(r) (1 =) = B(¥)3l}
aw P 10n

— 2@ (1=y) - O - e la, ) (1-2) = ().
dy .
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Prqof As in the previous sections. Jij
Finally, we remark that if the Gaussian white noise u + odw/dt is replaced by the

compound Poisson white noise, then the second derivati i
o enincod b erivative terms in (4.12) and (4.13)

(4.19) S POwxyz 9+ um %5201 (du)— Ap
R

and

@.15) S PO—uwxy,25,5,%5,50) 11 (du) — Ap.
R

The analysis and solutions of the: i i
s se vartous Kolmogorov equations will i
a forthcoming publication. ¢ willbereportedin
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