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The reaction terms in the reaction-diffusion equations previously derived for the concentrations of potassium 
and calcium ions in brain structures during spreading depression are evaluated for various values of the ion 
concentrations. The null isoclines are estimated and the 'solitary wave trajectory plotted in the phase plane 
to find its relation to the isoclines and critical points of the kinetic equations. Four sets of simplified reaction 
terms are devised which have approximately the same dependence on the ion concentrations as those in the 
original system. The properties of the simplified equations are determined by numerical integration. Each 
system has a subthreshold response to a small local elevation of external Kf concentration. The first, third 
and fourth systems support solitary wave solutions with properties similar to those of the original model 
system. Strength-duration curves are obtained and the response to a sustained stimulus evaluated. Collisions 
between waves are observed to result in thier mutual destruction. 

The phenomenon of spreading depression (SD) 
was first observed experimentally by Lea0 (1944) 
who noticed that electrical stimulation of rabbit 
neocortex could lead to a propagating depression of 
electroencephalographic activity which lasted 
locally for a few minutes with subsequent return to 
normal activity. Several years later it was demon- 
strated that SD was accompanied by the efflux of 
potassium ions (Brinley et al., 1960) and more 
recent experiments have confirmed this fact 
(Vyskocil et al., 1972; Nicholson et al., 1977; 
Nicholson et al., 1978; Kraig & Nicholson, 1978; 
Nicholson & Kraig, 1980). [t has also been found 
that whilst the potassium ion concentration in the 
extracellular compartment of brain tissue increases, 
the concentrations of calcium ions, sodium ions 
and chloride ions decrease during SD. As the SD 
wave leaves a particular region, the ion concen- 
trations return, sometimes somewhat slowly, to 
their resting values. 

Apart from ion concentration changes there are 
many concomitant effects during SD. Efflux of 
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glutamate has been observed in the chicken retina 
(Van Harreveld & Fifkova, 1973) and increased 
metabolic activity monitored fluorimetrically in 
cat and rabbit neocortex (Rosenthal & Somjen, 
1973; Mayevsky & Chance, 1974). Slow surface- 
negative potential waves occur of amplitude about 
10-15mV, and neurons aad glia undergo de- 
polarization with neurons firing rapidly at early 
stages of the depolarization (Higashida et al., 1974; 
Sugaya et al., 1975). The wave of ion fluxes, 
depolarization and neuronal firing pattern moves 
across the cortical structure at a speed of about 
3 mm/min. 

A mathematical model for the temporal and 
spatial dependence of ion concentrations during 
spreading depression has been derived and analyzed 
(Tuckwell & Miura, 1978; Tuckwell, 1980a). The 
model consisted of a system of reaction-diffusion 
equations whose components were the extracellular 
and intracellular ion concentrations. There are 
many source and sink terms in a complete model for 
spreading depression, but when one takes into 
account only ion fluxes expected due to transmitter 
release, in the absence of action potentials, at  
depolarized synapses and active transport, the 
equations and calcium ion concentrations may be 
written, 
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96 H. C. TUCKWELL 

KtO = &KOxx+klg(V)(V- VC~)  ( V -  VK) g(V)  = [ l  +tanh{kg(Vt VT)}]H(V- Pic), (3) 

where ks is a constant, VT is a constant threshold 
type voltage and V* is a constant cutoff voltage to 
ensure that there are no sources for K+ and sinks 
for Ca++ close to resting levels, H( .) being the unit 

-kz(l -exp[ -k3{K0 -K$}]), (la) 

Kta = -k[kig(V)(V-Vc~)(V-VK) 
-k2(1 -exp[-k3{K0-KR0}1)1 (Ib) 

Cato = DzCaoXx + k4g(V) ( V -  Vca) 
+ks(l -exp[ -ks(Cat-Ca~i}]), (lc) 

Cati = -k[k4g( V )  (V-  Vca) 
-kks(l -exp[ -k6{Ca6 -C~H~}] ) ,  (Id) 

where KO, K1, CaO, Cat are the extracellular and 
intracellular concentrations of potassium and 
calcium ions. Note that this is a reduced system- 
a complete set of model equations has recently been 
derived in which the components are the four 
ionic concentrations (K+, Ca++, Na+, Cl-) and 
excitatory and inhibitory transmitter concentrations 
(Tuckwell, in press). The quantities D1 and DZ are 
the diffusion coefficients for potassium and calcium 
ions in the extracellular space, {kt}, i = 1 , .  . . ,6 ,  
are constants, KRO and C a d  are the resting values 
of the extracellular potassium and intracellular 
calcium ion concentrations and k is the ratio of the 
extracellular to intracellular volumes within the 
tissue. The potentials are the membrane potential, 

under the assumption of fixed sodium and chloride 
ion concentrations, the potassium equilibrium 
potential, 

VK = 58 logio(KO/Ki), (2b) 

and the calcium equilibrium potential, 

YcL1 = 29 loglo(Cao/Cai). (24  

The quantities k7 and ks are further constants, 
containing the resting levels of Na+ and C1- and 
their relative permeabilities (see Tuckwell, 1980a, 
for a discussion of the effects of regarding these as 
fixed). 

The function g(V) in Eqs. (la)-(ld) indicates the 
dependence of calcium ion conductance (in 
particular for presynaptic membrane) on membrane 
potential. From available experimental evidence 
at squid giant synapse (Llinas et al., 1976) and rat 
neuromuscularjunction (Quastel, 1974) this depend- 
ence can be represented by 

step function. The function g(V) ,  which is pro- 
portional to the actual conductance, is sketched in 
Figure 1 to show the meaning of the voltages 
V ~ a n d  V*. 

I 

O k ’ :  __I----__I 

L’T V“ 

V ?  

FIGURE 1 The form of the functiong( V )  which approxi- 
meates the variation in calcium conductance of pre- 
synaptic membrane with depolarization for the range of 
depolarizations encountered in spreading depression in the 
absence of action potentials. 

In order to reduce the system of four Eqs. 
(la)-(Id) to a two component system one can 
assume that for small amplitude waves (such as 
occur in TTX treated cortex) that the internal 
potassium ion concentration is fixed and further 
that the calcium concentrations inside and outside 
of cells are related by 

Caz(x, t )  = C a d  ik[CaRO - CaO(x, t ) ] ,  (4) 

which is a local conservation condition. A com- 
parison of results obtained under condition (4) 
with those when it is relaxed shows that it leads to 
only minor quantitative differences. 

For notational convenience we set u(x, t ) 
= KO(x,r) and o(x,~) = CaO(x,t), so that the two 
component system is 



D
ow

nl
oa

de
d 

B
y:

 [M
ax

 P
la

nc
k 

In
st

 &
 R

es
ea

rc
h 

G
ro

up
s 

C
on

so
rti

um
] A

t: 
07

:5
0 

19
 N

ov
em

be
r 2

00
7 

DIFFUSION EQUATIONS FOR POTASSIUM A N D  CALCIUM 91 

where the reaction terms are 

where db, i = 1, . . ., 6, are constants and UO, uo are 
the resting levels of potassium and calcium ions in 
the extracellular space. Furthermore, 

and the function h( .) is 

h(u) = [I +tanh{dll(V(u)-t V~)}lH(u-u*).  (7) 

Here u* is the value of u such that V(u*) = V* 
and d7, . . ., d11 are constants. 

The system of Eqs. (5)-(7) predicts very closely 
the same behaviors of the ionic concentrations as 
the system (1)-(3). In particular the initial con- 
ditions 

u(x,O) = u0+8 exp[ -((;c-0.5)/0.025)2], (8a) 

with x E (O,l), representing a local elevation of 
potassium and resting level for calcium, lead to 
solitary waves consisting of increased K+ and 
decreased Ca++ moving outward from the center 
of the stimulus. Details of the results of com- 
putations for various parameter values have been 
given previously (Tuckwell, 1980a). 

The four component system, (1)-(3), and the two 
component system, (5)-(711, have complicated 
reaction terms involving logarithmic and expon- 
ential functions which make analysis difficult. 
Even the simpler system has 14 parameters so that 
it is desirable to obtain a two component system 
which has the same propelties and fewer para- 
meters with reaction terms which are polynomials. 
In total, four such two component systems will be 
examined and their properties ascertained by 
numerical integration. 

DERIVATION OF THE SIMPLIFIED MODEL 
EQUATIONS 

The reaction terms F(u,v) and G(u,u) of Eqs. (5c) 
and (5d) were evaluated for values of u between 2 
and 25 mM and for values of v between 0.01 and 
1 mM. The following values of the costants 
were employed: d1 = -0.75 dz = 52, d3 = 10, 
d4 = 0.075, d5 = 0.52, d13 = 10, d7 = 9, d8 = 180, 
d9 = 140, dio = 0.3, dii = 0.11, k = 0.25, uo = 2, 
uo = 1, VT = 45 and u* = 2.2. Those parts of the 
(u, v)-plane of relevance where F(u, v) and G(u, u)  
are positive or negative were thus found and the 
null isoclines (F  = 0 or G = 0) and critical points 
( F  = 0 and G = 0) of the system of ordinary 
differential equations du/dt = F(u, v) and duldt 
= G(u, u) were estimated by graphical techniques. 
These results are shown in Figure 2 where the 
critical points are labelled R (resting levels), A 
and B. 

U 

3 

FIGURE 2 The regions of the (u,u)-plane at which 
F(u,v) and G(u,v) as in Eqs. (5) are positive or negative. 
The scale for v is divided into three linear regions. The 
curve marked S is the solitary wave trajectory for this 
system and the critical points for the kinetic equations are 
marked A, B and R (resting point). 

Solutions of the reaction-diffusion system 
( 9 4 7 )  were computed by the implicit Crank- 
Nicolson method with modification to allow for 
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98 H. C. TUCKWELL 

the nonlinear terms due to Lees (1969). With the 
above values of the constants, D1 = 0.0025, 
DZ = 0.00125, the initial data of Eqs. (Sa) and 
(Sb) and boundary conditions u(0, t )  = u(1, t )  = uo, 
u(0,t)  = o(1,t) = ug, stable solitary waves were 
obtained consisting of increased potassium ion 
concentration and depressed calcium ion con- 
centration. As the two component solitary wave 
passes a given point in space, a temporal sequence 
of (u,v) pairs occurs at that space point which 
commences and ends at  R = (UO,  U O ) .  This sequence 
of points is plotted in the (u,u) plane and is marked 
as curve S (solitary wave trajectory) in Figure 2.  

In order to construct the simplified model 
equations a pair of reaction terms F(u,v) and 
G(u, v) is sought for use in the system 

such that the functions F(u,u) and G(u,o) are 
positive and negative at about the same parts of 
the (u,u) plane as the reaction terms of Eqs. (5c) 
and (5d). It is also required that the new reaction 
terms are such that the same number and relative 
positions of the critical points A, B and R, occur 
in the new and old systems. 

Model I 
The first model considered is with null isoclines as 
shown in Figure 3A. Here F = 0 along the straight 
line u = uo and on the parabola through ( U Z , U Z )  

and (u4,v0), whereas G = 0 along the straight lines 
through (UO,VO) which also pass through ( U Z ,  uz) and 
(ug,u3).  The line RB is chosen to intersect the 
parabola twice. 

The reaction terms are constructed as follows. 
The function Ffu,v) is chosen at  fixed u to be a 
quadratic function of u such that it has zeros at  
u = uo and on the parabola through A and B and 
is negative between these values. This gives 

Fl(U,V) = a1(u-uo) [u-c1(u-v0)2-u4], (10) 

where 

and a1 is a constant. 
The function G(u,v) is chosen at fixed u to be a 

parabola which is negative between the corres- 
ponding values of z' on the straight lines RB and 

RC and is positive outside this domain. This gives 

Gl(u,u) = /%(u-cZu-c3) [ v - o o - c ~ ( u - u o ) ] ,  (12) 

c'2 = (u3-uO)/ (u3--0) ,  (13) 

c3 = v3--3(u3--0) / (~3--UO).  (14) 

(15) 

where 

c4 = ( U Z  - uo)/(uz - 210), 

and 8 1  is a constant. 

Model 2 

The same qualitative values of F(u,u) and G(u,u) 
occur as in the original system (Figure 2 )  if the 
restriction that G(u, v) = 0 on the line RC in Figure 
3A is removed. Then G(u,v) is chosen as a linear 
function which is negative above the straight line 
RB and is positive below it. This gives 

Fz(u,v) = ~ ~ ( u - u o )  [ u - - c ~ ( u - u ~ ) ~ - u ~ q ] ,  (16) 

G z ( u , ~ )  = /k?[C4(u--O) -(v -vo)I. (17) 

L 

FIGURE 3A The null isoclines for the reaction terms 
of the first set of simplified reaction-diffusion equations 
and regions of the (u, u)  plane at which R ( u ,  v )  and Gl(u, v )  
are positive or negative. The critical points are again 
marked A, B and R. 

Model 3 

The null isoclines for this model are sketched in 
Figure 3B. Here G(u,v) = 0 on the parabola 
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DIFF'LJSION EQUATIONS FOR POTASSIUM AND CALCIUM 99 

V "0 

FIGURE 3B The null isoclines for the kinetic system of 
the third system of simplified reaction-diffusion equations. 

through A, B and R whereas F(u,u) = 0 on the 
straight lines AB and u = UI). At fixed u, F(u,u) is 
quadratic in u with zeros ;it u = uo and on the 
straight line RB, being ncgative between these 
values. This gives 

where a 3  is a constant and 

The function G(u,u) is chosen at fixed u to be a 
linear function of u with a zero on the parabola 
through RAB. This gives 

Model 4 

In this case F(u, u) = 0 as in model 1 and G(u, u)  = 0 
as in model 3. This gives 

G4(u,u) = 84[0-((u0-c61:u--o)~)], (23) 

where a4 and ,64 are constants. 

RESULTS AND DISCUSSION 

In the following investigations of the simplified 
model equations the values of uo and uo were set at 
2 and 1 respectively, the units of u and u being mM 
throughout. Thus the rest states of the original 
four component and two component models are 
the same as that of the simplified models. In most 
of the calculations the critical point B was at 
( ~ 2 , ~ 2 )  = (13,0.6). 

Model 1 

The value of u4 was set at 4. This ensures that the 
system does in fact have a threshold level of 
potassium ions. Unless u(x, 0) is greater than u4 for 
some region in space there will be no sources for 
potassium ions and the initial stimulus will have no 
lasting effect of any consequence. The actual 
thresholds for potassium ion concentration which 
produce spreading depression in cortical structures 
are higher than this, though the actual threshold 
is hard to determine because the eliciting solution 
is often applied such that the value in the cortex 
itself is possibly quite different from that in the 
stimulus. Here, however, we are primarily in- 
terested in qualitative rather than precise quanti- 
tative theory. 

The point C in Figure 3A was set at (10,1.1), 
which choice was made simply in order to obtain 
qualitative behavior of the correct kind. The null 
isoclines are then completely determined. It was 
checked that the given choices did make the 
parabola through (uz, 02) and (244, DO) intersect the 
straight line BR twice. In fact (u1,ul) = (4.45, 
0.91 1). 

There remains to determine the values of a1 and 
/?I as the same diffusion coefficients were employed 
as previously. In computing the solutions with the 
initial data of (8a) and (8b), the boundary con- 
ditions u(0,t) = u(1,t) = uo and u(0, t )  = u(1,t) 
= uo were always employed. The parameters are so 
chosen that the wave phenomena occupy a rela- 
tively small part of the spatial interval (0,l) so that 
the boundary conditions have little effect on the 
solutions. In the first runs on the computer the 
values of the constants a1 and ,61 were so chosen 
that the magnitudes of Fl(u,u) and Gl(u,u) were 
about the same as the corresponding Ffu ,~ )  and 
G(u, u)  of the reaction-diffusion system (5a)-(5d), 
with the above mentioned values of the constants. 
With uo = 2, vo = 1 and the above values of u2, 
u2, 243, g and u4, Eqs. (10) and (12) become: 
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100 H. C. TUCKWELL 

4 ( u ,  U )  = al(u -2) [u - 56.25(a - -41, (24) 

GI(u,u) = ,%(u -0.975 -~ /80 )  
~ [ ~ - 1 + ( ~ - 2 ) / 2 7 . 5 ] .  (25) 

The aim was to find if there were any  a1 and PI 
which would lead to solitary wave solutions. 

Various kinds of solutions arose as a1 and 
varied. With a1 = 2 and = 100, a “saturating” 
wave formed with a peak u value of 13 and a 
corresponding u value of 0.6. The wave profile in 
space is sketched in Figure 4A. The trajectory at a 
given point in space as the wave passes is plotted 
in the (u,v)-plane in Figure 4B. It can be seen that 
the trajectory leaves the rest point R = (2 , l )  
= (u0,uo) and heads almost directly towards the 
critical point (13, 0.6) = (u2,ve). The latter is 
evidently a stable critical point. 

= 64, a travelling wave 
forms which has a very long flat tail at about 

With a1 = 3.12 and 

FIGURE 4A The u-component and o-component in the 
saturating traveling wave obtained for certain parameter 
values in the first system of simplified equations. 

16! - -1 

v 
FIGURE 4B The trajectory in the (u,u)-plane at a fixed 
spatial point as the solitary wave of Figure 4A passes. The 
upper critical point is at (13, 0.6) which corresponds with 
the amplitude of the wave. 

J 

8- 
I 

4 t  
\ 

FIGURE 5A A wave solution obtained for model 1 with 
certain parameter values in which the u-component has a 
peak at the wave front and an ill-formed tail. 

FIGURE 5B 
to the wave of  Figure 5A. 

Trajectory in the (u, u)-plane corresponding 

(13,0.6). The wave profiles in space for this case 
are illustrated in Figure 5A and the trajectory in 
the phase plane shown in Figure 5B. The trajectory 
emanates from the rest point, manages to go past 
the point ( U Z , Z > ~ ) ,  enters the region of negative F 
and heads downwards but is attracted towards the 
critical point B so strongly that it loops around 
it. What would happen eventually in this case is 
difficult to ascertain. With a1 = 3.6 and = 57.6 
a multipeaked wave started to form so that several 
loops around B occurred. It was again not feasible 
to determine whether this would propagate. Due to 
the behavior of the trajectory in this case the point 
(uz, u Z )  appeared to behave as an asymptotically 
stable spiral point. 
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1 

FIGURE 6A The fully developed stable traveling waves 
obtained for the first simplified system with certain 
parameter values. 

0 .2 .4 - 3  .8 10 
V 

FIGURE 6B 
depicted in Figure 6A. 

Phase plane picture of the solitary wave 

Finally, the solutions which had been sought, 
with a1 = 3.75 and ,531 = 54.2, an apparently 
stable travelling solitary wave with an amplitude 
for u of 34 mM and a minimum v value of 0.2 mM 
was obtained. The wave profile in space is sketched 
in Figure 6A. The wave fro:nts are both sharp and 

the potassium increases well ahead of the decrease 
in calcium as is sometimes found experimentally 
(Kraig & Nicholson, 1978). Also, the return of 
calcium to its resting value lags behind the return 
of potassium to its resting value. The solitary wave 
trajectory is sketched in Figure 6B. The take off 
from R is nearly vertical which explains why the 
potassium increase occurs before the calcium 
decrease. The trajectory goes well past the critical 
point at ( U Z , U Z )  = (13,0.6) bends over and on its 
descending path manages to avoid the attracting 
influence of that critical point and return to the 
rest state R. Thus a complete solitary wave is able 
to form. 

It is concluded that the reaction-diffusion 
system of model 1 can adequately simulate the 
behavior of potassium (u) ion and calcium ion (0) 

concentration as in spreading cortical depression 
insofar as waves of increased K+ and decrease 
Ca++ result from a local elevation of K+. With 
a1 = 3.75 and /31 = 54.2, the velocity of propa- 
gation of the wave of the model 1 is 0.45 space 
units per unit time. When one allows for the 
scaling in space and time (the diffusion coefficient 
of K+ is about 2 . 5 ~ 1 0 - 5  cmZ/sec and that of 
Ca++ about 1.25 x 10-5 cm2/sec), translating back 
to original distances and times (see Tuckwell, in 
press) the velocity is about 4.2 mm/minute. This 
is in the experimental range of velocities of 2-6 
mm/minute. 

It was decided to investigate how well this 
simplified model performed in predicting other 
experimentally observed phenomena in connection 
with spreading cortical depression. The first of 
these is a subthreshold response. With the same 
a1 and /31 that gave solitary waves, the initial data 

u(x,O) = 2+2 exp[ - {(x-0.5)/0.025}2], (26) 

and v(x,O) = 1 were employed. As expected, no 
wave formed and the initial stimulus died away 
after causing a slight decrease in calcium ion 
concentration in the vicinity of the stimulus. Both 
u and 0 returned to their resting values eventually. 
This was a subthreshold response and indicates 
that the system does in fact have a threshold for the 
elicitation of solitary waves. 

The next experimentally observed phenomenon 
tested for in the model was the result of a collision 
of two waves head on. With the same a1 and /31 as 
before, the initial data 
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u(x,O) = 2+8 exp[ -{(x-O.23)/0.025}2] 
+8 exp[ -{(x -0.77)/0.025}2], (27) 

and t.(x,O) = 1 were employed. This corresponds 
to addition of K+ (in the form of KCl) at two 
separate sites of the cortical structure. Solitary 
waves of K+ and a corresponding decrease in 
extracellular Ca++ emerged from the centers of the 
stimuli and collided head on in the middle of the 
interval (0,l). The collision commenced at 
t = 0.52 and by t = 0.60 the wave profiles had 
merged. The resultant envelope of K+ collapsed 
whereas the Ca++ grew back up to its original 
resting level of 1 mM/liter. The waves had thus 
annihilated each other on collision which is the 
case for the models described by the systems (1) 
and (5 )  and also the experimental collision process. 
For model 1 described here, the values of u actually 
went slightly negative in the collision center which 
could have been circumvented by choosing different 
values for the constants appearing in the equations. 

Suprathreshold concentrations of KCI lead to 
the emission of a train of waves of spreading 
depression (see, for example, Mayevsky & Chance, 
1974). It is hard to say exactly how the applications 
of large concentrations of KCl should be in- 
corporated mathematically. It is not clear whether 
the excess K+ seeps slowly into the cortex or 
whether large amounts are cleared by active 
transport either into cortical cells (neurons and 
glia) and into the bloodstream. It was decided to 
test the model's response by employing a constant 
applied stimulus over a limited region in space. 
Thus the system of reaction-diffusion equations 
was integrated numerically with the constraint 

u(x,~) = uc, 0.18 < x < 0.22, t>O. (28) 

With uc = 5.5 no waves were emitted from the 
stimulus. With uc at 5.8, waves appeared after a 
considerable delay and for higher values of uc, 
waves emerged from the stimulus with varying 
amplitudes and delays. 

Typical results are shown in Figures 7A and 7B. 
In the first of these, uc = 5.8 and by t = 2.5 three 
waves have formed (only the profiles of u are 
shown). Only the first wave has the solitary wave 
shape, the second having a smaller amplitude and 
the third a wider profile. It seems that the solitary 
wave cannot repeat because of an extremely slow 
return of u to uo on the solitary wave orbit. With 
ziC = 20, about 4 waves have formed by t = 1.42 
(Figure 7B) but again only the first has the solitary 

wave shape and even here the tail is not well 
formed. The secondary waves have decaying 
amplitudes though the distances between them are 
not too different. 

The first model successfully predicts the behavior 
of the original reaction-diffusion system (and the 
potassium and calcium ion concentrations as in 
spreading depression) insofar as it has solitary 
waves, subthreshold responses and annihilating 
colliding waves, but it appears not to have a 
repetitive train of waves in response to a sustained 
stimulus. Since when uc = 5.5 and less, no waves 
were emitted and when uc = 5.8 the second wave 
was quite similar to the first, it is possible that 
between these values of uc there is a value or set of 
values when the time between the first and second 
waves is sufficient to allow the first wave to form 

r 
34- 

2 0  

v 

8- 

34 I 
261 

G .  

i0- 
._ 

. i- 

FIGURE 7A The response (u-component only) of the 
first model system to a sustained stimulus of strength 
u p  ~ 5.8 applied between x =- 0.18 and x ~- 0.22. A train 
of waves emanates from the stimulus but only the first has 
the solitary wave shape of Figure 6A. 
FIGURE 7B As in Figure 7A but with a stronger applied 
stimulus. Here uc 2 20 and the train of waves has a 
sequence of diminishing amplitudes. 

completely and hence give a train of almost 
identical waves. Other positions of the critical 
points and other values of the parameters (including 
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I I L d  

.4 .8 1.2 
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FIGURE 8 A “strength-duration curve” for model 1 .  
The stimulus strength, uc, is plotted against the time to 
appearance of the first solitary wave. 

the diffusion coefficients) may of course lead to a 
more perfectly formed set of multiple waves. 

It is of interest to see the relationship between the 
strength of a sustained stimulus and the time of 
appearance of the (first) solitary wave. When this 
is done for single neurons with current strength 
versus its duration the graph is called a “strength- 
duration” curve. For the first model, with a1 and 
PI at the above values that gave solitary waves, and 
with u held in accordance with Eq. (28), the time of 
appearance was obtained for various values of uc. 
The results are plotted in Figure 8. The curve 
obtained is similar to the strength-duration curve 
of single neurons. The time to the appearance of a 
wave of increased Kf and diminished Caff tends 
to infinity as uc approaches a threshold value 
between 5.5 and 5.8 mM/liter and tends to some 
lower limit (reflecting in some sense an absolute 
refractory period) as uc becomes infinite. 

Model 2 

No stable propagating solitary waves were found 
for this system of reaction-diffusion equations, 
though a large number of computer runs was 
performed. With (uz,uz) = (13,0.6), ( U O , U O )  = (2,l) 
and 2.44 = 4 the null isoclines are completely 
determined. We then have: 

Fz(u, v )  == az(u -2) (u - 56.25(u - 1)z -4), (29) 

Gz(U,U)=82((2-u)/27.5 -(U- 1)). (30) 

Depending on the values of az and 82, four kinds 
of behaviors of the numerically computed solutions 
(apart from subthreshold r,esponses) were found. 
The first of these, as for example with a2 = 4.312, 
PZ = 57.61, was a saturating wave in response to 
the initial data of (8a) and (8b). The amplitude of 
the saturating wave was u = 13, u = 0.6 and the 
trajectory in this phase plana and the space profiles 

of u and u are as depicted for this kind of behavior 
in model 1. 

The second type of solution encountered occurred 
for example with a2 = 5.999, 8 2  = 57.61 (that is, 
a2 somewhat larger and the same value cf 82). Here 
a solitary wave started to form but the tail, after 
appearing, did not come down to uo and uo but 
rather oscillated. The profile in space at sometimes 
appeared as a saturating wave, sometimes with a 
peak at  the wavefront and sometimes with a 
secondary peak in the tail. The value of u(0.5,t) 
which is at the center of the applied stimulus, 
oscillated with a fairly constant period and fairly 
constant amplitude until t = 0.6. 

The third kind of behavior was an immediate 
escalation of u to such large values that a computer 
overflow was generated; there is the possibility that 
this corresponds to a solitary wave of extremely 
large amplitude. This occurred for example with 
a2 = 6.487 and PZ = 57.61. 

The fourth kind of behavior was the most 
interesting, but possibly more from the mathemati- 
cal than the physiological point of view. A wave 
of elevated u and depressed u began to form and 
actually propagate outward from the initial 
stimulus. The peak of the u-wave remained the 
same for some time and the tail (at x = 0.5) 
almost came to the resting point (110,~~). Just as 
the wave seemed about to properly form and 
propagate as a solitary wave, instead the amplitude 
of the wave front and the tail began to grow 
eventually to the extent that a computer overflow 
occurred. Smaller time and space steps in the 
numerical procedure did not obviate the difficulty 
in forming a solitary wave. I t  seemed that the 
instability was real and not due to any errors in the 
numerical procedures. This kind of behavior 
occurred for example with a2 = 1.666 and 
8 2  = 13.75. If one plots the (u,u)-values in space 
on this almost developed wave, it can be seen that 
the loop rather than coming in to R, as it would for 
a solitary wave, travels almost horizontally at u 
approximately equal to 3 towards the parabola 
through AB in Figure 3A. It was not possible by 
adjusting &(u, u) and Gdu, u) to circumvent this 
behavior and make the trajectory end up at R. 
Higher values of u4 were tried as well as different 
diffusion coefficients but no solitary waves were 
obtained. Model 2 was also very sensitive to 
parameter changes. With a2 = 6.487 and 
PZ = 57.61, an overflow occurred immediately 
on the computer, whereas with a2 = 6.468 and 
P z  = 57.61, a wave started to form as described in 
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this paragraph but did not become a properly 
formed solitary wave. 

Model 3 

With reference to Figure 3B, the point ( ~ 0 , 2 1 0 )  

= (2,l) was again chosen as the resting state, 
(uz,uz) = (13,0.6) was chosen as the upper critical 
point and the point (244,210) was again set at (4,l). 
The null isoclines thus being completely deter- 
mined, Eqs. (18) and (19) become: 

F 3 ( u , ~ )  = ag(U-2) (~-4+22.5(21-1)), (31) 

G;(u,c) = / 3 3 [ ~  - (1 -0.0033057(~-2)~}]. (32) 

The initial data of (8a) and (8b) were employed 
along with the same boundary conditions and with 
D1 = 0.00250, D2 = 0.00125 to integrate the 
system numerically. In the first run, with a3 = 4 
and 8 3  = -15, the solution became exceedingly 
large after a few time steps, a computer overflow 
being the result. Reducing a3 to 2.667 and leaving 
8 3  the same gave rise to the appearance of a wave 
emanating from the stimulus but its amplitude 
diminished after a short time as it collapsed and 
did not propagate. Various a3 and 8 3  were tried but 
a solitary wave was not obtained. 

It was decided to shift ( 2 4 2 1 2 )  to (15,0.7) in order 
to give the trajectory more "room" to  swing around 

FIGURE 9 The solitary wave trajectory obtained with 
certain parameter values for the third simplified system of 
equations. The upper critical point of the kinetic system is 
at (15, 0.7) and null isoclines are indicated. 

on the left of (242,212) and to make the value of D2 
smaller. The source terms became: 

F~(u,c') ~3(L1-2) (~-4-36.6667(21-1)), (33) 

G ~ ( L ~ , I ' )  = /33[21-{1 -0.001775(~-2)2]1. (36) 

With a3 = 1.2356, /33 = -6.4296, D1 = 0.0025, 
DZ = 0.00075, solitary waves were finally obtained 
for this model, the tail of the wave is extremely 
long and at first it was thought that a solitary wave 
had not formed because when u(0.5,r) almost 
reached the resting level 2, it began to grow. It did 
not grow very much, however, and then started its 
eventual return to the resting level. The same 
remarks apply for the second component, u. The 
solutions had to be computed until t = 2 to verify 
the formation of the solitary waves whereas with 
model 1 (and 4) the wave had almost completely 
formed by about t = 0.7. The solitary wave 
trajectory for this model is plotted in Figure 9. 
It can be seen that the u-wave has a large amplitude 
of about 70 and the c-wave goes as low as -0.7. 
The return to resting state is almost on the line 
u = uo, as it is in Figure 2. Further properties of 
this model were not investigated. 

Model 4 

The rest state was again ( U O , C O )  = (2, l), the upper 
critical point was ( ~ 2 , 2 1 2 )  = (13,0.6) and u4 = 4, 
whereupon the null isoclines are compIetely 
determined. The reaction terms can then be written 

F ~ ( u , u )  = ~d(u-2) (~-56.25(~-1)"4), (35) 

G ~ ( u , v )  = -/94[21- {l -0.0033057(~-2)'}]. (36) 

The reaction diffusion system was integrated 
numerically with D1 = 0.00250, D2 = 0.00125 
with the initial data of (8a) and (8b) and boundary 
conditions as before. It was quite easy to find 
solitary waves after only a few trial runs in this 
case. With a 4  = 4.258 and 134 = 15, well formed 
solitary waves quickly appeared. The wave 
profiles in space are plotted in Figure 10A and the 
solitary wave trajectory is plotted in Figure 1OB. 
The wave quickly assumes its maximum amplitude 
and also returns to  rest quite rapidly. 

With the initial data of Eq. (27) so that 
waves emanated from x = 0.23 and x = 0.77, a 
collision was observed at the center of the interval 
(0,l). The profiles at various stages of the collision 
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FIGURE 10A The u-component and v-component of 
the solitary waves obtained in thie fourth simplified system 
of equations. 

0 .2 ,4 *6 *8 I.0 
V 

FIGURE 10B The solitary wave trajectory in the 
(u,v)-plane corresponding to Figure 10A and its relation 
to the null isoclines and critical points of the kinetic system. 

process are shown in Figur,e 11. At t = 0.64 the 
u-waves have merged to form an envelope which is 
larger than the solitary wave amplitude and then by 
t = 0.66 collapses to eventually die away to the 
resting value u = 2 over the entire interval. The 
v-envelope achieves smaller values in the collision 

FIGURE 11 Collision profiles of the u-component.and 
u-component at various times for model 4. TWO solltmy 
waves have collided at x = 0.5 after being elicited by 
stimuli applied around x = 0.23 and x = 0.77 at t = 0. 

.2 -*---I .4 
X 

FIGURE 12 Multiple waves for the fourth simplified 
system emanating from a sustained stimulus of strengtb 
ue = 6 applied between x = 0.18 and x = 0.22. 

than in the solitary waves and then collapses to the 
resting value v = 1. Thus, the solitary waves 
annihilate each other in a head on collision, as they 
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did experimentally, for the complicated models of 
the introduction and for model 1. 

The response to a sustained stimulus for model 4 
consisted of a train of waves of similar amplitudes 
and shapes emerging from the applied stimulus. 
With the potassium ion concentration (u )  held at  
uc = 6 in accordance with Eq. (28)  the resultant 
train of waves is sketched in Figure 12. The 
spacing between the waves does not appear to be 
uniform. With a larger sustained stimulus, 
uc = 15, a total of eight waves had formed by 
t = 1.8 as opposed to only 3 in the case of uc = 6. 
The average spacing between the waves was smaller 
with the stronger stimulus as is found in experi- 
mental studies of multiple waves of spreading 
depression (Mayevsky & Chance, 1974). 

It can be seen that model 4 has very similar 
properties to the original reaction diffusion 
systems of the introduction. It has solitary waves, 
subthreshold responses, multiple waves and anni- 
hilation of colliding waves. 

SUMMARY AND CONCLUSIONS 

The model systems of equations for the behavior of 
the potassium ion and calcium ion concentrations 
described in the introduction were previously 
derived from available physiological and anatomi- 
cal data with certain extrapolating assumptions for 
cortical neuronal structures. They successfully 
predict the approximate quantitative behaviors of 
these ion concentrations during spreading cortical 
depression. More precise comparisons of theory 
and experiment must await the arrival of reliable 
data on the microanatomical and microphysio- 
logical properties of brain structures. 

Though those model equations are founded in 
physiological reality, they are very difficult to 
analyse. Even the two-component model (5)-(7) 
has fourteen parameters and the reaction terms 
contain logarithmic and exponential functions. 
Hence, it was decided to obtain simpler reaction 
terms which mimicked the more complicated ones 
in the relevant parts of the phase plane. This was 
achieved by locating the null isoclines of the 
original system and ensuring that their positions 
and hence those of the critical points of the simpler 
system were about the same. This resulted in four 
sets of reaction diffusion equations whose reaction 
terms contained only polynomials in u and v. The 
properties of the simplified systems were investi- 

gated by numerical integration of the coupled 
partial differential equations. 

The model equations had been so constructed 
that they all had subthreshold responses to small 
local elevations of potassium ion concentration. 
The first model had solitary wave solutions similar 
to those of the original system when suprathreshold 
doses of extracellular potassium are applied. With 
the rest point chosen as the origin this model 
system may be written 

~t = D z u ~ ~ + / ~ ~ ( u - u ~ u )  (U -a4u), (38) 

where a1 = c1, uz = UI-UO, a3 = cz and a4 = cq. 
For this system the solitary waves annihilated each 
other in a head on collision. Though multiple waves 
did issue forth from a sustained stimulus of 
sufficient strength, the train of pulses was not well 
formed. 

For the second system, which can be written 

no solitary wave solutions were found and thus the 
further properties were not investigated. 

The third system, 

where a5 = c5 and UG = CG, was found to support 
solitary wave solutions after the position of the 
upper critical point was shifted and the diffusion 
coefficient D2 was changed. The waves had a very 
large amplitude for the u component and the 
v-component had (in the original system) negative 
peak values. 

Finally, the fourth system of equations, which 
can be cast as 

(44) 

seemed to have the desired properties for a simpli- 
fied model designed to mimic the original compli- 
cated system. In addition to subthreshold respon- 
ses, the system possessed well formed stable 
solitary waves which annihilated each other in a 
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head on collision. Also, the response to a sustained 
stimulus consisted of a train of well-formed waves. 
It is possible that with certain choices of parameters 
in this model the v component could go negative 
and the u component could take on large values 
which would not occur in the original complicated 
system or in an experimental situation. To prevent 
these possibilities one would have to introduce 
much more complicated reaction terms which 
would defeat the purpose of seeking a simplified 
system of equations. It has been demonstrated that 
the fourth model shares, for the parameter values 
employed, the properties of t  he original complicated 
system. 
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