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The theory of neuronal firing in Stein’s model is outlined as well as the
corresponding theory for a diffusion approximation which has the same first
two infinitesimal moments. The diffusion approximation is derived from
the discontinuous model in the limit of large input frequencies and small
postsynaptic potential amplitudes. A comparison of the calculated mean
interspike intervals is made for various values of the threshold for firing and
various input frequencies. The diffusion approximation can underestimate
the interspike interval by up to 100% or severely overestimate it, depend-
ing on the input frequencies and the threshold. A general relation between
the predictions of the two models is deduced.

1. Introduction

A fairly realistic model for the stochastic activity of some neurons is that of
Stein (1965). The cell is assumed to have a trigger zone, which is a local patch
at which the sodium conductance per unit area is high relative to the rest of
the neuronal surface. This means that one can ascertain how close the cell is
to firing if one knows how close the depolarization V() at the trigger zone is
to some threshold level 8. The existence of trigger zones is well established
for some cells (Calvin, 1975). Stein’s model contains the following simplify-
ing assumptions concerning the random synaptic input. Excitatory current
pulses arrive according to a Poisson process, 7(f., t), each event of which
leads to an instantaneous increase in V(¢) by a., whereas inhibitory current
pulses arrive at event times in a second Poisson process (f; t), which is
independent of 7 (f,, t) and causes V(¢) to decrease by a;. Between input
events V(t) decays to zero with a time constant 7. The neuron fires an
impulse when V(¢) reaches 8 whereupon, after a refractory period, V(¢) is
reset to zero and subsequent inputs lead to another firing, etc. The model
was generalized by Stein (1967) to handle a distribution of post-synaptic
potential amplitudes and inclusion of reversal potentials has been taken into
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account by other authors (Johannesma, 1968; Tuckwell, 1979). Various
other models for neuronal activity with random input have been proposed
and many are discussed in Holden’s (1976) book.

The depolarization V(¢) in Stein’s model is a continuous time, continuous
state space Markov process whose sample paths have discontinuities of the
first kind. The time between nerve impuses is the time of first passage to
levels at or above 6 and determining the moments of this random variable
have proven difficult due to the fact that the equations involved are
differential-difference equations of a type for which there are hardly any
known methods of solution. For this reason, presumably, diffusion models, in
which the discontinuities of V'(¢) are smoothed out, have been considered as
approximations to Stein’s model, the first efforts in this direction being those
of Gluss (1967), Johannesma (1968), and Roy & Smith (1969). The theory
for diffusion processes is somewhat more tractable than for discontinuous
processes as the corresponding equations are differential equations rather
than differential-difference equations. A particular diffusion approximation
and the discontinuous model have the same mean and variance for sub-
threshold depolarizations. The question we consider here is how closely the
two models predict the time between action potentials.

2. Theory
Stein’s model can be cast as the stochastic differential equation for V(z),
dV=—-sVdt+a. dn(f.,t)—a;dn(f, 1), V({0)=x <8, (1)

where s = 1/7. The initial value of V(¢) is x. Let T(x) be the first time at
which the depolarization reaches or exceeds # and let the nth moment of
T(x) be M, (x),

E[T(x)"]=M,(x). (2)

Then from Tuckwell (1975) we have the recursion formulas

—5x S0 M 1+ 0+ M =)~ e+ M () =~ (2),

3)

forn=1,2,...,with My(x) = 1. This system of equations is solved with the
boundary condition M, (x) =0 for x = # and with the constraint that M,,(x)
be continuous and bounded for x € (—o0, 8). The values of particular interest
are M, (0). This system of equations has proven quite difficult to solve except
in some simple cases. We have recently obtained solutions for n=1,
a. = a; = 1, for various values of 6, f, and f; (see Cope & Tuckwell, 1979,
where a summary of previously obtained results is given). The method relies
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on an asymptotic expansion for large negative x, continuation of this
solution to near # by means of an algebraic use of the differential-difference
equation and then determination of relevant constants from the boundary
condition.

A diffusion approximation for V{(r) can be obtained by considering a
diffusion process V*(¢) whose first two infinitesimal moments are the same
as those of V(r) (by definition the higher infinitesimal moments are zero for a
diffusion process). For (1) we have a transition probability density
p(v, t{ve, to), defined through

p(v, tlve, ) dv =Prob [V(t) € (v, v +dv)| V{te) = vo), (4)

which satisfies the forward Kolmogorov equation,

L 52 (0p)+ fp(0 - ) +fp(o-+ a) = (fo +Fp. ®)

If we expand p(v —a.) and p(v + a;) with Taylor series we obtain

a—p = ._a_av- [{(~=sv +f.a. —f.'ai)P] +

°§°: fai+(=1)"fa; _3_"1; ©)
ot n=2

n! v

which must be equivalent to the so-called kinetic equation (Stratonovich,
1963)

V7 ik w)p), ™

ap &
ot § dv

n=1

where K, (v) is the nth infinitesimal moment,

E{[Vit+A)- V(]| V() =0}

K. (v) = lim AT (8)

Accordingly we must have
Ki(v) =—sv +fea. — fas, 9)
K.(v)=fal+(=1)"fal, n=2,3,.... (10)

The diffusion approximation, V*(¢), with the same first two infinitesimal
moments as V(¢) will thus be described by the stochastic differential
equation

dV*=(=sV*+f.a, —fa) dt+(fal +fa})*dW, (11)

where W(t) is a standard (zero mean, variance t) Wiener process, and its
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transition density p*(v, t|vo, to) will satisfy the forward Kolmogorov equa-
tion

ap* 9 «  [oai +fal 8p*

— = ~fa.+fa)p*l+——— —. 1

Py o Lsv ~fea.+ fap] 7 o (12)
This is recognizable as the Kolmogorov (Fokker-Planck) equation of the
Ornstein-Uhlenbeck process, first studied by Uhlenbeck & Ornstein
(1930).

Though we have written down the approximation (11) it should be shown
that a diffusion approximation to the original process does in fact exist when
the rates f, and f; of the Poisson processes tend to infinity and the amplitudes
a. and a; tend to zero. The simplest procedure is to let

f.=fi=nf a.=ai=a/n'" (13)
whereupon, from (9) and (10),

Ki(v)=~sv, (14)
lim K(v) =2fa?, (15)
lim K,,(v) =0, m=3,4,.... (16)

One thus obtains the Ornstein-Uhlenbeck process
dV*=—sV*dr+a(2f)"/*dW (17)

for which some first passage results were first obtained by Wang &
Uhlenbeck (1945) and more recently tables of first passage densities and
moments have appeared (Keilson & Ross, 1975). Approximate formulas for
these moments have been developed by Thomas (1975).

The more general process where the net mean input is not zero can also be
derived by taking limits in a different fashion. To see this, set

fi=fe+kh ai=a2+mi’ (18)

where now a, and m; go to zero and f, and k; go to infinity as n becomes
infinite according to

fo=nf, a.=a/n'?  mi=u/n, ki=kn'> (19)

We now have
lim K,(v) = —sv — fu ~ ka, (20)

lim Ky{v)=2fa* 21)
lim Kn(v)=0, m=3,4,.... (22)
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so that the more general diffusion approximation
dV*=(-sV*+a)dt+8dW (23)

is obtained, where & = —(fu + ka) and 8 = a(2f)"/?. Note that « is negative,
but positive & can also be obtained if we set f, = f; + k., a. = a; + m,, and let
fi=nf,a;i=a/n""? m, = u/n, k. = kn'’* and again take the limits as n - .
Considering the diffusion process V*(¢) defined through the stochastic
equation (11), and defining the random variable T*(x) as the time at which
V*(¢) first leaves the interval (—8,, 6) where x = V*(0) e (—#6,, 8) and 6, <0,
we have, from Darling & Siegert (1953) that the nth moment of T*(x),

M7 (x) = E[T*(x)"], (24)
satisfies the recursion system of differential equations
d’M* dMm}
i(fea +fal) — =+ (feac —fai—sx) == -nMiL (x),  (29)

for n=1,2,3,..., with My(x) =1 and boundary conditions M} (-6,)=
M7 (6) =0. Thus, as pointed out by Yang & Chen (1978), one can obtain the
moments of the interspike interval without knowledge of its probability
density. The Laplace transform of the density has been obtained by various
authors (Roy & Smith (1969) express it in terms of confluent hyper-
geometric functions of the second kind, Capocelli & Ricciardi (1971)
express it in terms of parabolic cylinder functions), and the problem of
constructing the density of T*(x) from its moments has recently been
considered by Sato (1978).

The equation for M¥ (x) can be integrated to give a solution as a double
integral (see for example, Thomas, 1975). The quantity of interest here is
M#¥(0) which, when we let ; >0, is the expected time at which the
threshold 6 for firing is reached when the neuron is initially in the resting
state. This quantity can be expressed in the following way after Roy & Smith
(1969):

0 2k+1(X2k+2 _ Y2k+2)

* () =
M (0)“2 {Eo (k+ 12k + D!

s20Yed Y -xed X3, @)

where
X =1V f.a, ~ fa,— 6/ )/ (f.a + Fa ), @)
Y =% fa, - fa)/(foa + fa}) ", 28)

and ®(a, b; x) is the confluent hypergeometric function of the first kind [see
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Abramowitz & Stegun (1964), for example]:

ax afa+1)x’
®(a, b; x) 1+b+b(b+l) 2!+.... (29)
It has been found that the computation of M T (0) from the series (26) is quite
efficient for “physiologically reasonable” values (between about 27 and
2007 for many mammalian central nervous system neurons).
The random process V{(t) described by equation (1) and the diffusion
approximation described by equation (11) have, in the absence of any
barriers, the same mean,

E[(V1)]=E[V*(n]=(f.a.—fa:)[1—exp (—st))/s, (30)
where we have assumed V(0) = V*(0) =0, and same variance,
Var[V()]=Var [V*()]=(f.a2 +fa®)[1 —exp (-2s0))/2s.  (31)

This being the case, one might expect the times at which V(¢) and V*(¢)
reach @ for the first time to about the same. A precise comparison is not
possible because V(r) may jump above 6 to cause a level crossing whereas
V*(z) must, since the sample paths of diffusion processes are continuous, hit
# precisely to give a neuron firing. It is nevertheless of interest to compare
the random variables T'(0) and 7*(0) and we will do this by comparing their
mean values. It must be pointed out that the comparisons are not made in
order to show that the mean interspike time calculated from the diffusion
model is sometimes a bad approximation to that for the discontinuous
process. The philosophy is rather to find out when the diffusion approxima-
tion is a good one for this purpose and when it performs best. Since the
diffusion approximation is derived rigorously in the limiting cases of large
input frequencies and small postsynaptic potential amplitudes, we expect to
find the best agreement for M;(0) and M7 (0) in such limiting cases. We will
find however that the diffusion approximation often performs reasonably
well away from these limiting regions.

3. Results and Discussion

The expected times between impulses in the two models were calculated
for various 8, f., and f; with a, and a; fixed at unity. In particular, values were
obtained in the “physiological range” for § =3, 4, 6, 8, and 10. The values of
M, (0) were obtained as previously described (Cope & Tuckwell, 1979) and
the values of M7 (0) were calculated from the Roy & Smith formula (26).
The unit for the calculated quantities is the membrane time constant 7 and
the input frequencies f, and f; will be given in units of 7. The comparison
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between M;(0) and M7 (0) is made by determining, at each set of values of f,,
f; and 6, the % error of the diffusion calculation
= Diftusion—Exact ., 30/ _ (M 0)/Mi(0)]- 1)(100%).  (32)
Exact
In Table 1 we show some of the calculated values of M;(0) and M7 (0) for
8=4,f,=2,6,and for 6 =8, f; =2, 10, at various frequencies of excitation.

TABLE 1

A comparison of mean interspike intervals for the
discontinuous model

R fe My (0) M1 (0)
4 2 2 55-1 56-7
3 10-4 9-39
4 421 369
5 2:40 2:10
4 6 3 324 195
4 52-3 385
5 15-7 12-5
6 6-82 5-69
7 377 321
8 2-43 209
8 2 4 167 327
5 330 40-6
6 117 11-9
7 5-92 5-60
8 371 343
9 2-64 242
10 2-:03 1-86
8 10 8 261 218
9 81-7 70-4
10 32-8 28-8
11 16:0 142

In Figs 1 and 2 the values of E are plotted against f, for various f; for 6 =4
and 6 = 8. For each 6, values of E seem to approach a limiting negative value
as f, becomes large. There appear to be two kinds of curve: one which
approaches the limiting value from above, through positive values of E; the
other approaches the limiting value from below. The former class has a band
of frequencies of excitation where the diffusion model overestimates the
expected time to reach 6. As @ increases, the number of frequencies of
inhibition where such a band exists increases. For 6 = 3, the curve for f; =0
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FIG. 1. Values of the percentage error E, when 6 = 4, of the mean interspike time calculated
from the diffusion model relative to the results of the discontinuous model as a function of
excitatory input frequency, f,, for various values of the inhibitory frequency f.

approached the limit from above, whereas the curves for f; =2, 4, 6, 8, 10
were never positive. For 6 =4, f; =0, 2 gave some positive values of E;
0=8, fi=0, 2, 4, 6 (values for f; =4, 6 are not shown in Fig. 2 because of
overcrowding), and for 8 =10, f; =0, 2, 4, 6, 8, 10 all gave some positive
values of E.

The asymptotic behavior for large f, can be explained by considering the
limit of very large frequencies of excitation at fixed ¢ and f;. Since the decay
becomes negligible in the limit, the value of M (0) must approach the value

100
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£ 40}
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F1G. 2. Asin Fig. 1 with §=8.
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for a Wiener process with drift f,z. Hence, for 8 =n,
MO < nf. (33)

For the discontinuous process one must, for all finite f,, wait for at least
(n+1) events in 7 (f,, t) before V(¢) reaches 6 = n, so that
M, (0) ; (n+1)/f.. (34)

Hence, for large f, we have the limiting behavior for E:

E it -100/(n+1)% = E;. (35)

The values of E at the largest f, for each curve in Fig. 1 are between —15%
and —12-5% and since 6 = 4 here, the limiting value is E; = ~20%. In Fig. 2
the corresponding values of E are between —8-4% and —11-2% and since
6 =8, the limiting value is E; =—11%. Thus the asymptotic values for
extremely large f, have not been reached on the figures.

Consider now the other extreme f, =0. With no excitatory inputs, V (¢)
can never go above zero if V(0) =0 and so T(0) = o with probability 1 and
hence M;(0) = <. The diffusion process V*(r) on the other hand may diffuse
above 0 and hit 6 in a finite time. Hence MT (0) <. Thus we have

E ~ ~-100%, (36)
fe>0

regardless of the value of f; as long as f; # 0. Therefore every curve in Figs 1
and 2 eventually approaches E = —100% as f, - 0, even the curves for f; = 2.

Now consider a fixed intermediate value of f,. First suppose f; is much
smaller than f,. In the extreme case f; = 0, V(¢) will reach 8 quite quickly and
the diffusion process will not be able to keep up with the jump process. In
such a case we expect M¥ (0)> M, (0), or a positive value of E. When f; is
much larger than f, the discontinuous process spends mot of its time below
zero and the diffusion V*(¢) tends to reach 6 ahead of V/(¢). This makes the
value of E negative, corresponding to the class of curves that never visit
positive values.

From these arguments and the exact results of Figs 1 and 2, we con-
clude that, for a given 6, the family of curves for the various values of f;
are as sketched in Fig. 3. Each curve (except possibly the one for f; = 0) must
emanate from E = —100 when f, = 0, corresponding to relation (36). Also,
as f, -» o0, E must in accordance with relation (35) tend to the limiting value
—100/(n + 1) for @ = n. Since the right hand limiting values on the curves for
6 =4 and 6 = 8 shown in Figs 1 and 2 were greater than the corresponding
values of E;, we must suppose that at higher f, the curves will reach a



386 H. C. TUCKWELL AND D. K. COPE

£ HA— e

-100

F1G. 3. General scheme of the error curves for various f;.

maximum and then decrease to the values E;. This leads to the idea that
each member of the family of curves starts at E =—100, tends to increase
and has a maximum which for smaller f; actually occurs at positive values of
E, whereas for larger f; the maximum value of E is negative.

It can be seen that the diffusion model predicts, in the limit of large f, and
[, the mean interspike time given by the discontinuous model, rather well,
especially when @ is large. Under certain conditions, however, the error may
be of the order of up to 100% too small and under other conditions the
diffusion prediction may be orders of magnitude too large for the mean
interspike time. Hence theories of neuron firing as a function of inhibitory
and excitatory frequency based on diffusion models must be regarded with
due caution.
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