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The stochastic differential equations of many diffusion processes which arise
in studies of population growth in random environments can be transformed,
if the Stratonovich stochastic calculus is employed, to the equation of the
Wiener process. If the transformation function has certain properties then the
transition probability density function and quantities relating to the time to
first attain a given population size can be obtained from the known results for the
Wiener process. Some other random growth processes can be derived from the
Ornstein~Uhlenbeck process. These transformation methods are applied to
the random processes of Malthusian growth, Pearl-Verhulst logistic growth
and a recent model of density independent growth due to Levins.

1. INTRODUCTION

In order to study the growth of populations under fluctuating conditions,
the differential equation satisfied by the continuous approximation to the
population size, as a function of time, may be converted to a stochastic differential
equation by considering a growth rate or any other parameter to be a random
process. If N(t) is the random process, representing the size of the population,
generated by randomization of the parameter #(z), then the stochastic equation
satisfied by N(¢) is often of the form

dN(®)/dt = f(N(2)) + g(N () n(2). M

Having established a stochastic equation for the growth of the population,
one is then primarily interested in determining the transition probability density
function (pdf), defined through

(N, t| Ny)dN = Pr{N < N({) < N + dN | N(0) = N,}, )

whenever this quantity affords a complete description of the process. From the
transition pdf one can calculate the mathematical expectation and variance of
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the population size at various times and also the probability of ultimate extinction.
We will only be concerned in this paper with populations whose stochastic
equations are of the form of (1).

In the study of population growth in random environments it is usually
assumed that the quantity n(t) = w(t), a stationary, delta-correlated, Gaussian
process (white noise); for then, if f(IN) and g(V) in (1) satisfy a uniform Lipschitz
condition in NV and there exists a constant C such that

[ f(N)] < C(1 4 N2,

)
0 <g(N) < C(1 + N2,

then it has been shown (Doob, 1953; Jaswinski, 1970) that N(¢) is mean-square
continuous and Markov so that p(XV, ¢ | N;) does provide a complete description
of the process. (We also note that a monotonic function of a Markov process is
Markov (Gihman and Skorohod, 1972)). Furthermore N(z) is a diffusion process
because its transition pdf satisfies the (forward) Kolmogorov equation

L = — o KO + 5 s (a9 @

where o? is the variance parameter of w(¢).

A problem arises, however, in that the drift term, K(N), depends upon the
rules employed for the integration of the original stochastic differential equation.
Of the two methods of integration, the Ito and Stratonovich calculi, the
latter is generally held (Gray and Caughey, 1965; Jaswinski, 1970; Wonham,
1970; but see also Mortensen, 1969) to be more appropriate for the integration
of equations which model random processes occurring in ‘physical’ problems.
We will adopt this approach here so that the first infinitesimal moment is given
by (Stratonovich, 1963)

K(N) = f(N) + pg(N) + (1/2) o%(N) g'(N), )

where p is the mean value of w(¢).

It can be seen, even for quite simple functions f(N) and g(XV), that the
Kolmogorov equation, obtained when (5) is substituted in (4), may appear quite
difficult to solve analytically. However, we will see that in many cases there
exists a simple integral transformation which will give rise to one of the two
well-known processes, the Wiener process (WP) and the Ornstein—Uhlenbeck
process (OUP). This will enable us to obtain p(N, ¢ | N,) in closed form.
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2. THE TRANSFORMATION METHOD

A. Transformed Wiener Processes
Suppose f(N) = 0, so that Eq. (1), with n(¢) = (), becomes simply

dN(t)/dt = g(N(2)) w(?)- (6)

The transformation
N

Y(N) = [ gV 1w, (7

previously utilized by Lax (1966), yields a random process satisfying
dy(t)jdt = w(?), ®

providing the integral in (7) exists. Ordinary integration rules apply because
we are using the Stratonovich calculus. Equation (8) is the stochastic equation
satisfied by the Wiener process. Suppose further that N(t) € (N, , N,) and that
the function Y(N) has range (— o0, c0). Then the transition pdf of Y{(¢) for
an initial value Y, is

_(Y _ YO - p,t)2]. (9)

1
pAY, 1Y) = it 2 €xp [ 3%

Now, providing the function defined by (7) is strictly monotonic and has a
continuous nonzero derivative on (N,, N,), the transition pdf of N(f) is
immediately found to be

(fosrav ]

P, 11 Ny = B o [ 207

(2mo?t)1/2 (10)
The boundaries -+ o0 and — oo of the Wiener process are natural in the sense
of Feller (1952). The above transformation preserves the nature of the boundaries
so that IV, and N, are natural boundaries for the process N(t); this means that
there is zero probability that they will be reached in a finite time.

Since the function Y(V) is strictly monotonic we can also easily find the
probability density function of the time of first passage T, of the process N(?)
to a value N* € (N,, N,), given an initial value N,. Using the known result
for the Wiener process (Cox and Miller, 1965) gives the following expression for

this density:
N* 2
(e )
2 (1

202t

N*x
’ f g(N'Y1dN"
AVO
(2770.2t3)1/2

BN, t | Ny) ==

exp
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The mean and variance of T together with the probability that a given value
N* will ever be reached can also be obtained from the known results for the WP.

B. Transformed Ornstein—Uhlenbeck Processes

If the function f(IN) has the special form indicated by the equation,

dN(t)
dt

N(t)
=) oy —8 [ ey, g0, (12

then the change of variable (7) yields a process satisfying
dY()/dt = —BY(2) + w(?). (13)

This is the stochastic differential equation of the OUP. Using the known
transition pdf for this process (on the whole real line) and making the same
assumptions about (7) as we did for transformations of the WP, we find
(Uhlenbeck and Ornstein, 1930) that the transition pdf of N(¢) is

e [g(N)[
(mo¥(e2t — 1)[B)'2

[ = (e [Tgaw — [Mgrav—u [ ‘f“""")z] (14
X exp A

P(N) tINO) =

where [g~1dN' has been used as an abbreviation for [g(N')1dN".

Since the boundaries 400 and — o are natural for the OUP we again find
that the boundaries N; and N, are natural for the process N(t). If, however,
either Y(V,) or Y(&V,) is finite, then the corresponding boundary points for both
Y () and N(¢) will be regular. At such a boundary various boundary conditions
may be imposed such as those for absorbing or reflecting barriers. In particular,
suppose that Y(IN) € [0, co) and that the origin is regarded as an absorbing
barrier. Providing p = 0 we can still obtain a closed form expression for the
transition pdf of N(z):

(e [V gran — [ gran)’
s [ ( fg [ )}
PN LN = ot — Ty (P P O

[_ (e [ v + f”‘)g—wq
- H — D)8

(15)
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3. APPLICATION TO MODELS OF PopuLaTION GROWTH

1. Malthusian Growth

This example of a stochastic growth process is included, even though it has
been much studied (Gray and Caughey, 1965; Lewontin and Cohen, 1969;
Goel, Maitra and Montroll, 1971; Capocelli and Ricciardi, 1974), because it
provides a simple demonstration of the above transformation method. The
stochastic differential equation is simply

dN(t)/dt = r(t) N(t), Nye(0, o). (16)
If 7(t), the random growth rate, is a white noise, then N(¢) is a diffusion process

and the transformed variable, obtained from (7), is Y(#) = log N(¢), which is a
WP on (—o0, o). Thus from (10) we find that the transition pdf of N(z) is

P(N:tho) =

N
N [— (tog 3=~ wt
(2ma?t)l/2 exp 202t

2
) ], N>0. (17
The mathematical expectation of the population size at time ¢ is
E(N(t)) = Noet+e2, (18)
and its variance is
Var(N(t)) = Ny2e2uteo (o — 1). (19)

On calculating the value of Pr{N(z) > N,}, where 0 << N; < oo, we find that
the probability of ultimate extinction is unity if p < 0, zero when p > 0, and
$ if p = 0. These results support the view that the Stratonovich calculus leads
to more meaningful results in a ‘physical’ problem than the Ito calculus. The
latter, when applied to the stochastic equation (16), indicates that populations
may go extinct with probability one even for certain positive values of the mean
growth rate u. We note, finally, that as z — co, N(z) does not possess a stationary
distribution; the probability density function accumulates either at arbitrarily
small values of N (i <C 0) or arbitrarily large values (u > 0) or both (u = 0).

2. Pearl-Verhulst Logistic Growth

When, as is usually the case, there are factors which limit the population size,
the simplest model is provided by the equation

AN(t)jdt = r(t) N(t) (1 — N(@)/K), N,e(0, K), (20)
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where K, a positive constant, is called the carrying capacity. As a stochastic
differential equation, (20) has been studied by Levins (1969) but the transition
pdf was not obtained explicitly. May (1973) has studied a version of this
equation, regarding K as a random process, with a view to determining the
limiting distribution of N().

Applying the transformation (7) again yields a WP on (— o0, c0), and since
the assumptions of Section 2 are satisfied by the function

y(N) = | "IN — NYR)[ aN 1)
we have, from (10), for 0 < N < K,
N(K — N No) Mt)z

with p(N, ¢ | N,) vanishing at the natural boundaries, N =0 and N = K.
Again the process does not attain a proper stationary distribution as ¢ - c0.

The mathematical expectation and variance of N{f) have not been found in
closed form. However, series expansions for these quantities can be obtained
by the use of Taylor series over the appropriate ranges of convergence. Thus
we find that the integral

EQN®) = sy Zt)m J (1 +erytexp [CLZ 2t 4y ()
where y, = log[N,/(K — N,)], can be computed from the series
o) 5 5 o[- o) cw [ (2]
e (g2 en e s 0 (FG2 1 dl]f 09

In this formula a = log[Ny/(K — Ny)] + ut, b = (20%)'/2 and

2 v
Px) = =5 fo 24z, (25)

Similarly the variance can be computed from (24) and the series

el

s =55 r om0 (-2 o o5 ]

T PR S ) PO Y L +a)]]. @9
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To obtain some insight into the long term behavior of the population

described by the random process N(t) satisfying the stochastic equation (20),
we examine the quantity

Pr(N, < N() < Ny | NO) = Ny = [ p(V, £| Ny N

Ny(K — N)
— ut log —
# ) y ( Ny(K = NI); ) @

(0.2t)1/2

Ny(K — Ny)

(lOg N2(K _ NO)
=4 (c%)72

where A7(x) is the normal distribution function. From this formula we see that
Pr{N(t) > N,} approaches zero as t — oo if p < 0; approaches unity if u > 0;
and approaches % if u = 0. Thus if the intrinsic growth rate, r(t), is positive, on
average, then the probability of extinction is zero whereas if that quantity is
negative, on average, extinction occurs with probability one. The pdf of N()
accumulates near either the right or left end of the interval (0, K). This
phenomenon is the same as found by Kimura (1954, 1964) in the effect of
random fluctuations in selection coefficient on gene frequency distributions.
In fact we note that (20) is the same, if we put X = NJK, as the stochastic
equation satisfied by the (random) gene frequency X(¢) in the case of no dom-
inance, a problem recently treated by Gillespie (1972). We intend to discuss
the applications of the methods of this paper to problems in population genetics
in another publication.

The remarks of the last paragraph concerning the probability of extinction
and the qualitative long term behavior of the transition pdf actually apply to
random growth processes restricted to the interval (0, K) and obeying the
general stochastic equation

_d% = rON @™ (1 — i\%ﬁ)" N,e(0,K), (28)

where m > 1 and n > | are positive integers. When m = 1, for example, the
transformed process, obtained from (7),
N =tm—1 N !
— Y L
Y(N) = log K—N+l§1( D) =) (29)
is a Wiener process on (— 00, o). We continue our discussion, however, of the
logistic process (20).

It is interesting to consider the long term behavior of the process N(t) satis-
fying (20) when the Ito calculus is used, even though the resulting Kolmogorov
equation has not been solved analytically. We can, nevertheless, answer questions
about the long term behavior of the process using the following argument.
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Providing IV, and N are much smaller than K, the logistic process approximates
the Malthusian random process. Then the transition pdf for the (Ito) logistic
random process is approximately the same as the (Ito) transition pdf of the
random Malthusian process. The conclusion to be drawn is that a population
satisfying (20) with N, small will go extinct with probability one if p << 102

As pointed out already, the first passage time pdf is given by the expression
(11) where we now put g(N) = N(1 — N/K). Furthermore, the mean and
variance of T are known (Cox and Miller, 1965):

1. [NXK—N,)
B(T) = Jlog [ g =7 ) (30)
Var(T) — 21:5 log [%] 31)

where 0 < Ny < N* < K and p > 0. One can also calculate the probability,
TI(N*), that the population ever attains the size N*, from

1, if pz=0,
ON¥) = {[NX(K — N 1>/ .
[mE—wy] o i k<o

(32)

TABLE I

Calculated Values of E(T), Var(T), II(N*) and Pr{Ext.} for the Logistic Random Growth
Process when K = 1000, 62 = | u |, and N, = 1¢

E(T) Var(T) II(N*) Pr{Ext.}

p= 41 ; 6.91 3.45 1 o
N* = 5K (4.60) (2.30)

po=—1 % 1.0 x 10- .
N* = 5K (1.0 x 10-%)

po=+1 s 9.10 4.55 . .
N* = 9K (6.79) (3.40)

po=—1 1.2 x 10-8 .
N* = 9K ; (1.3 x 10-%)

¢ Figures in parentheses are for N, = 10 when these quantities are different from those
for N, = 1. No entry indicates that the quantity does not exist.
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TABLE II

The Same Quantities as in Table I with K = 105, ¢ = | u |, and Ny = 1(10)

E(T) Var(T) II(N*) Pr{Ext.}

p=+1 13.82 6.91 : 0
N* = 5K (11.51) (5.76)

w=—1 : 1.0 x 10-12 .
N* = 5K) (1.0 x 10-19)

p=+1 % 16.01 8.01 . o
N* = 9K (13.71) (6.86)

p=—1 z 1.2 x 1071 )
N* = 9K (1.2 x 10-12)

TABLE III

The Same Quantities as in Table I with K = 1000, ¢®> = 10| |, and N, = 1(10)

E(T) Var(T) II(N*)  Pr{Ext)}

= +1 g 6.91 34.53 . 0
N* = 5K (4.60) (22.98)

= —1 g 3 B 25 .
N* = 5K (.40)

p=+1 $ 9.10 45.52 . o
N* = 9K (6.79) (33.96)

o= —1 } B B .16
N* = 9K (.26)

In Tables I-IV we show the calculated values of E(T'), Var(T'), (when they
exist), JI(N*), and the probability of ultimate extinction, Pr{Ext.}, for selected
and representative values of K, u, 0%, N* and N,. The following points are
supported by a study of the calculated values.

{(2) The mean and variance of the time of first reaching a given fraction of the
carrying capacity is an increasing function of the carrying capacity, for given u,
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TABLE 1V

The Same Quantities as in Table I with K = 10%, 0® = 10| |, and N, = 1(10)

E(T) Var(T) II(N*)  Pr{Ext}

p=+1 13.82 69.08 ] 0
N* = SK (11.51) (57.56)

p=—1 B 06 .
N* = 5K (.10)

= +1 16.01 80.06 1 0
N* = 9K (13.71) (68.55)

p=—1 _ .04 !
N* = 9K .06

¢® and N, when p is positive. Similarly, when p is negative, the probability that
the population ever reaches a given fraction of the carrying capacity is a
decreasing function of the carrying capacity.

(b) For a given carrying capacity and a negative mean growth rate, the
increase in the probability of ever reaching a given population size effected by
increasing the initial population size is a decreasing function of ¢?/| p |. That is,
the more variable the growth rate for a given mean, the less is the benefit derived
from having a larger initial population size.

(c) When p is negative the probability of ever reaching population sizes which
are large relative to the carrying capacity may be quite large when o® is large.
One infers that an observation on a real population whose growth rate is fluctu-
ating may yield a result quite close to the carrying capacity even though the
population will ultimately become extinct with probability one.

3. A Model of Malthusian Growth with Random Deaths

Levins (1969) has considered the stochastic equation
dN(t)[dt = rN(2) + () (N@)'2,  Noe(0, o), (33)

where €(2) is a random process with zero mean and variance parameter v(1 — ),
o being the mean viability. The second term in (33) represents the random
sampling in the deaths of the adults and in this study this is assumed to be the
only source of variability. Thus, regarding r as a constant and e(t) as a white
noise, we can show that N(#) is a Markov process. Furthermore it is related to the
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OUP because Eq. (33) is of the same form as (12) if » < 0. In fact, as observed
by Levins, the transformed process Y = 2N1/2 satisfies the equation

dY(t)/dt = Y (t) 4 (). (34)

If r is negative the classical OUP is obtained. In the general case we find that
the transition pdf of N(t) is given by

N-1/2 p—1/2rt

P(N, t I NO) =

_2(\/jv_ e-1/2rt \/ﬁo)z]

(277%2 (1 __re——rt))llz €Xp [ o2 (1 __re«rt)

_ 1/2,~-1/2rt 1/2\2
— exp AN j_ No ) ) (35)
2 (1 — et
v r )

where ¢,% = 9(1 — ). The origin (N = 0) must be regarded as an absorbing
barrier because a population which reaches zero must stay there. Hence we have
used expresston (15) and p(0, ¢ | Ng) = 0.

As t — oo the function defined by (35) vanishes for all finite V and hence no
stationary distribution exists, regardless of the sign or absolute magnitude of r.
We find that the mathematical expectation of the population size at time ¢ is

E(N(t) = f: Np(N, t| Ny) dN

2Ny (Noe"(e” - 1))1/2

o} (1 — ) 2ar

= g, €Xp

i+ S 0 () ) 0

Note that this result is different from that of Levins (1969) who has neglected
to treat the origin as absorbing and regarded Y(¢) as a process on (—co, )
instead of [0, 00). We see from (36) that when r > 0, E(N(t)) — o0 as t — ©
whereas when7 < 0, E(N(t)) — 0. When r = 0 the asymptotic behavior of (36) is

E(N(2) r~, 02Nt /m)"7, (37)

which indicates that in this model the expected population size becomes
infinite as ¢ — o0 when the deterministic part of the process is absent.

To further understand the nature of the process satisfying the stochastic
equation (33) we calculate the probability that at time ¢ the population size is
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between prescribed limits. Such an analysis leads to the result that

1/2 1/2
Pr{N(t) > N, | N(0) = Ng} = ,V( (kN1 + No'®) )

iz
2k N1/2 _ N1/2
_./V‘( (t 117%/2 0 )) (38)
where N, € (0, o) and we have put
b= ey, =2 =€) (39)

r

When 7 < 0 the right side of (38) approaches zero as  — o0 and we conclude
that
Pr{Ultimate Extinction} == 1. (40)

When r > 0 we find

(41)

_ 1/2
Pr{Ultimate Extinction} = 24" (__.2_(N o) )’

Gy

which is, as might be expected, a decreasing function of N, and ». To under-
stand the results (40) and (41) we observe that when » <C O the process is directed
towards the origin which is absorbing; hence, ultimately, all populations end
up going extinct. When 7 > 0 the process is directed towards large values of the
population size but many sample paths end up at zero which is still an absorbing
state. Hence the probability of extinction is between zero and one and the larger
the initial population size and/or the value of 7, the less is the influence exerted
by the absorbing barrier at zero population level,

From Eq. (41), setting N, = 1 and assuming o,? attains its maximum value
of 1 (thus giving the greatest probability of extinction for given values of N,
and r) we find that the probability of ultimate survival of the population is
greater than .9 whenever the growth rate r is greater than the moderately small
value of (approximately) 0.17. Finally, we note that when » = 0 extinction
is certain even though the mathematical expectation of the population size
becomes infinite as £ — co. This phenomenon has been observed previously
by Lewontin and Cohen (1969) in their study of the Malthusian random growth
process.
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