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ABSTRACT,

Stochastic differential equations containing a Gaussian random
brocess are considered. Transition probability density functions
are obtained in closed form for processes satisfying certain types
of equation which include seve_ral applications to random processes
in meurobiology, population genetics and population growth. A gen-
eralization of a result due to Stratonovich concerning the Tokker-
Planck equation of a random process satisfying a certain kind of

fluctuation equation.



1. INTRODUCTTION

We are interested in finding transition probability
density functions(p.d.f.'s), féx ,for random processes, X("),which

obey stochastic differential equations of the type

dX = £+ 30X, ()
dt

where )a)is a random process. Stochastic equations of this kind
have arisen frequently in models for random processes in neuro-
biology, population genetics and population growth. A brief
review of such models is now presented in order to indicate our
motivation in attempting to determine Q&cfrom (1).

Neurcbiology. xayrepresents a neuron's membrane potential, If

the time constant of the membrane is T ,then, under the influence
of a gstochastic input processd?&)which ig attributed to randomly
arriving inhibitory and excitatory post-synaptic potentials, we

may write for a simplified neural model

_“‘t._)g: -—__5_.;_(%1‘?‘(5'). (2)
G“: T

This differs from the usual approach where the incoming signals

are assuméé Poisson distributed(Johannesma(1968);Roy and Smith
(1969); Capocelli and Ricciardi(1971); Cowan{1972)) énd the Fokker-
Planck equation for‘ﬁx heuristically derived. This approach is
equivalent to assuming that #HBis a Gaussian, delta-correlated
stationary random process.

Population Genetics. Xﬁﬂ represents an allele freguency and is

restricted to the unit interval. The differential equation for

X(®) is often of the form

aX = s(&)Xm(/-X)ﬂ,
L (3)



where 8(¢) represents the random selection coefficient. When

m =m= 1 we have the case of no dominance, whereas if”t =1 and
m = 2 orm = 2 and = 1 we have complete dominance with the
dominant or recessive allele, respectively, favcored. This procblem
has been considered by Kimura(1964,1970) but see Crow and Kimura
(1970).f0r the derivation of the equations and an extensive

bibliography. More recently the non-dominant case has been con-

sidered by Gillespie(1972) and all three cases treated by

Tuckwéiii?é?qb) when S{¢¥) is a white noise process.
One also encounters the problem of random fluctuations
in migration rate»(@,in which case , after Crow and Kimura(1956),

one has

%z'mw(x' £, (%)

where f’ is the fraction of the allele, whose frequency is‘X(Q,
in the immigrants.

Population Growth. Here X(£ is the continuous approximation to the

population size. The processes divide into the categories of
restricted(or density dependent) growth where 0& XK K (o,
and unrestricted(density independent) growth where o <x{g<so,

In the latter category we find Malthusian growth, studied by
Levins(1969), Lewontin and Cohen(1969), Goel,Maitra and Montroll
(1971) and Capocelli and Riecciardi(197%i),.The fluctuation equation
is simply -

AdX _
T A8 X (5)

~wheret{t) is a random process. The only other unrestricted growth

process s0 far considered is one due to Levins(1969) which com-
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bines Malthusian growth with random sampling in the deaths. X(0)

1s assumed to satisfy an equation of the form

AdX _ ox 4 X&) (6)
Ak

where 4~ is constant and £{(f is a random process. This problem
has been recently treated by Kiester and Barakat(1973) and an
al ternative model hast been developed by Tuckwell and Lande(1973).

For density dependent growth one may write

% = +oxX™ [! - @‘E)ﬂr (7)

wirere m ,n, ande are usually taken to be positive integers,
amd K is a constant which represents the theoretical upper
limit of the population size and is often referred to as the
'carrying capacity'. The casewm =‘n‘=.P = 1 results in the so
called Pearl-Verhulst logistic growth process and this has beem
considered by Levins(1969) and Goel,Maitra and MomtrolX(T971).
Another model of imterest is that of Malthusian growth with

a logarithmic regulatiom function which was introduced by

Capocelli and Ricciardi(1973b). In this case one has

ax - X (*&)— Q%X) | (8)
ar
whereﬁ is a constant., When+{@=+ ,a constant, this equation
-+
represents a restricted process with e \< X < c /P s but when

+{¥) is a random process on (;-ﬂ% <) the upper bound on the pop-
ulation size is removed. It has been noted by Smith and Tuckwell
(1973) that the process described by (8) is directly related to
the s0-called Gompertz growth model which has been treated as a

stochastic process by Goel,Maitra and Montroll(1971),



5

Many of the above models were consgidered previously by
Tuckwell(l9?£j, in the case where the random processes A(Dwere
delta-correlated. A stochastic differential equation of the form

of (1) where x
(0= -Pj(x)jg(x’)"ix', £ 29 (9)

was transformed to that of either a Wiener process or an Orﬁ-
stein-Uhlenbeck process so that_if‘g(ﬁ)satisfied certain conditiwns
then the transition p.d.f. eould be obtained. In this paper we wish
to consider cases where A(E) has a more general covariance kernel.
We will find that this generalization can be made and closed form
expresgionsg for Q& still obtained but in some cases at the expense
of certain domains of the random process X{£. Im part our motiv-
ation has been due to the works of Gillespie(1972) and Kiester

and Barakat{1973) who considered certain problems(mentioned above)
where the fluctuations:haXﬂJarise from a more general type . than

a delta-correlated AE).

2. Transition p.d.f. of X(t) when f(X)=0.

~ We now consider equation (1) when-F(X) is identically

zero so that X[t satisfies

dx = j(X) A 3 Xy < X <xl-.. (10)
ok

It is assumed that Alf)is a Gaussian process whose mean value
function is

E[)Urﬂ: ’m,‘(i‘), (i1)

and whose covariance kernel is

-

EDMeI X)) — ED]ELAE)) = K, (& ¢6). (12)



Let the funection defined by
X

=t
y(x):gg(x) d X’ (13)
be strictly monotonic and with non-zero derivative on (%, ,7. ),

so that i is the transition p.d.f. o £), en, after As ;
that if y is the t 1 ti d.f f Y(t), th ft Ash(1972)

we have,
¢y(;,&l};“te)= Ij(x),-!% EIERD, (14)
Furthermore Y(t) satisfies
47 W (15)
ok

and if’nbﬁﬂand.K)(E”&J are continuous functions of their arguments

then we may write

E
eLyw) = Y(t) + j«mh(&w* , (16)
te

t b
Vdr[Y(&)]:: 2\)1 (Jl Kh(f',k")aw)dfﬂ . (17)

The transition p.d.f. of Y(t) thus satisfies the forward Kol-

mogorov equation

2y = -m, () 2 1 G0 VF (18)
ple 3}. 2 BJ*

where(&(ﬁ:is the vate of change of the variance of Y(t) and is

given by

¢
NCER: J Ky (& e)de'. (19)
&

If the rangse of the function in (13) is (-0 , 0@ ) the

transition p.d.f. of X(t) is immediately found to be

¢X (I}E(XOJ{ZG —_— |

X E N
gel” — exp - gxgmvlix‘“ jefn-‘*&f)“ﬂ (20)
J:WSS K6 Apde” 4 §§ K, (e phardt! )




whereJQ:X(ﬁJEmd.the cmitted ranges of integration have been
given above,.

If the range of X(t) is such that the range of Y(t) is
semi-infinite, [Y(1)3°5>) say, then we lose considerable generalify
if we still seek closed form expressions for g& . We can only
successfully use Andre's(1887) reflection princinle in the cases
Where7n)&):£¢{9 ,~£ being a constant which may be zero. In that

event and X=a is regarded as an absorbing barrier we find that

P -1
525)(@, blxo, £) = ‘j(z)l .

R

' X y t 2 .
X QJ{F _ ( S‘xog(:x') dx! ..S{:;rn)‘{.{:‘}dk') _ P.Kf’ Z.&S 3(‘(')-"0[11 X (21)

4 k(e eDdeae’ e

x Ko k 2
- (S %(.x‘)"otx' + j ‘ij.‘)-'dx‘_ S my (&’)o&')
a ot ke

b 06K (E eI o™

We note that other kinds of boundary conditions may be imposed

X exf

(reflecting or mixed) but that absorbing barriers are usually
encountered in biological problems. We also point out that Lax
(19466) has indicated the method of solution of random processes

satisfying equation (10) in certain cases.

3. Transition p.d.f. of X(t) when f(X) has a varticular form.

Ideally we would like to find the transition vn.d.f.
~of X(t) satisfying (1) when f(X) is arbitrary. This has not been
achieved but we note that many random processes in binlogy satisfy

(1) when f(X) has the form given in equation (9). X(t) then sat-
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dsfies X
% = ;(X) [Mt} - FJ?(W)—W’]_ (22)

Using the same change of variable as in equation (13) we obtain

A o gy, (23)
e

"which is in the same form as the fluctuation(Langevin)equation

of the Ornstein-Uhlenbeck model for the motion of a Brownian
particle which has been formulated by Uhlenbeck and Ornstein(1930)

and Wang and Uhlenbeck(1945). The further transformation,

t
P (24)
z=ey
enables us to write the the simple stochastic differential equat-
ion

——

[
dz - ep R{-‘l’)) (25)

where by our assumptions above the right hand member is a Gauss-
iagh random process., Furthnermore, ifjﬁz is the transition p.d.f.

cf Z(t) then we must have

-g8E
B, (3,tl3,6) = e7F B, (y, tly,, e . (26)
The mean value function of Z(t) is readily found to be

[ - j pt ) (27)
Elz]= 3, + e ', (Dl

wirere 35: QE(éQ , and its variance is given by

2 EY
VM[Z‘[G)J = 25 (J\ e F(E'}'EH)K)‘(L_Z ;__F?M-‘)aa.” (28)
EO En

If we now assume that the range of Y(X) and hence of Z(t) is
(=0, e ) then the transition p.d.f. of the original process,

X(t), is given by



B (b6 = ,g(x)l_,epf: x
\f 4 § e P, 0 )
i § . ) N (29)
| (&l - [ o)
4'5 5 PR (e apar
. J

where Sﬂﬂdaf has been used as an abbreviation for gﬂ(xﬁddxﬁ

If we now consider the cases where Y(X) has a semi-
infinite range we find that we can only write down a closed form
expression for ﬁsx when Y(X) € [0, =) or (;—oa,o] and when the mean
value function of AR) is a constant multiple of the rate of change

of the variance of the unrestricted process Z{t) so that
m, (B = £ ﬁ%[—\/ur%&)] _ (30)

Regarding X =4 = Y"(o) (where Y™ denotes the inverse function )
as an absorbing barrier we then find upon utilizing the reflection

principle that the transition p.d.f. of X(t) is given by

B, (x€1%,k) = |3(x)l"e?’t

: X

\! W_f_fe PUHED L (e aras”
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x exp (6“53 dx' - ef J? o' = Jeﬁtm (‘EM)

¢ ([ P €k, (o enakiue”

(31)

- exp —21@6#‘1[}1'&' X

x . ; o é ! 2
- (e P&J‘j-—ld’x’ + eﬁhjxj’"‘o{.i!-‘ J‘e‘epé’)”laa“)d&">
w [Py (b e)apar”

X exr

We conclude this section by pointing out the approp-
riateness of the various transition p.d.f.'s for the random bio-
logical processes cited in the first section. The expression (20)
is certainly the most useful and enables one to describe gene-
frequency evolution under the influence of random fluctuations in
selection intensity for the three types of dominance already men-
tioned. It is also appropriate for the exponential growth model
and for many density dependent growth problems of the form of (7).
The transition p.d.f. (21) is suitable for the problem of random
migration rates and their effect on gene-frequency distributions
but under limited conditions(given ;bove) on m(t). Equation (29)
provides a solution for the neural model of (4) as well as the
growth process with logarithmic regulation described by (8). Further-
more the result (31) has only been found to anply to the growth model
of equation (6), where, after Levins(1969), &(H has a mean value of

Zero.
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L., The generalization of a result due to Stratonovich.

Stratonovich(1963) has obtained the following useful
result for random processes satisfying equation (1) when ABis a
white nolse process of mean/& and intensity . If the Fokker-
Planck equation for}éx ig wriiten in the usual way

20 -2 [K608,]+ £ [KG08], 2)

ot

then the first and second infinitesimal moments to be inserted

in this equation are given by the relations

Kl(x)&): K,C:c) = -F(J,) -{-/u.;,[x) + }L%Ci)«‘ (3%)

K(z)= K(x)= O ;(x), (31)

We wish to generalize this result when A is Gaussién with mean
value function and covariance kernel as defined above in the case
where £(X)=0. We then have from equations (13) and (18) that the
transition density of X(t) satisfies the Fokker-Planck equation

2 | . ]
ﬁ”_-'a*m,\(e)gl(g(xJ/@ﬁx) + G0 %[}(ﬁ%@(ﬂ%)} (5

ot

Utilizing the relation _
29 (x)
p > _ 2 D [arx Yo 210
2 [3(@/@] = B_x[gcao) 2 (5004,) + O g L J} (56)

we find that (35) can be written in the form of (32) with first

moment given by

L BKz(x&J

Ki (x,6) = ™ (080 + (37)

where the second moment is



K.(xe) = &0 }(x)al (23)

Thus the result of Stratonovich may be quite simply extended to cases

"y

where ﬁh(ﬁ) igs no longer a delta-correlated process.

We note that the solution of (35) under the conditicn that
the range of Y(¥) in (13) is (-gﬁ) co ) is given by the expression
(20). It is worth pointing out the somewhat surnrising fact that the
transition probabilities obtained explicitly in this paper not only

satisfy the Fokker-Planck equation (35) but also the Chapman-¥olmogorov

integral equation
SZS(.XJ&IX%&"): GL.X, ¢(X)&'/Xa)ér>¢. (X:J61/KOJ£U>) 039)

which is usually associaéed with a(continuous)Markov process. The
processes considered are, of course, not Markov, unless the gquantity
ﬁ(&)a%‘is a Wiener process increment. Thus the time integrals of
Gaussian random processes can be used to generate a large class of
non-Markovian processes which nevertheless have transition densities
satlsfying the Chapman-Kolmogorov equation. In the discrete case an

examuple 0T such a process has been constructed by Feller (1957,p423).
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