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We present for the first time an analytical approach for determining the
time of firing of multicomponent nonlinear stochastic neuronal mod-
els. We apply the theory of first exit times for Markov processes to the
Fitzhugh-Nagumo system with a constant mean gaussian white noise in-
put, representing stochastic excitation and inhibition. Partial differential
equations are obtained for the moments of the time Lo first spike. The
observation that the recovery variable barely changes in the prespike tra-
jectory leads to an accurate one-dimensional approximation. For the mo-
ments of the time to reach threshold, this leads to ordinary differential
equations that may be easily solved. Several analytical approaches are
explored that involve perturbation expansions for large and small val-
ues of the noise parameler. For ranges of the parameters appropriate for
these asymptotic methods, the perturbation solutions are used fo estab-
lish the validity of the one-dimensional approximation for bath small and
large values of the noise parameter. Additional verification is oblained
with the excellent agreement between the mean and variance of the firing
time found by numerical solution of the differential equations for the
ane-dimensional approximation and those obtained by simulation of the
solutions of the model stochastic differential equations. Such agreement
extends Lo inlermediate values of the noise parameter. For the mean time
Lo threshold, we lind maxima at small neise values that constitute a form
of stochastic resonance. We also investigate the dependence of the mean
firing time on the initial values of Lthe voltage and recovery variables when
the input current has zero mean.
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1 Introduction

Following the firsl use of microelectrodes to observe the activity of individ-
nal neuroms in the mamumalian central nervous svstem, it was soon found
that such activity was for the most part highly irregular and unpredictable
Bums, 1968). There have been proposed and analyzed many mathematical
naodels whose aim is to provide quantitative theories of these phenomena
Sottky & Koch, 1993; Stevens & Zador, 1998; Lee & Kim, 1999 Tuckwell,
1584, has a review of early modeling). In the past several vears, there has
een a vigorous renewed interest in such aspects of neuronal spiking activ-
ty. especially with regard to an understanding of information processing
Shadlen & Newsome, 1995; Konig, Engel, & Singer, 1996; Tiesinga, José, &
sejnowski, 2000,

There have been many experimental studies of the spike trains emitted
oy cortical cells in response to natural and artificial stimulation {Burns, 1968;
Creiter & Singer, 1996, but it is still uncertain which models reproduce ex-
rerimental details (Softky & Koch, 1993; Plesser & Gerstner, 20000, Wheteas
nany early studies of neuronal networks were based on the assumption that
here are two possible states for each element of the network corresponding
0 a firing or nonfiring nerve cell, models have since become increasingly
ealistic and have begun to include physiological details of neurons, includ-
ng synaptic currents of various kinds, Methods of research have included
hase analysis, simulation, or numerical integration of systems of ordinary
lifferential equations, as well as direct analytical approaches to problems
nvolving stachastic medel neurons with synaptic input, We have recently
cported a reductionist method for nonlinear noisy single neurons and net-
works in which differential equations are solved for the first- and second-
wder moments af the model dynamical variables {Tuckwell & Rodrigues,
| S8,

Although there has been considerable progress with mathematical anal-
ssis of the behaviors of model neurons, much of the research has involved
implified models. In this direction, there have been advances with classical
ne-dimensional models, but these have mainly been for linear integrate-
indl-fire models such as lead to the subthreshold potential being represented
15 an Crenstein-Uhlenbeck process (lesser & Tanaka, 1997; Plesser & Cerst-
wer, 20001 There have been only a few analvtical studics including noise in
wnlinear models such as the Fitzhugh-Nagumo system and the Hodgkin-
luxley system (Rodriguee, 1995; Tanabe & Pakdaman, 2001). Although
everal software roulines are available lo implement simulation studies of
newdel neurons with bolh linear and nonlinear dynamics, as, for example, in
ley, Alexander, Wright, and Aldeus (1999), it is always desirable to have
esults obtained using analytical approaches,

Using the theory ot multidimensional (Markoy) diffusion Processes, we
lerivie equations for the momenis of random variables associated with the
ime to reach threshold in the Fitzhugh-Nagumo system, Although this sys-
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lem does nol have as firm a basis as conductance-based Hodgkin-Huxley
type models, ilis relatively simple and more directly amenable (o analysis.
Wi describe several methods of finding firing times by solving associated
ordinary or partial differential equations, including approximations suit-
able for small and large values of the noise parameter. Comparison will be
made with results obtained by simulating the stochastic Fitzhugh-Nagumao
system directly. In a subsequent article, we will conduct a similar analysis
af the original Hodgkin-Huxley cquations. The approach that we use can
be emploved tor any conductance-based model.

2 The Stochastic Fitzhugh-Nagumo System
The Fitzhugh-Nagumo (FN) system of two differential equations has been
emploved to provide insight into the more complex Hodgkin-Huxley sys-
tem of four equations, It shares with the latter the propertics of subthreshold
responses, action potentials or spikes in response to suitable stimuli, and
repetitive activity (periodic solutions) in certain ranges of stimuli. There are
associated Hopf bifurcations at the parameter values associated with the
end points of these ranges.

We study the tollowing corresponding stochastic version of this model
(Tuckwell, 1986, 1989; Feng & Brown, 2000) in which the components obey
the following equations,

dX = [FX) — ¥ + [}t + adW (2.1)
dY = bX — v ¥t (2.2)

where X = Xilisthe "voltage” variable, ¥ = Yiltis the “recovery” variable,
W is a standard (zero mean, variance 1) Wiener process, o is a constant
determining the overall input noise level, | = i) 1= a deterministic input
current {stimulus) that may be constant or time varying, and i and p are
positive constants. The funclion [ is a cubic

Fix)y = kxix —anil — xj. (2.3)

where 1 = g = 1. Usually one takes o = 1/2 in order to obtain suitable
supra-threshold responses.

2.1 Exact Equalions for the Moments of the Time to a Threshold. 1ot
Tix,w) be the hrst oxil lime of the vector-valued process (A ) from an
vpen set A in the phase-space for a starting point (x, ) £ A, Assuming that
the stimulus [ is constant so that the process is in fact temporally homaoge-
neous, the theory of Markov diffusion processes (Tuckwell, 1976) yields
the following partial differential equations (PTDFs) for the first moment
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Fix, i) = LTy w1 ] and for the second moment Gix, vy = E[T iz, LB

; Alix, yi dFix. 1 n® d2F 0 i) )
[f|_’.‘4.']—ir+f]__—"lr+b1.1'—]ru|—- 3 s b — = = ], (2.4
’ ' i ’ i 2 dx
. HIETEN T ACAv ) T G v _
flxi—y=I——— iy - pp)———+— 7 = _2Fiv oy (2.3)
: : RS : iy z = '

with suitable boundary conditions on the boundary of the set A, The set
A will be chosen as an open rectangle () containing (v, 1) . Since we are
srimarily interested in the time taken for the potential variable X to reach
1 threshold value @ = 0 Trom the resting value X0 = 0, the rectangle
s taken to be (—w. &b = (1, y2), where o s positive. The usual boundary
-onditions for first exits from the open rectangle (0 are that I and £ vanish
n its boundaries,

In arder to facilitate numerical solution, we modify these boundary con-
litions, but in such a way that accurate values are still obtained for the
naments. The condition that £ and © vanish along the line v =  is re-
ained, For the parameter ranges and initial values of interest, most exits
W (XY from (F occur through the line v = 0 and, for the values of Y0
onsidered here, away from the lines ¥ =y and v = 2. As w — 20, the

raths are less influenced by the boundary condition at ¥ = —e, with nearly
ll exits occurring at v = @ rather than ¥ = —w. Hence, one may use a

eflecting condition £~ 2 ) = 0, where the subscri pt denates partial dif-
erentiation, instead of F{—w. 1) = 0, The zero-derivative conditions Fotion)
ind Pyl ) may similarly be employved. These zero-derivative conditions
acilitate numerical solution of the differential equations by avoiding sharp
woundary layers at these three edges of Q0 and correspond to the Fuler
roundary conditions in a variational formulation of the problem. The time
o first threshold crossing or time to first spike from an initial rest point
0L ) is not the same as the interspike interval in nonlinear models and
1as first and second moments Floyg) and GO, ), respectively, where
fa &= LH. W)

d Methods of Solution

e have approached the solution of the moment equations in various ways,
Approximate solutions can always be obtained by simulation, as described
n the next section. However, accurate numerical solulion of the moment
quations is a useful and perhaps necessary check on simulation results,
vhichare subject to sampling error. We have pursued the following methods
of solution: (1) a simplified approach, which considers the single component
wocess X; (2) approximate solution of the PDEs 2.4 and 2.5 when o is small;
ind (3) the solution of the I'DLs when o is large,
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Figure 1: The value of the recovery variable is practically unchanged during
the passage of X4 from 0 to the threshold value of ¢ = (L6, Here the input
current is I = 1.5, and the noise parameter is o = 1. The values of the remaining
parametersa = 0.1 b = 10L015 ¢ =12, &k = (1,5, are the standard set throughout.

3.1 A Simplified Approach. In this tirst approach, we reduce the prob
lem to a one-dimensional one. For the PDLs 2.4 and 2.5, this is tantamount
to neglecting the £, and G, terms. The justification for this approach is the
observation that during the initial stages of the interspike interval, the re-
covery variable Yify is practically unchanged and may therefore be set as a
constant equal to the initial value ¥ith — . This is illustrated in Figure 1.

We then consider the diffusion process satisiving

dX = [fiX) — yo + Tt + ord W, (3.11

Letting Xil}) = x « { oc. (), we consider the exit time T, (x), which is the
time to reach the level ¢, identified as the threshold for an action potential,
given that the voltage started below this value. The first and second mo
ments, Flx) and Gix), respectively, of this exit time satisty the differential
equations

dlrin T
e (3.2)

nz.l.f:.lt[.}'] -
— + [fix) —wp

) —
E |:_.|'_1|_"I ] E-II.’[
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and
o @55 ) i (x) .
—_—— ix)— o+ 1]- — —2F(x). 3.3
7 2 + [fix) —w 1 Ay (3.3}
wilh the boundary conditions Fid) = 0 and Gidy = (. For numerical

solution, we make the interval of initial values finite with v 2 (—a@. 9,
where o = [ As mentioned in the previous section, at the lower boundary,
it 15 advantageous to choose zero-derivative conditions T o) = 0 and
Gyt —o) = U, The quantities of interest are the moments of the time 1o reach
threshold from rest, F( and Gl

A further reduction is sometimes possible, The solutions of the second
order ordinary differential equations 3.2 and 3.3 may be approximated when
7 is small by the solutions of the first-order equations

arFix)
LAy — o + 1] - = —1, (3.4)
’ ' dx
and
_ 1) -
[Axy — o+ HEF'— = —2F{x). (3.3)

These equations admit only a single boundary value, chosen as zeroaty — &,
A more accurate approach for small o 1s described in the next section.

3.2 Solution When « Is Small. When = is small, the PDOFs 2.4 and 2.5
can be solved approximately using perturbation methods. Putling ¢ = =772,
the equation satistied by the mean first exit time can be wrilten as

Py + Ly [Fl= 1, (3.6)
with

LalF] = Pix, wdle + Qi oy, (3.7)
and where Pl y) — 1 — w4+ keix — a1l x)and Qi w) = By — yu

The solution is obtained with F9. ) = O and T —w. ) = 0. A regular
perturbabion expansion is sought in powers of «:

)
b ]
-

Fix iy e) = Z Folx,yie”. (3.

=il

Substitution in equalion 3.6 gives first-order PTEs {or the coefficients [F, (1.
y1l. which can be solved by the method of characieristics, For o < 1, it is
expected that the solution of equation 2.4 15

Fix,wey == Tyly 1 = Ole ),
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where [y is the leading term in the regular perturbation expansion, equa-
tion 38 A similar development leads to Gix, w ed = Golx 1w + Oie b,

For the leading terms Fy and Gy, the relations 3.4 and 3.5 are applica-
ble along with the characteristics of equations 2.4 and 2.5. Here, we have
y = yptxl, known from a separate determinalion of the characteristic pro-
jections for the linear PDEs for F and G. It follows that the vanishing slope
conditions for Fand © as v — —o0 are <atisfied by My and Gy, Fara = 1,
these leading term solulions {or the corresponding multiterm lruncated
perturbation series) differ by less than 3% from those obtained with the
one-dimensional approach, validating the latter for such values of o

3.3 Solution for Large . It is convenient to rewrite equation 2.4 in di-

mensionless variables z = 1,5 = $= and u = ! The 'DE becomes
P b piz,iF. 4 iz — = 1 (3.9)
for —r = z = 1, where

P{z,rt}=|I+Ez[:—ﬁ1[l—f-':!—z;] 3.1

and where | = .[, k= ki, @ = 2, o0 =% The boundary conditions are n
Fil.wy = 0and F.i—a@. 1= 1. With

I

Hiz, u) = f-pgw- i du

dowz+F| oty Y poms - a2
= 1z T __-\. - i - ||___ . i N |
1 +’ii + Gl 5

we mulhply throughout by ALE'IJ‘ and write the PDE for F as

-

: I . i
[P+ bz — e = - (3.12)
' pl

When & = 1, a regular perturbation salution is sought of the form

N
Fiz.u:d) = Z Fuiz, 1k ",

n o1

Y
-
ik

With the boundary conditions for the leading term given by Fyil.ow) = (
and Iy .{ w. u} = 0, the solubion for Ty can be found as a double integral
The following cxpression is then obtained for the mean first exit time

LI Y L B _ -
F{zm i) = — f g P .||.s.f e?'nh"'l"r' dr |11h‘[]. + i ] {3.14)
L . T

3}
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A similar analysis gives

A

i

1 ! B o
Giz, s bl = _—f .-'”’--"--'*‘-[ NI L ) de
= [1+Oiah). (3.15)

In addition to yielding explicit accurate approximations for the moments
of the first passage time, the above leading term asymptotic solutions (or
more accurate multiterm truncated series solutions) provide, for large o,
validation of the one-dimensional approximation of section 3.1. The leadin g
lerm of the perturbation solution for F is scen from equation 3.12 to be
determined by equation 3.2, Similar remarks apply to G,

I Results and Comparison with Simulation ___

e have determined the first two moments of Tiv, i) by the above methods.
Fve have additionally simulated the processes described by the evolution
>quations 2.1 and 2.2 using a standard strong Euler method, The use of
his scheme is straightforward and is vindicated in the existing problem by
cirtue of the close agreement of the simulation results and those obtained
1sing the analytical framework, To apply this method, with XikAf and
FikAl approximated by X and ¥, respectively, the simulation scheme
omsists of the recursive relations

Xepr =K +[FiXor - Y4 1]Ar+ ﬁu"El'.'"'u',-_
Yipl = T+ B[Xe — 9] AL

vhere b = 0,12, and [Ny is a sequence ot independent and identically
listributed standard normal random variables, obtained from compuler li-
rary routines. This was done principally with the set of parameter values
= U1 E = 05y = 0.2, and & = 1.5 for various values of & and
'he threshold value @ for spikes was estimated from sample paths with
lowance for the discrete nature of simulation. The value of At was prag
natically chosen between 000001 and 001, the value being determined in
ach case by requiring the minimum number of steps to threshold to be at
east 2l and the maximum number several thousand.

The initial value of Xit) was sel at U and that of Yit) usually set at 1.0 in
he results to be reported, Other values of Y01 were nevertheless considered
Or comparison, some being reported in the final section, When 1 is less than
Poul 1.3, the (expected ) value of X(8) rarely attains Lhe designated threshold
alue of & — 0.6, For the chosen paramelers, we therefore consider mainly
alues of T 2 1.3, although the value T = 0 is discussed later in the article,
he values of the noise parameter & are chosen from 0.03 to 5.4, For small
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Figure 20 Mean times to reach threshold versus noise parameter o Parameter
values are given in the text. Values are determined by simulation {circles) and
by numerical solution of differential equation 2.4 (+}.

values of o, the number of trials in simulations was 4300, whereas only 1500
trials were employed for larger values,

Plots of the means of the times for X0 to reach ¢ for various T as a function
of o are shown in Figures 2and 3. For a given value of I, results obtained by
numerical solufion are shown in the same ligure for comparison. In Figure Z,
the values of Tare 1.2 and 1.5, whereas in Figure 3, the values of T are 2 and
3. The numerical results shown here were obtained using the simplified
approach fromsection 3.1, There is excellent agreement betw een the two sets
of resulls, especially allowing for sampling error in the simulation results,
The magnitudes of sampling errors (£ standard error) in the simulated
means are summarized as follows, with best cases first, When { = 1.3, for
a o= L0, ={L17%; fora — L5, F1L31%; fore — (075, =2.70%,; and for o = 3,
=3.95%, When I = 1.h, for o — 005, LO13%; for o = 0.5, F1,20%,; Tor
g = .75, =2583%; and foreo =5, 43.93% When T — 2, foro =5, 1010%:;
for o — 0.5, £0.92%; for ¢ = (1.75, £2.2%: and for & = &5, +4.50%.. When
I =70 {ore =005, £007%; for 7 = (L5, 2066 tor o = 075, £1.76%; and
fora — 5, 14, 50%,
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Figrure 30 Mean first firing time versus 0 when | = 2 and | = 3. Values are
determined by simulation icircles) and by numerical solution of differential
2quation 2.4 (+).

In general, the means from simulation are slightly larger than those ob-
fained by solution of the differential equation. Tt can be clearly seen in the
fop part of Figure 2, where [ = 1.3, that as o increases away from zeru,
the mean first passage time actually increases. After reaching a maximum
when o is about equal to 01.25, the mean then declines, as is expected with
neredsed variability, Similar behavior is observed for the larger values of
the mean input current, except that the maximum of the mean interval oc-
“urs at larger values of o, This phenomenon is akin to stochaslic resonance,
well documenled innonlinear systems with noise, including neural systems
such as that of Hodgkin-Huxley and Filzhugh-MNagumo (Lee & Kim, 1999,
Soraki & Yamamoto, 1995; Massanes & Vicente, 19949),

In Figures 4 and 5, we show the standard deviation of the time to reach
threshold as determined by both simulation and solution of the differential
squation 2.5 for the second moment. It can be scen that there is excellont
igreement between the two scls of results for all four values of the input
rarameters | and . In each of the four sets of resulls shown, the standard
leviation attains a maximum as a function of o. The magnitudes of the
sampling errors in the standard deviations in representalive cases are as
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Figure 4 Standard deviation of time to reach threshold versus noise parameter
«. Parameter values are given in the text, Values are determined by simulation
(rircles) and by numerical solution (+) of the differential cquation 2.4.

follows. When | = 1.3, for & = 005, +2.0%: and for « = 5, +£2.6%. When
I =73 fore =005, £2.2%; and for o = 7, +4.8%..

In Figure b, we show the behavior of the coefficient of variation (CV, de-
tined as standard deviation divided by the mean), caleulated from computer
simulations, as a function of the noise parameter o for the values | = 1.3
and [ = 3. The resulls for [ = 1.5 and | = 2 are similar to these, respectivelw
Itis seen that the CV is greater than L over much of the range of parameters
comsidered.

5 Discussion

Sincet interest first arose in the theory of stochastic neuronal firing over 30
vedrs ago, analytical methods have been employved to determine properties
of interspike intervals in many integrate-and-fire model neurons in which
the subthreshold membrane potential salisfics a linear stochastic differential
equalion. In this regard, nonlinear models such as Filzhugh-Nagumao and
Hodgkin-Huxley have been studied mainly using compuier simulations,
We have used an analytical framework for the first lime in a nonlinear
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Iigure 5 Standard deviation of first firing lime versus o when | = 2 and | =
3. Values determined by simulation (circles) and by numerical solution of the
differential cquation 2.5 [+

stochastic neural model. To this end, we have reduced the task of character
izing the firing time to the solution of linear second-order partial differential
eguations,

some remarks about the nature of these equations and our methods of
solution of them are in order when the noise term is small. In such singular
perturbation problems, where the highest derivative term in the differential
equation is multiplied by the small parameter, setting the small parameter
equal to zere (or, cquivalently, seeking (he leading term of a regular pertur-
bation solution in the small parameter) reduces the order of the equation
andd theretore leads to a loss of sume of the components of the general so-
lution of the equation. However, for problems with a certain combination
of boundary conditions, such as prescribing the normal derivative equal 1o
zeto at negative infinity or al some large negalive value of x and prescribing,
the value of the unknown {equal 1o zero in our case) at the oppuosite end of
the mberval, the missing solutions are irrelevant, as (hey would have been
eliminated by the boundary condition at negative infinily anvw ay. That
o, UT Less g-:*n-:*rﬁl solution, obtained after setting the small parameter o
equal to zero, s made lo satisfy all boundary conditions {in particular, the
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Figure 6 Coefficient of variation of the time to threshold versuz o for i = 1.3and
I'= 3. Values are determined by simulation (circles) and by numerical solution
of the differential equation 2.5 (+).

condition at negative infinity automatically), whereupon by a uniquencss
theorem for linear PDEs, we have the correct solution of the problem with-
outobtaining the missing solutions. A previous example of this technigue is
cantained in our extensive investigation of the Ormstein-Uhlenbeck process
representation of neuronal potential (Wan & Tuckwell, 1982),

5.1 Parameter and Initial Values: The Case | = {l. The paramelers we
have emploved ane |‘|E'|:E£-5clril}* in restricled particular ranges, and a brief
consideration of other cases is warranied. The deterministic constant com-
ponent of the input current | represents the drift or the mean synaptic drive,
which depends on the relative magnitudes and frequencies of excitation and
inhibition. The quantities we have determined using an analvtical frame-
wark are the moments of the Lime for emergence of the first spike, For values
of T'such as those emploved in the caleulations performed above, periodic
firing occurs; that is, subsequent lo the first spike, an approximately peri-
odicspike train ensues, If the train is sufficiently regular with a consistently
defined apparent threshold, such as occurs when the neisc amplitude is not
excessive (see Figure 2 of Tuckwell & Rodriguesz, 1998), then the methods
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Figure 1 Effects of changing the initial value of the voltage variable X0 are
illustrated for a fixed value of ¥(0) = 0. (Top) For the two indicated values of
XA, the variation of the mean time to a spike as a function of noise parameter
15 shown, {Bottom ) Variations in mean time to a spike as the initial value Xil)
changes for two fixed values of the noise parameter.

employed here could be applied to the determination of the moments of the
associated vet different random variable, namely, the interspike interval.
Such a determination will be deterred to a later article,

The initial value chosen above for the dynamical variables X o illustrale
the usefulness of the analytical approach is X1 = 0 because it corresponds
to a natural resting or equilibrium value for the unperturbed system. The
value Y{ll) = 1 was based on previously published results as it was close to
the values in sustained rhylhmic firing for chosen parameter values {Tuck-
well & Rodriguer, 1998). However, other nitial conditions are of interest
and also the case where periodic firing does not necessarily oceur because
the mean input current 1s not sufficiently large,

Torstudy these aspects, we have determined, using simulation, the statis-
tics of the time to first spike in certain “excitable” cases when T — (1, Firsl, we
consider the eflects of varving the initial value X(0 of the vellage variable
for a fixed value Yid) = O of the recovery variable. Some resulls lor the
mean Llime o first spike are shown in Figure 7. Comparison of the resulis
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Figure & Effects of changing the initial value of the recovery variable ¥ are
illustrated for a tixed value of X0 = 0. {Top) For the indicated values of Y0,
the variation of the mean time to a spike as a function of noise parameter o
is shown. (Bottom) Variations in mean time to a spike as the initial value Y]
changes for the bwo indicated values of the noise parameter,

in the top part of this figure with those in Figures 2 and 3 indicates that the
variation in this mean as the noise parameter varies from 0.5 to 5.0 is similar
for the three different values of Xi0) even despite the different values of
Iand the fact that Figures 2 and 3 correspond to the periodic firing mode
with a different value for Yi0). That he mean time to a spike is modera bely
sensitive to changes in Xi0) for fixed values of all the parameters and Y
can be seen in the lower part of Figure 7. Similar remarks apply to the effects
of changing Y1), as can be gleaned from inspection of Figure 8. Moticeable
here, however, is that when o — 4, the mean time to a spike increases only
gradually as ¥(0) increases from —0.4 to 1.0.

In summary, we have investigated for the first time the determination
of times for a threshold crossing in a nonlinear stochastic neuronal model,
that of I'tzhugh-Nagumo, with the addition of a white Eausslan noise rep-
resenting stochastic excitation and inhibitiom. We have found moments of
threshold crossing limes accurately by solving the associated partial differ-
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ential pquations, obtained from the theory of Markowy processes, Lhe validity
af the methods emploved has been verified by comparison with computer
simulation results. An interesting struclure in the mean first passage time
was noted at small values of the noise parameter. In future work, we will
report our findings for the more complicated Hodgkin-Huxley system,

Acknowledgments

H. C. T. appreciates support from the Riken Brain Science Institute, Saitama,
[apan.

References

Burns, B. D (1968), The uncerlain nervous system, London: Arnold.

Feng, 1-F., & Brown, 1) 2000}, Integrate-and-fire models with nonlinear leakage.
Bulletin of Mathematical Biology, 62, 467-481.

konig, I, Engel, ALK, & Singer, W (1996). Integrator or coincidence detector?
The rele of the cortical neuron revisited. Trends in Newrosciencoes, 19, 130-137.

Kreiter, A, K., & Singer, W (1996), Stimulus-dependent synchronization of neu-
ronal responses in the visual cortex of the awake macaque monkey. fouirnal
of Newroscience, Te, 2381-2396,

Lee, 5-Co, & Kim, 5 (1999, Parameter dependence of stochastic resonance in the
stochastic Hodgkin-Huxley neuron, Phys, Rev. E, 60, 826830,

Lilew, I T. I, Alexander, [ M., Wright, [. ., & Aldous, M. D0 (1999 Alpha
rhvthm emerges from large-scale networks of realistically coupled multi-
compartmental model cortical ncurons. Network: Comput. Newral Sysf., 10,
e 0

Massanes, 5. K, & Vicente, C. |, P (1999}, Nonadiabatic resonances in a noisy
Fitzhugh-MNagumo neuron model, Phys, Rer. E, 59, 344904497

Mozaki, [0, & Yamamoto, Y. (1998). Enhancement of skochastic resonance in a
Fitzhugh-Nagumo neuronal model driven by colored noise, Phys, Ledf, A,
243, 281-2K7.

Plesser, I E., & Gerstner, W (2000}, Noise in integrate-and-fire neurons: From
stochastic inputs to escape rates, Newral Compulation, 12, 367 354,

Plesser, H. E., & Tanaka, 5. {1997, Stochastic resonance in a model nearon with
resel. Physics Leffers A, 225, 2258 234,

Rodrigucs, K. (1995) Coupled Hodgkin-1 luxley neurons with stochastic synap-
tic mputs. In |, Bertrand (Ed.), Modern group theerclical metheds i physics
(pp. 233-242). Norwood, MA: Kluwer.

Shadlen, M. M., & Newsome, W T, (1995, MNoise, neural codes and cortical
organization. Curr. Opin. Newrobiod., 4, 569-579,

Softky, W. K., & Koch, C. {1993). The highly iregular firing of cortical cells
is inconsistent with temporal integration of random EPSPs. | Newroscr, 13,
334-350,

Stevens, C. F, & Zador, A M. (1968). Input synchrony and the irregular firing
of cortical neurons. Nalure Newrvscienee, 1, 210217,



stochastic Neuronal Firing Times 15

Fanabe, 5, & Pakdaman, K. (2000). 1vnamics of moments of Fitzhugh-Nagumo
neurenal models and stochastic bifurcations. Mhiys. Kew U, 03, 031911,

Tiesinga, P H. E., José, |V, & Sejnosski, 10 ) (2000), Comparison of current
driven and conductance-driven neccortical model neurons with Haodzkin-
Huxley valtage-gated channels. Phys, Rer E, 62, 5413 8419,

Tuckwell, 110 C(1976). On the first exit time problem for temporally homoge-
neous Markow processes. |0 Appl, Prob, 13, 39 448,

Tuckwell, H. C. {1986). Stochastic equations for nerve membrane polential. .
Theorel. Mewrabiol., 5, 87-949,

Tuckwell, Ho O, (1989), Slochastic processes dn the newrosciences. Philadelphia;
S1AM,

Tuckwell, H. C., & Rodrigues, R (1998). Analvtical and simulation results for
stochastic Fitzhugh-Nagumo neurons and neural networks. . Camputational
Newvoscience, 5, 91-113,

Wan, F. Y. M., & Tuckwell, H. C. (1982}, Neuronal firing and input variability, |,
Thearet, Newrobiol ., 7, 197218,

Recetved August 24, 2001; accepted Tuly 3, 2002,



