Chapter 5

Stochastic partial differential equations in
Neurobiology: linear and nonlinear models for
spiking neurons

Henry C. Tuckwell

Abstract Stochastic differential equation (SDE) models of nerve cells for the most
part neglect the spatial dimension. Including the latter leads to stochastic partial dif-
ferential equations (SPDEs) which allow for the inclusion of important variations
in the densities of ion channels. In the first part of this work, we briefly consider
representations of neuronal anatomy in the context of linear SPDE models on line
segments with one and two components. Such models are reviewed and analyti-
cal methods illustrated for finding solutions as series of Ornstein-Uhlenbeck pro-
cesses. However, only nonlinear models exhibit natural spike thresholds and admit
traveling wave solutions, so the rest of the article is concerned with spatial ver-
sions of the two most studied nonlinear models, the Hodgkin-Huxley system and
the FitzHugh-Nagumo approximation. The ion currents underlying neuronal spik-
ing are first discussed and a general nonlinear SPDE model is presented. Guided by
recent results for noise-induced inhibition of spiking in the corresponding system of
ordinary differential equations, in the spatial Hodgkin-Huxley model, excitation is
applied over a small region and the spiking activity observed as a function of mean
stimulus strength with a view to finding the critical values for repetitive firing. Dur-
ing spiking near those critical values, noise of increasing amplitudes is applied over
the whole neuron and over restricted regions. Minima have been found in the spike
counts which parallel results for the point model and which have been termed in-
verse stochastic resonance. A stochastic FitzHugh-Nagumo system is also described
and results given for the probability of transmission along a neuron in the presence
of noise.
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5.1 Introduction

Fundamental observations on neurons include factors which determine their spik-
ing behaviour which is usually related to information processing in the nervous
system. The need for stochastic, as opposed to deterministic, modeling in neurobi-
ology arose from several fundamental experimental observations, between the years
1946 and 1976, of the activity of diverse nerve-cell or nerve-cell- related systems.
Neurons usually emit spikes or action potentials when they receive sufficient exci-
tatory stimuli in a sufficiently short time interval - an example of neuronal spiking
is shown in Figure 1. Early observations included variability in the time-intervals
between neuronal spikes (the ISI or interspike interval), random postsynaptic po-
tentials at neuromuscular junction, the opening and closing of single ion channels
and random fluctuations in electroencephalographic recordings - see [21, 43] for
historical references.

The first appearance of classical random walk theory and Brownian motion in
neuronal modeling came in Gerstein and Mandelbrot’s pioneering work [10]. This
was soon followed by the introduction of the Ornstein-Uhlenbeck process as a neu-
ronal model [11], for which the aspects of the first-passage time problem, relevant to
neuronal spiking, were solved by [32]. From that time on the primary focus has been
on models of neuronal activity where the whole neuronal anatomy, including soma,
dendrites and axon, is collapsed into a single point, so to speak. It is surprising that
this approximation has been pursued for so long although it has often succeeded in
predicting neuronal responses with considerable accuracy. However, the reason for
the persistent use of point models has probably been the additional mathematical
complexities involved in partial differential equations (PDEs) compared to ordinary
differential equations (ODEs). See Chapter 4 for a review of single point neuronal
models.

The deterministic spatial Hodgkin-Huxley (HH) system, consisting of the cable
PDE and three auxiliary differential equations is one of the most successful math-
ematical models in physiology. In reality, linear stochastic cable models are not
much more complicated than the corresponding point models. Indeed, if solutions
are found by simulation, the same could be said of nonlinear models such as that of
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HH, although more computing time is required. The main advantage of the spatial
models is that more realistic distributions of ion channels, including those related to
synaptic input, may be incorporated. Distinguishing locations for various ion chan-
nel types has important consequences. For example, in serotonergic neurons, low-
threshold calcium current channels are thought to be mainly somatic, whereas high
threshold calcium channels, which in turn activate calcium-gated potassium conduc-
tance, occur mainly on dendrites [3]. Neurons, especially those in the mammalian
central nervous system, often receive many thousands of synaptic inputs from many
different sources and each source has a different spatial distribution pattern [29, 52].
On the other hand, the disadvantage of spatial models is that a knowledge of many
more parameters is required, many of which can at best only be approximately esti-
mated.

5.2 Linear SPDE neuronal models: a brief summary

A general linear PDE model for nerve membrane potential, called a cable equation,
takes the form

AV 19w v
Cn—==—=5 — —

=G - —+l(x), 0<x<l 10, (5.1)
1 m

where the symbols and their units are as follows:

x = distance from left-hand end point in cm
¢t = time in seconds

V(x,t) = depolarization from rest at (x,#) in volts
| = length of cable in cm

r; = resistance per unit length of internal medium cytoplasm) in ohms/cm

r,, = membrane resistance of unit length times unit length in ohms cm
cm = membrane capacitance per unit length in farads/cm
I = I(x,r) = applied current density in amperes/cm.

However, it is simpler mathematically to use units of time and space called the
membrane time constant T,, = ¢,/ and characteristic length A = (r,,/ ri)% respec-
tively, so that the above equation becomes, still using x, ¢ for space, time variables
(see Section 4.4 of [41] which also contains historical references)

vV 9%V I(x,1)

ot oxZ cx

m

0O<x<L, t>0, (5.2)
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where V is in volts and ¢}, = Ac,, is the capacitance in farads of a characteris-
tic length. Note that with this scaling time and space variables are dimensionless.
L =1/ is called the electrotonic length of the cable and now the units for / are
coulombs. Usually the constant ¢}, is set at unity as it simply scales the input and
as the system is linear, similarly scales the response. The interval of definition as
well as boundary and initial conditions are naturally required to determine specific
solutions.

5.2.1 Geometrical or anatomical considerations

Most neurons consist of a cell body or soma (cell body), dendritic tree(s) and axon,
which usually also branches prolifically. These structures are illustrated in Figure 2,
which is a depiction of a pyramidal cell of rat sensorimotor cortex.

There is a great variety of sizes and forms of neurons. Most neurons in the mam-

malian brain are classified as excitatory or inhibitory and the majority of the former
are pyramidal cells, of which there are many forms - see [16] and the review of [35].
A review of inhibitory cell types can be found in [27].
The soma is pivotal in the sense that it is, roughly speaking, the part of the cell
that separates the input and output components. Many somas, however, are sites of
synaptic input. Spikes which are transmitted along an axon usually emanate from,
near, or at the soma.
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There are 9 basic geometrical and biophysical configurations which may be em-
ployed to roughly represent a neuron’s anatomy for modeling with differential equa-
tions. Many of these are sketched in Figure 3.

(i) A single point. Somewhat surprisingly, this, which is equivalent to space-
clamping, is the most frequent representation of a neuron’s geometry! ODEs
are employed, but despite the simplicity, predicting details of neuronal spik-
ing analytically is difficult. The popular model involving an Ornstein-Uhlenbeck
process is still an active area in theoretical neurobiology [5, 6, 54].

(1) A single line segment. Assuming cylindrical symmetry, the line segment rep-
resents a nerve cylinder, which may be an axon or an isolated dendritic seg-
ment, or part thereof. This is probably quite accurate for such preparations as
the squid axon. At one end, a point soma can, as a crude approximation, be
represented with a sealed-end condition.

(i)  Line segment plus lumped soma. A soma is often represented by a resistance
R, and capacitance C; in parallel which are attached to the dendritic compart-
ment. Such a soma circuit is referred to as a lumped (point) soma.

The remaining 6 configurations are (iv) no axon, point soma and dendritic tree, (v)
no axon, lumped soma and dendritic tree, (vi) simple axon, point soma and dendritic
tree, (vii) simple axon, lumped soma and dendritic tree, (viii) branched axon, point
soma and dendritic tree, and lastly (ix) branched axon, lumped soma and dendritic
tree(s). The last configuration contains the most anatomical and biophysical reality
but is hampered by a large number of constraints.
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5.2.1.1 Reduction to a 1-dimensional cable

If, as is most often the case, a neuron has many dendritic trunks and an axon, each
of which branches many times, then there are three methods of handling the geo-
metrical (anatomical) details.

@) Use a cable equation for each segment.

(ii))  Assume little spatial variation of potential etc. over each segment and use an
ODE for electrical potential on each segment. This is the approach used by
many software packages.

(i) Use a mapping from the neuronal branching structure to a cylinder and thus
reduce the multi-segment problem to that of a single segment, giving a cable
equation in one space dimension. Most modeling studies ignore spatial extent
altogether and the many of those that include spatial extent do not include a
soma and hardly ever an axon. The reason is of course that the inclusion of
all three major neuronal components, soma, axon and dendrites, makes for a
complicated system of equations and boundary conditions.

5.2.2 Simple linear SPDE models

Many versions of the input current density I(x,7) in the form of random processes
were summarized in Ch. 9 of [42]. For discrete inputs of strengths a; at space points
xi,i = 1,....n, arriving at the times of events in the counting processes N;, we have

n d]vl
I (x,1) = ZS(x—xi)a,‘Z (5.3)

i=1

where 6(+) is Dirac’s delta function, a; > 0 for an excitatory input and a; < 0 for an
inhibitory input. More commonly, when the N;’s are Poisson processes, then, if the
|a;|’s are small enough and the associated frequencies A; are large enough, then a
diffusion approximation (with no implied limiting procedure) may be employed so

Iz(x,t) = Z 5(x—x,~) <a,~l,~+ liaiz d;?) 5.4
i=1

where the W;’s are standard Wiener processes, such that W (¢) has mean 0 and vari-
ance t, see Chapter 2. To simplify, the Poisson processes in (3) and corresponding
Wiener processes in (4) are assumed to be independent. With the forms I; or I, for
the current density, the SPDE, in conjunction with a threshold condition for firing, is
the spatial version of the commonly used stochastic leaky integrate and fire models.
The method of separation of variables can be used on finite intervals (e.g. [0,L]) to
obtain an infinite series representation for V. Let the Greens function for the cable
equation with given boundary conditions be
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Gx,y:t) =Y k(%) O (y)e Hi! (5.5)

k

where{ ¢} are spatial eigenfunctions and {u} are the corresponding eigenvalues.
Then, for example, the solution of the cable equation with multiple white noise

inputs can be written
n

Vi) =YY Via(0)o(x) (5.6)
k

i=1

where for each k and i
dVii = —[WeVii + aidi@p(x;) dt + ) Ma? AW (5.7)

That is, each process Vj; is an Ornstein-Uhlenbeck process, those carrying different
i indices being statistically independent. Moments of V can be readily determined
analytically and simulation is a useful method for estimating firing times. Simulation
methods for these systems was given in [43, 51].

5.2.2.1 Commonly employed boundary conditions

For cables on [0, L] there are two simple sets of boundary conditions usually consid-
ered. Firstly, the cable may be assumed to have sealed ends so that

Va(0,1) = Vi(L,1) =0, (5.8)

where subscripts denote partial differentiation. The remaining case of interest is that
of killed ends
V(0,t) =V(L,t) =0. (5.9

For sealed ends the eigenvalues are
Ap=14n’m*/L2 n=0,1,... (5.10)
and the normalized (to unity) eigenfunctions are ¢y(x) = ﬁ and
0n(x) = \/2/Lcos(nmx/L),n=1,2,.... (5.11)
In the killed ends case, the eigenvalues are
Ay =14+n*m% /L2 n=12,... (5.12)
and the normalized eigenfunctions are

On(x) =+/2/Lsin(nnx/L),n=1,2,.... (5.13)
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5.2.2.2 Inclusion of synaptic reversal potentials

In the above model the response to an excitation or inhibition is always of the same
magnitude, regardless of the potential when the input arrives. In reality, since synap-
tic potentials are generated by ion currents whose components have specific Nernst
potentials, the response to a synaptic input depends on the prior potential. This as-
pect was introduced in point models by [38] for the Poisson case and for the diffu-
sion approximation by [15]. Inclusion of reversal potentials in the cable model gives
the following SPDE for ng excitatory inputs at the space points xg ; arriving at the
event times of Ng ; and n; inhibitory inputs at the points xg x at the times of events
in N Lk

v v 'S
n — 3z -V + j;aE,jB(x—xE,j)(V_VE)

dNE,j
dt

dNp

ny
=Y @i b(x—x)(V-V))
=1

(5.14)

Here the quantities ag ; > 0 and a7, > 0 determine the magnitudes of the responses
to synaptic inputs. It is assumed that all excitatory inputs have the reversal potential
Vg and all inhibitory inputs have reversal potential V; , though this is a simplification.
If the processes Ng ; and Ny have mean rates Ag ;j and A;x, respectively, and are
independent, then a diffusion approximation can be constructed with the SPDE

oV J*V &
W = ﬁ -V + ZICZEJ}.EJ&(X—XEJ)(V—VE)
j=

np dWg ;
+ Z 5(x_xE)J.)\/a%’le,j(V—VEﬁ#
=

ny
- Z ar kA6 (x —xp ) (V = Vi)

k=1

< AW,
+ ¥ S(x—xpp) /@l Ara(V = Vi)2 =T
k=1

dt

(5.15)

where the Wg ; and W; ;. are (possibly) independent standard Wiener processes. Both
the discontinuous model and its diffusion approximation will be the subject of future
investigations.

5.2.2.3 Two-parameter white noise input

Of interest is the case of uniform two-parameter white noise w(x,) so that

L(x,t) = a+bw(x,1), (5.16)
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where {w(x,t),x € [0,L],# > 0} is a space-time white noise with covariance function

Coviw(x,s),w(y,1)] = 6(x—y)6(s—1). (5.17)
The solution has the decomposition

V(x,t) =Y Vi(t)d(x) (5.18)

k

which involves Ornstein-Uhlenbeck processes which are all statistically indepen-
dent, satisfying the SDEs

dVi = [a — uZVi] dt + baWy, (5.19)

where .
a4 =a /0 0c(y) dy (5.20)

and the one-parameter Wiener processes are defined by

W)= [ [ a0mirs)dsay (5.21)

Analytical and simulation approaches for finding the statistical properties of V and
firing times were reported in [49].

5.2.2.4 Synaptic input as a mixture of jump and diffusion processes

For many neurons, some excitatory postsynaptic potentials have large amplitudes,
of order a few to several millivolts, whereas others may be much smaller. Under
these conditions a model may be constructed in which some inputs are represented
by discontinuous (jump) processes which are not well approximated by diffusions
whereas smaller amplitude inputs are amenable to such approximations. This aspect
was introduced in point models by [39]. Inclusion in the spatial model with reversal
potentials is immediate by taking linear combinations of input terms from the jump
and diffusion cases as follows
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v 9 dNg,;
5 T2 VT JZ ag,j6(x —xg ;) (V — Vi) — = ar
i dN,
=Y ab(x—x1)(V—Vp) d;’k

k=1
"

+ Y dlp Af 8 (x—xp ) (V — Vi)
j=1

; /

IE , ; dWEj
+ 2,5(X—XE,)\/“EJ)“E](V Ve)? a
=

’l/
=Y a8 (x—xp,)(V—Vy)
=1

4 /

dw
§(x—x, 200 (V V)2 L 5.2
+kg’l (x xl,k) ark 1,1(( 1) dr ( )

where unprimed quantities refer to the large amplitude inputs and the primed quan-
tities to those for which a diffusion approximation can be made.

5.2.3 Two-component linear SPDE systems

The above SPDE containing derivatives of counting processes, such as Poisson pro-
cesses, has solutions with discontinuities due to the impulsive nature of the deriva-
tives dN;/dt. In real neurons the arrival of, for example, an excitatory synaptic po-
tential is signalled by a rapid but smooth increase in membrane potential, followed
by an approximately exponential decay. In order to give a more realistic representa-
tion, the time derivative of the current density is set to

oa 9%Ng 92N,

vor Y axar (5.23)

where Ng and Ny are two-parameter counting processes (e.g. Poisson processes), not
necessarily independent, so that I has discontinuities but V itself is smooth (contin-
uous). Here ag,a; > 0. In real neurons, rates and amplitudes will, naturally, vary
in space and time and amplitudes may be random. However, for simplicity it is as-
sumed that all excitatory events cause I to increase locally by ar and all inhibitory
events result in a jump down in 7 of magnitude a;. The rates may also be assumed
constant so that Az and A; are the mean number of excitatory and inhibitory events,
respectively, per unit area in the (x,#)-plane. Because the system is linear and homo-
geneous, the statistical properties are relatively straightforward to determine analyt-
ically. A simpler model with an Ornstein-Uhlenbeck current at a point was analyzed
in [50].
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Put K = agAg — a;A; which is mean net synaptic drive. With sealed ends it is
readily shown that the mean depolarization is

E[V(x,1)] = g {1 —e '+ -

(e’ —e_w)] Lo 1. (5.24)
This is the same as the result for the infinite cable, giving a mean which is indepen-
dent of position. In the case of killed ends the mean voltage along the cable is given
by

A An— 0t

Mt —ot Ay
BIV( Z nn’x/L {1 e 3 (e e ) }, (5.25)

where summation is over odd values of 7 only.
A diffusion approximation may be employed here so that, assuming the postsynaptic
potential amplitudes and the rates are constant

% — K+ rw(xt) (5.26)

where K = \/aIZ:JLE +a%7LI. Many statistical properties of the corresponding mem-
brane potential V were obtained and the effects of various spatial distributions of
synaptic input, based on data for cortical pyramidal cells, were found on the in-
terspike interval distribution [44, 45]. With excitation only, the ISI distribution is
unimodal with a decaying exponential appearance and with a large coefficient of
variation. As inhibition near the soma grows, two striking effects emerge. The ISI
distribution shifts first to bimodal and then to unimodal with an approximately Gaus-
sian shape with a concentration at large intervals. At the same time the coefficient of
variation of the ISI drops dramatically to less than 1/5 of its value without inhibition.

5.3 Nonlinear models for spiking neurons

In 1952 Hodgkin and Huxley set forth a dynamical system of PDEs to describe ac-
tion potential generation and propagation in the squid giant axon. From the time of
that original work to the present day, their method of dividing the membrane current
into a capacitative and ionic component has provided the basis for mathematical
models of many nerve cells, as exemplified recently by spatial models of thalamic
pacemaker cells [31], and paraventricular neurons [22]. The capacitative component
of the current is always assumed to have the simple form C%—‘;. The main principle
that emerges from all these works is that to quantify the ionic components, each
ion-channel type is represented by an activation variable m and, if appropriate, an
inactivation variable /. The current density for each channel usually has the form
J = gmaxm™h(V —V;) where gqx, which may depend on position, is the conductance
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available with all channels open, although sometimes the constant field form is more
accurate [4]. An important effect is the modulation of conductances by various bio-
chemical mechanisms [23].

5.3.1 The ionic currents underlying neuronal spiking

The original HH-system for squid contained only sodium, potassium and leak cur-
rents so that the total ionic current was

Lion = Ing +1g + Liear (527)

Furthermore, in squid axon the distribution of the corresponding ion channels was
assumed to be spatially uniform. Models of motoneurons [7, 36] and cortical pyra-
midal cells [19, 26] have also contained only these three components, but with vary-
ing channel densities over the neurons surface. However, in the last three decades
it has become apparent that one needs to consider many ion channels apart from
the original sodium and potassium channels in the HH-model. For example, it is
now known that calcium currents are important in the spiking activity of most, if
not all, CNS neurons [21, 37]. Calcium currents, which are themselves voltage-
gated, do not only contribute directly to membrane currents, but also cause increases
in intracellular calcium concentration. Such inward currents cause changes in cal-
cium concentration-dependent conductances of which an important example is the
calcium-activated potassium current I, . To describe nerve cell activity with a de-
gree of biophysical reality it is therefore frequently essential to take into account
calcium dynamics. The latter entails buffering, sequestration, diffusion and pump-
ing or active transport; see for example [4]. Unfortunately from the point of view of
mathematical modeling, the number of ion-channel types is enormous, there being
10 types of calcium channel (with many subtypes) [8] and 40 types of potassium
channel [14]. By 1997 there had been at least 40 types of ion channel found just in
nerve terminals [30]. See [25] for an earlier yet classic summary of channel types in
various mammalian nerve cells.

5.3.2 A general SPDE for nerve membrane potential

A general HH-type electropysiological model with the addition of synaptic and ap-
plied inputs in the form of an SPDE for the membrane potential V (x,#) on a segment
of a nerve can be described in one space dimension, assuming approximately cylin-
drical geometry. In most cases a neuronal cell body with dendritic trees and an axon
will be represented by a collection of such segments and sometimes a special (prob-
ably ODE) equation for the somatic component. Thus, in the case of a real neuron,
many boundary conditions will need to be satisfied. Including only purely voltage-
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dependent channels, on each segment we have

oV 9V & o

W = axz +i:21gi.maxmflh?l (V_‘/i)+13}*11+1app (528)
% = O, (V)(1 = 1m15) — By, (V)ms (5.29)
oh;

e o, (V)(1 —hi) — Br, (V) (5.30)

dn,
Lyn = Y axd(x—x0) (V = V) di (5.31)
k

where there are n distinct types of ion channel. Here Iy, is synaptic input occurring
at space points x; with reversal potentials V" and amplitudes a; according to the
point processes N, and 1, is any experimentally applied current. The i-th channel
type has maximal conductance density g; nqx and the corresponding activation and
inactivation variables are m; and h;, respectively. If there is no inactivation, as is
often the case, such as for some high voltage threshold calcium channels and the
potassium direct-rectifier channels, then g; can be set at zero. For a leak current,
which may have more than one component, both p; and ¢; can be set to zero. The
maximal conductances and the synaptic and applied currents are space- and possi-
bly time-dependent. Calcium-dependence has been omitted because of the compli-
cation that some calcium currents and not others are involved in the activation of,
for example, potassium channels. Calcium dynamics has been taken into account in
many different ways, even for the same neuron type [28, 31]. To illustrate, the L-
type calcium channel has calcium-dependent inactivation so if the internal calcium
concentration is Ca;, the external calcium concentration is Cag, then all determin-
istic formulations of the L-type calcium current employed in modeling to date are
included in the general form

Iegr, = mP (V,1)hP2(V,1) f(Cay,1)F(V,Caj, Cao), (5.32)

where m(V,t) is the voltage-dependent activation variable, 4(V,t) is the voltage-
dependentin activation variable and f(Caj,?) is the (internal) calcium-dependent
inactivation variable. The factor F contains membrane biophysical parameters and
is either of the Ohmic form used in the original HH model, or the constant-field
form, often called the Goldman-Hodgkin-Katz form [42].

5.4 Stochastic spatial Hodgkin-Huxley model

Recent studies of the HH-system of ODEs with stochastic input have revealed inter-
esting phenomena which have a character opposite to that of stochastic resonance.
In the latter, there is a noise level at which some response variable achieves a maxi-
mum. In particular, at mean input current densities near the critical value (about 6.4
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WA /cm?) for repetitive firing, it was found that noise could strongly inhibit spiking.
Furthermore, there occurred, for given mean current densities, a minimum in the
firing rate as the noise level increased from zero [48]. It is of interest to see if these
phenomena extend to the spatial HH-system which we describe forthwith. Histori-
cally, a study of the properties of the output spike train of an HH cable with Poisson
inputs was previously described by [12] and simulations of random channel open-
ings were considered by [34].

The following system of differential equations was proposed [17] to describe the
evolution in time and space of the depolarization V in the squid giant axon:

oV 0%V
mg = %W + g_Kn4(V[( —V) +g_Nam3h(VNa - V) +g1(V[ —V) +I(x,t)
(5.33)
oh
i o, (V) (1 —h) = (V) (5.34)
0
G5 = (V) (1=m) =B (V)m (5.35)
0
2= o (V)(L=n) =B, (V)n. (5.36)

Here Cy, 3k, 8n,,81, and I(x,t) are respectively the membrane capacitance, maxi-
mal potassium conductance, maximal sodium conductance, leak conductance and
applied current density for unit area (1sq cm). R; is the intracellular resistivity and
a is the fiber radius. n, m and h are the potassium activation, sodium activation
and sodium inactivation variables and their evolution is determined by the voltage-
dependent coefficients

_ 10-V 1 —V/80
o (V)= 100[e(10-V)/10 _ 1]’ Bulv) = 8¢ (5:37)
— 25y — 4, V/18
o (V) = 0[] (V) =4e”"/ (5.38)
I _
(V) = so5e % BV = momry 639

100

The following standard parameter values are employed: a = 0.0238,R; =34.5,C,, =
1,65 = 36,8y, = 120,8; = 0.3,Vg = 12, Vi, = 115 and V; = 10. For the initial val-
ues, V(0) = 0 and for the auxiliary variables the equilibrium values are used, for
example n(0) = #«)ﬁl(o)' The units for these various quantities are as follows:
all times are in msec, all voltages are in mV, all conductances per unit area are in
mS/cm?, R; is in ohm-cm, C,, is in ,uF/cm2, distances are in cm, and current density
is in microamperes/cm?.

Note that with the standard parameters, the HH-model does not act as a spon-
taneous pacemaker. One may turn the HH neuron into a spontaneously firing cell
by shifting, for example, the half activation potential to -30.5 mV from about -28.4
mV (assumed resting at -55 mV) whereupon there is a threshold for repetitive spik-
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ing around +1.8 nA (hyperpolarizing). Then for the HH system of ODEs, similar
phenomena, including inverse stochastic resonance, are found with noise as with
the standard parameter set. This robustness is expected to apply also to the spatial
model as discussed below.

5.4.1 Noise-free excitation

We firstly consider the HH-system with a constant input current over a small interval
so that I(x,t) = u(x,t) where

ux,)=u>0, 0<x<x; <L, >0, (5.40)

and zero current density elsewhere. The initial condition for V is resting level and
the auxiliary variables have their corresponding equilibrium values. The length was
setat L = 6 cm. With x; = 0.2 the response for u = 4 is a solitary spike. With gt =6 a
doublet of spikes propagates along the nerve cylinder and beyond some critical value
of u there ensues a train of regularly spaced spikes, as for example with u = 7.5.
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Fig. 5.4 The number of spikes N on (0,L) at 7 = 160 is plotted against the level of excitation u in
the absence of noise. The dashed curve is for the smaller region of excitation to x; = 0.1 whereas
the solid curve is for x; = 0.2. Notice the abrupt increases in spike rates at values close to the
birfurcation to repetitive firing, being about 6.1 for x; = 0.2 and 6.5 for x; = 0.1.
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The latter case corresponds to repetitive and periodic firing in the HH-system of
ODEs. In order to quantify the spiking activity, the maximum number N of spikes
on (0,6) is found and figure 5.4 shows the dependence of N on the mean input current
density, u, for two values of x; = 0.1 and x; = 0.2. For u < 2 no spikes occurred
for both values of x;. A solitary spike emerged for i > 2 and when u reached 6 in
the case of x; = 0.2 and 6.5 in the case of x; = 0.1, a doublet arose and propagated
along the cylinder. For slightly greater values of i, an abrupt increase in the number
of spikes, indicating that a bifurcation had occurred (see [48] for an explanation of
such phenomena). Subsequently the number of spikes reached a plateau and when
u reached 9, the largest value considered here, the number of spikes was 11 for both
values of x1. In consideration of the behavior of the HH system of ODEs with noise,
it was then of interest to examine the effects of noise on the spike counts near the
bifurcation point for the PDE case.

5.4.2 Stochastic stimulation

The HH-system of PDEs was therefore considered with applied currents of the fol-
lowing form
(1) = (1) + 0 (x,wix,1) (5.41)

on a cylindrical nerve cell extending from x = 0 to x = L, where p(x,7) is as above
and for the random component

o(x,t)=0>0, 0<x<x<x3<L, t>0, (5.42)

and zero elsewhere. Here {w(x,t),x € [0.L], > 0} is a two-parameter white noise
with covariance function

Covw(x,s),w(y,t)] =6(x—y)6(t —3s), (5.43)

W(x,t) and o (x,t) being deterministic functions specifying the mean and variance of
the noisy input. The numerical integration of the resulting stochastic HH system of
PDE:s is performed by discretization using an explicit method whose accuracy has
been verified by comparison with analytical results in similar systems [45], there
being no available analytical results for the HH model.

Figure 5.5 shows examples of the effects of noise with the following parameters:
u=6.7,x;=0.1,x =0, and x3 = L = 6. The records show the membrane potential
as a function of x at t = 160. In the top record there is no noise and there are 9
spikes. In the middle two records, with a noise level of o = 0.1 there is a significant
diminution of the spiking activity, with only 1 spike in one case and 3 in the other.
With the noise turned up to ¢ = 0.3 (bottom record) the number of spikes is greater,
there being 6 in the example shown.

With x; = 0.1, mean spike counts were obtained at various ¢ for £ =5, 6.7 and
7. The first of these values is less than the critical value for repetitive firing (see fig-
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Fig. 5.5 Showing the effects of noise on spiking for mean current densities near the birfurcation
to repetitive spiking. Parameters are 4t = 6.7, x; = 0.1, x = 0, and x3 = L = 6. In the top record
with no noise there is repetitive firing which, as shown in the second and third records, is strongly
inhibited by a relatively small noise of amplitude ¢ = 0.1. A larger noise amplitude ¢ = 0.3 leads
to much less inhibition.

ure 5.4) and the other two close to and just above the critical value. Relatively small
numbers of trials were performed as integration of the PDEs naturally takes much
longer than the ODEs. Hence, the number of trials in the following is 25, which
is a small statistical sample, but is sufficient to show the main effects. Figure 5.6
shows plots of mean spike counts, E[N], as explained above, versus noise level. For
1 =5, E[N] increases monotonically as ¢ increases from 0 to 0.3. When u = 6.7,
which is very close to the critical value for repetitive firing, a small amount of noise
causes a substantial decrease in firing (cf figure 5.5) with the appearance of a min-
imum near ¢ = 0.1. For u = 7, where indefinite repetitive firing occurs without
noise, a similar reduction in firing activity occurs at all values of ¢ up to the largest
value employed, 0.3. Furthermore, a minimum in mean spike count also occurs near
o =0.1, a phenomenon referred to previously as inverse stochastic resonance [13].
In some trials, secondary phenomena were observed as in the FitzHugh-Nagumo
(FHN) system [45]. An example of what might be called an anomalous case oc-
curred for x; = 0.1, with the mean excitation level u = 5 below the threshold for
repetitive firing and noise of amplitude o = 0.3 extending along the whole cable. A
single spike emerges from the left hand end. By r = 32 a pair of spikes is seen to
emerge at x = 5, one traveling towards the emerging spike and one to the right. Not
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Fig. 5.6 Mean number of spikes as a function of noise level for various values of the mean level of
excitation u with excitation on (0,0.1). The bottom curve is for a value of u well below the critical
value at which repetitive firing occurs. 95% confidence limits are indicated.

long after + = 80 the left-going secondary spike collides with the emerging right-
going spike and these spikes annihilate each other. Thus, the spike count on (0, L)
ends up at 0 at t = 160 due to interference between a noise-generated spike and the
spike elicited by the deterministic excitation.

With x; = 0.2, mean spike counts were similarly obtained with various noise
amplitudes for g =5, 6.2 and 6.5. Again, the first of these values is less than the
critical value for repetitive firing (see figure 5.4) and the other two close to and just
above the critical value. Similar behavior in spiking activity occurred as ¢ varied
as for x; = 0.1 Thus, these findings of inverse stochastic resonance parallel those
found for the HH system of ODEs and although there is no standard bifurcation
analysis for the PDE system, it is probable that most of the arguments which apply
to the system of ODEs apply to the PDEs. It was also found that noise over the
small region to x = 0.05 reduces the mean spike count by 48% and when the extent
of the noise is to x > 0.1 the mean spike count drops to about one third of its value
without noise. Thus, there is only a small further reduction in spiking when the noise
extends to the whole interval. Similar results were obtained for x; = 0.2. Thus,
noise over even a small region where the excitation occurs may inhibit partially
or completely the emergence of spikes from a trigger zone just as or almost as
effectively as noise along the whole extent of the neuron. Surprisingly, with x; = 0.1,
x> = 0.1 and x3 = 0.2 so that the small noise patch was just to the right of the
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excitatory stimulus, no reduction in spike count occurred. Thus, noise at the site
of the excitation causes a significant reduction in spike count, but noise with the
same magnitude and extent but disjoint from the region of excitation has, at least
in the cases examined, no effect. However, a small amount of interference with the
outgoing spike train did occur when the noise amplitude was stronger at ¢ = 0.3
with x; = 0.1 and the noise was on (0.1, 0.2). Such interference is probably due to a
different mechanism from switching the system from one attractor (firing regularly)
to another (a stable point) and possibly is due to the instigation of secondary wave
phenomena as described above in the anomalous case and in the FHN system [45].
For more details of the effects of noise on the instigation and propagation of spikes
in the spatial HH system, including both means and variances of spike numbers, see
[46, 47].

5.5 A stochastic spatial FitzHugh-Nagumo system

The FHN system has long since been employed as a simplification of the HH model
as it shares many of its properties and only has two rather than four components.
Hence we here briefly discuss the FHN spatial model with noise. See also Chapter
5.6 for a different treatment of the FHN system. In one space dimension, the FHN
model can be written, using subscript notation for partial differentiation,

uy =Diuy+ ku(u—a)(1—u) — Av+1(x,t), (5.44)
Ve =Dy + €' [u— pv+b], (5.45)

O0<x<L, t>0,
where the voltage variable is u(x,7) and a recovery variable is v(x,). The quantities
K, A, €, p, D1 and D, are positive and usually taken to be constants, although they
could vary with both x and ¢. The parameter b can be positive, negative or zero. The

applied current or input signal I(x,7) may be due to external or intrinsic sources. In
the majority of applications D; = 1 and D, = 0.

5.5.1 The effect of noise on the probability of transmission

One aspect of interest is the effects of noise on the propagation of an action potential.
To this end we consider an FHN system with the original parameterization [9]

3
u,:uxx+u—%—v+1(x,t) (5.46)

v, =0.08(u—0.8v+0.7). (5.47)

and let
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I(x,1) = o(x)w(x,1), (5.48)

that is, driftless white noise with amplitude which may depend on position. Sealed
end conditions are employed. In order to start an action potential we apply a current
Jatx =0 for 0 <t <r*. The boundary conditions are thus

uy(0,8) = J, 0<t <", (5.49)
u(0,7) =0, >t (5.50)
u,(L,t) =0, t>0. (5.51)

For initial conditions for the general system of SPDEs u, = Dyu,, + f(u,v) +
ow(x,t) and v, = Dyvy, + g(u,v) we choose suitable equilibrium values

u(x,0) =u*, v(x,0) =v*, 0<x<L, (5.52)

where u* and v* satisfy

flw* v =0, gu* v)=0. (5.53)
For the original FHN model, these equilibrium values are u* = —1.1994 and v* =
—0.6243, being the unique real solution of u — /3 —v =0 and 0.08(u — 0.8v +

0.7) =0.

With this paramaterization an action potential (solitary wave solution) has a
speed of about 0.8 space units per time unit. If a space unit is chosen to repre-
sent 0.1 mm and a time unit is chosen as 0.04 msec, then the speed of propagation is
2 meters/sec which is close to the value for unmyelinated fibers. We set the overall
length at 50 space units or 5 mm to be near the order of magnitude of real neurons.
Suppose that there is a noisy background throughout the length of the nerve so that
o(x) = o, a constant. Often a solitary wave passes fairly well unchanged but this
may not be so even for small amplitude noise over larger distances. When ¢ = 0.225
or 0.25 several outcomes are possible. The wave may pass fairly well unchanged,
or the wave progresses some distance but dies due to noise interference, or some-
times, as seen above in the HH model, a subsidiary noise-induced wave starts at
the right hand end and propagates towards the oncoming wave induced by the end
current. Annihilation of the original right-going wave occurs when it collides with
the back-travelling wave and the result is a failure of propagation.

The dependence on noise amplitude of the probability of successful transmis-
sion, p;ans(0), of an action potential, instigated at x = 0, was investigated for both
uniform noise on (0, L), where L =5 mm, and for noise restricted to 2.5 < x < 3.5.
The results are shown in figure 5.7 where probability of transmission is plotted
against 0. The results for uniform noise (blue crosses) can be divided into two
regimes, to the left and right of the point P. The rate of decline of p;qns as ¢ in-
creases from 0.12 to about 0.26 is slower by a factor of about 4.5 than that as ¢
increases from 0.26 to 0.40. Examination of the sample paths showed that there are
two kinds of transmission failure. One is due to purely noise interference occuring
at the smaller values of ¢ and resulting in the annihilation of the traveling wave.



5 SPDE:s in Neurobiology 131

1 T T T T T
x*”x,' *x #
* oxxX% NOISE RESTRICTED
0.9r x " TO25 <X<35 1
% ®
0.8F * -
P x v
0.7F ® -
" ®
0.6 ® -
UNIFORM %
PROB g5} NOISE \ -
TRANS * *
L=5 x
0.4 % -
0.3F * ] -
x
0.2F *® -
xy ®

L ® x x -

0.1 - .,

0 " 1 M L %% M 1 *
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Fig. 5.7 The probability of transmission of the action potential versus noise amplitude. Blue
crosses are for uniform noise whereas red crosses are for the case of noise restricted to a small
region based on 100 trials per point. The point P demarcates for the uniform case the regime for
smaller o where the noise essentially annihilates the oncoming wave from the regime for larger &
where the noise is sufficiently strong to give rise to non-local large often disruptive responses.

The other occurs when the noise itself starts a secondary disturbance of sufficient
magnitude that it may grow into a substantial response, which may take the form
of another wave or multiple waves. Sometimes the original wave almost dies and
noise leads to its revival as a secondary wave. When the noise was restricted to be
over a small space interval, transmission failure occurred usually by inteference by
noise rather than secondary phenomena. That is, the original travelling wave found
it difficult to traverse the noisy patch. See [45] for further results and discussion.

5.6 Discussion

We have presented several SPDE models in neurobiology, with focus on single
neurons. In Chapter 6.5 SPDE models are presented for the cerebro-cortical phe-
nomenon of spreading depression. Although the mathematics involved in establish-
ing existence and describing properties of the solutions to such SPDEs is highly
abstract [2, 20], simulation techniques, which may be explicit or implicit, enable
one to determine many statistical properties relevant to electrophysiological investi-
gations. For the HH system of PDEs, [18] undertook a study of the effects of noise
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on nerve impulse propagation using one of the stochastic models proposed by [40].
In the present article, for the HH PDE model we also have focused on additive noise,
but another somewhat different approach is to consider noisy ion channel dynamics,
theoretically explored in [1]. Our main finding was that the phenomenon of inverse
stochastic resonance, recently elaborated on for the HH system of ODEs, does occur
in the HH SPDE system as well. Although noise along the whole neuron was found
to suppress spiking near the critical levels of mean excitation for repetitive spiking,
with a concomitant minimum as noise amplitude increased away from zero, noise
over a small region near the main source of excitation was found to be nearly as
potent in its inhibitory effect.

The FHN system has been employed in numerous settings [24] outside its origi-
nal domain as an approximation to the HH nerve cell model. Here we have focused
briefly on the effects of additive noise in the PDE version, which is elaborated on in
[45]. Two modes of inhibition of transmission by noise were found, one local and
the other due to secondary wave phenomena, which also occurs in the HH SPDE
system.
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