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i §bstratt}L- 
'The Ito and Stratoﬁovich stnchastic intéﬁrals'and
their rel&vance tO'mudelling the random.growth nf pﬂpulatinns are
.- discussed. It is seen that both types of integrals may arise naturally
in cErtain circumstnnces. Th;ee related diffusiqn.models for populatinn-+

gfnwth are-deri?ed from discrete models, and are applied to model thé

behaviour of gene frequency 1ﬁ a haploid population,

1. Introduction

A rule of'thumb of ordinary calculus is that one

can ignore second order terms. That is, (AX) {is insignificant compared
to AX . 1In contrast, the cnrrespdnding rule of stochastic caiculus is
~ that one can ignore third order terms but that second order terms are

significant. In fact. if' {Wt; tg_o} i{s a standard one-dimensional

Brownian motion (Wiener process), then the quantity

- n-1
2
Q. () = I CWR T
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converges almost surely to Q(t) =t as n =+ = This property fs at the
heart of much of the subtlety of the subject of stochastic integration,

and equally at the base of much of the confusion.

In particular, it is the reason for the existence

of several mon-equivalent definitions of stochastic integrals. Two



of these 9111 concern us here: the Ito integral (Ito, 1951 a, b:
Doob, 1953) and the Stratonovich integral (Gray and Caughey 1965-'
Stratonuvich, 1966). These two integrals differ even in the.simplest

t .
cases. For,instance, [ H; dws equals_ ik “2 as a Stratonovich

o .
| *
jntegral, whereas it equals ik'ﬂi -%t asan Ito Integral .

Each integral has its advantages: the Ito
fntegral is defined for a much larger class of integrands and has
better convergence properties;while‘the Stratonnvich integral has n_
simpler calculus and is easier to use in complex calculations, ‘Hawe?er,
both integrals are adequate to handle the stochastic differential
equations encountefed in biology and'there seems to be no overriding

reason for preferring one to the other.

The existence of two stochastic calculi has led
to confusion, and certain stochastic differential equations proposed
to model bidlogical phenomena have become centers of cnntr&versy:

should they be interpreted as equations in Ito's calculus or

Stratonovich's?

#ﬂ

Both these integrals can be calculated directly. It is instructive
to compare the two calculations, for they show the role of the qua-
dratic variation Q(t) quite clearly (McKean 1969).



Although the first reference in tﬁe'binlngieel
_literature to the petential difficulties raised by the nen*uniqueness
ef the steehastic integral'was'ﬁay (1971), the problem had received
considerable attention {n the context of non-linear randem.systems_in

engineering (Gray & Ceughey,_1965;Tﬂertensen, 1969).

Such discussinns'ha#e not resolved the problem
faced by the theoretical ecologist, as is evidenced by the enntroversy_
over the interpretation of varioﬁs equatiees. For example, 'Hay-(1971)'

put forward a version of the random ldgistic growth process

(1.1) | dN = N(Ea.- N) dt + oN dﬁ

wvhere o is a variance parameter and k_ 1is the "mean carrying
capacity”. Ha§ proposed th;e as an Ito.equatiee,with a view to

finding the statinnary‘dietributieﬁ of Ht. Noting that May had éiven‘
ne_reasnn for preferfing the Ito version to the Stratonovich #ersien of
(1.1), Feldman and Roughgarden (19?5) peiﬁeed out -that if one analfzes
it as a Stratonovich eduatien one finds‘that a non-degenerate etetienary
distribution always exists, whereas May had shown. that the eteeienery

distribution for the 1to version is degenerate unless ko':!g ol .

Similar problems have arisen'in population genetics.:

' 1f X is the frequency of an allele in a haploid population with two °



- alleles, then, following Crow,and‘Kimﬁra (1970), a determiﬁistiq model
for the behavior of X isi ;

ax e
at sX{1-X)
where s 1is the selection coefficient. Kimura (1954, 1964) then |
suggested a diffusion model of the same phenomenon. He studied the'dif? |
fusion directly, using Kolmogorov's forward differential eﬁuatinn rather

than stochastic integrals, but one can still describe his diffusinﬁwin.

‘terms of stochastic differential equations. It satisfies
(1.2) dX = sX(1-X) dt + oX(1-X) 4w

where the differential is taken in the Ito sense. Tuﬁkwell (1976)
found1cnnditions for quasifixation when (1.2) is taken in fh;_sense' 
of a Stratonovich differentiﬁl, Coinciﬂentally. Gillespie (1972)
derived a diffusion equation for X, starting'ﬁith a discrete'mndel, |
and found that it satisfies equation (1.2) uitﬁ the differen;ialg o

again taken in the Stratonovich sense.

It might seem curious that the question of Ito

versus Stratonovich integrals should come up in connection with a

model which had been derived coﬁpletely'independently of stochastic



1ntegratian,'but in fact tha nan—uniquaness of stochastic integrals
a symptom than the cause of the difficulties. TDiffusinn processes,
.lika Brownian motion, have non—zero quadratic variation, and "as with

stochastic intagrals. one cannot ignore secand order terms.

It is tempting to construct madals‘by'simsly

putting some noise into an existing srdinary diffarential equation

or by'writing dswn a.reasanahle-lonking stachastic differantial equation,
. but the fact that there can be disagraement over the simpla axamples'

~ abave shows that diffusian models are subtler than they appear. The
problem is not the choice of stochastic calculus; it 1is Eaat thafe_

are pitfalls in translating physical assumptions directly into a

cantinuaus-paramater*modei. The intuition developed from working

with ordinary calculus 1s not always'a‘raliabla guide.

As a practical matter, we agree with Ludﬁig (1976)
that ana should start with a discrete model if one is availabie, for

it is much easier to specify the hypotheses clearly - and in particular

to see what independence ~elations there shemld be between the different



random Vhriﬁblﬂs - in a discrete model.than in a continuous model.
Oncé this is done, one can find thp corresponding diffusfon

apprnximétinn 1f it exists.

In sgctions 3 and 4 we will consider
several simple diffusion-mndels of population érowth and gene-
frequency which can be dér:_lved from 'underlying discrete 'ﬁodels-. We
will try to show whith type*ﬁf stochastic 1ntegra1:entefs aﬁd ?hj.L
In order to illustrate somé of the'available'methﬁds we will take
different approaches to eaéh of the models, but we will s;e.lapéf that
all the models we consider can be unified by the idea of a brancﬁing

process in a random environment.

The final section is devoted to a general.bui brief_

discussion of the problem of deriving stochastic differential equations.

2. -Stochastic Integrals

Before passing on to specific eqﬁations we will
introduce some notation and mention some well-known facts concerning
stochastiﬁ integrals and differential equations, and the translation
from one calculus to another. A more detailéd'accnunt may be fouﬁd_inl

hJaswinski.(1970). We will restrict our attention to prncesses'uhich

are temporally homogeneous.



One commnnlY*writes stochastié differgntial__

! 4

equations either in the diffefential form
(2.1 dN = f(N) dt + g(N) dw

or in the form

dN

5. = fN) + g W

(2.2)
"where W 1is "white noise”. Neither .(2.1) nor (2.2) sﬁould be
regarded as having meaning in itself. Both are merely shorthand for

- the integral equation

t t

-f(Hs) dis + [ | g(NB) d.HS'

(2.3) | N, = Ho +l
. 0

0
We must of course specify which integral, Ito or Stratonnvich;*we are
using in (2.3), and1i£ follows that neither (2.1) nor (2.2) A1s
well-defined until this is done. Though this is an obvious point, we

mention it to counteract the natural impression that the "increments"”

dN and dW are well-defined. They are not: 1in fact the equation

(2.4) 4N = Naw



v T L

has the solution “t = N e Y 4f the Stratonovich integral is employed, .
Wo-ht , |

whereas Nt = Nﬁe | if one uses the Ito integral. -

It is easy to translate integrals and equations

from one calcuius tp'hnother. 1f f(t;x) is continuuusly differentiable

jn x and piecewise continuous in ¢,

- [ ]

-ft

£(s,W ) dV_ (Stratonovich) = X I ot (s,4,) ds +] £(s,w ) dﬁ;'(ltb)-
) 0 . -

o .
(2.5) I
o

The basic difference between the.rwofcalculi is in

the chain rule. If F (t,-x) is continuouély differentiable in t " and

twice continuously differentiable in x, then

(2.6) dF(t, W ) = -a-'f- (t, W ) dt + -g-z- (t,' Ht) dHt (Stratonovich)_

in the Stratonovich calcu;us; while in TIto's calculus:

2

(2.7) dF(t, tat) = 28 (¢, wdt + 172 3F (¢, w)de + -5-- (t, V)aV_ (Ito).

ax

Furthermore, if g and h are twice continuously

differentiable, then

-(2.3). dN = g(ﬁ)dt + h(N)dw (1to)



and
(2.9) dN = (g(N) :--. % .h"(N) h (N)) dt + ‘_-h_(N)d_W .(S'trfatonovich)

are the same équation, in the sense that they both have the. same

solutions.

The solution of (2.8) 4is a diffusion process
and can be studied by its Knlmogﬁrov differential equations, as well
as bj the theory of stochastic differential equatioﬁs. Its transition

probability density p(t, N!No)"will satisfy the _(forward) Kolmogorov

egquation
2p s 22 2.
(2.10) e - -é*ﬁ(g(N)p) + 112-3—N§ (h(N) p) .

Howe#er, the diffusion processes we derive in this paper will be_defined
bf tﬁe stochastic differential equations they satisfy rather than by

the Kolmogorov e&uétions. This is partly to provide a unified treatment
and partly ﬁéhauSE'we will_be‘led in a natural way to ﬁrocesse;*whi;h
are not diffusions, but which do satisfy stbchastic‘differential

equations.
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3. Diffusion.AEprox{matinns for

L

-'y‘aithusién Growth

We now consider three discrete-time models of
Malthusian growth. We will derive the stochastic diffgfential equations

whose solutions approximate the discrete-time processes. These are

nﬁt competing models; rather they place emphasis.on different asﬁects

of populﬁtion growth. -

Our derivatinns afe heu;istic;but thﬁy can be made
rigorqus.and it will be clear which type of stochastic intégrél enters ;
and why. The first model can be tackled u;ing the central limit f-
theorem,‘which has beén emplnyed in this context'by‘vgrious.ﬁﬁthaté

(Lewontin & Cohen, 1969; Gillespie, 1972; Cook and‘Hartl, 1974).

The discrete-time processes we consider converge

in distribution to diffusions. Since only the distributions are

important, we can replace a given process by another having the same

or nearly the same distribution. Hence if Xl, Xz, ... 1s a random

2

walk with E{Xn+1 - xn} = 4 and Var {xn+1 - Xn} = g , then by the

central limit theorem X is nearly normal for large n, . and,

moreover, by standard weak-convergence results, the whole process x..

xn+ ’ xntQ’ +o+ has apprn#imately the same distribution as
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A(nH)u + oW 0 1 = 0, 1, 2, 15-}- for large n. That 15, we .

can repl#ce thrby ny +-ﬁﬂ;.

A. _ THE RANDOM ENVIRONMENT MODEL

Let ZD, Zl, vss be i.i.d random vafiab1es and
suppose that P{Z > 8} =1 for some § > 0, and that E[Zo}.¢+m. Let

Hn be the population size at time n and suppose that

(3'1) Nn+1 = znﬂn | n = 0. 1' 2,--- ,

The 2, représenp an environmental effect which
affects all members of the population alike, hence it acts multiplic~
‘atively. If we set u = E{log Zo] and -02 = Var{log Zo}, we will see

‘that the diffusion approximation to (3.1) éatisfies thidiﬁgfequation
(3.2) 4N = (u + % '0P)Ndt + oNdW  (Ito).

To see this, note that from (3.1), N =N n 2z

Let Sn = Jog Nn and Dn =_1ogr2n,- so that

n-1
s =8§ 4+ 2 D,.
n o =0 h



12

- The 'Dj are 1.4.d. so {5} is a random walk,.
Under our hyfutheses.the .Dj have moments of all nrdet#,»henﬁe the

central limit theorem apﬁlies, and,as we remarked above, if

Yn = Sa + np + uﬂh, the-yhole Process Sn' 5n+1’ .o gas nggrly the
nt+l

same distribution as :Yﬁ. Yn+1' ¢ess This means ;hat e*n, € T, ce.
has nearly the same distribution as N“’ Nn+1’ “eer and"Nn can be

appraxiﬁated by the process
(3.3) N = Ne s, £ >0.

" To see what stochastic differential eﬁuatinnﬁjﬂt

satisfiés, we applylltn's formula (2.7) to obtain

Noeutﬂwt((u + k ﬂz)dt + o dW),

. (3.4) dN =

which gives -(3.2). This. is an Ito equation because we*used 1to's
formula to pass from' (3.3) to (3.4). Had we used (2.6), the
- corresponding formula in the Stratonovich calculus, we would have

obtﬁined

(3.5) - dN = pN dt + oN dW  (Stratonovich).
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| Tﬁia eqﬁatinn-is Just tﬁé.traﬁslatiun of (;.2) T
into the Stratono#ith éalculus uéing' (2.8) ;nd (2.9); ) ; .
frIn the?abnve deriv#tiun we were able to first
find the solufion andltheﬁ'find the gqﬁatinn it éétisfies.: Iﬁ}was
only the extreme siﬁplicity of the model that gl}awed us to do this.
The next model is slightly mnré.cumplex ;ﬁﬂ we will cunstru;t the

stochastic integral equation directly.

B. THE BRANCHING MODEL

From a slightly different point of view one might
suppose that the environment affects each individual independentlyﬁi
If at time n gheré are Nn _individﬁals in the poﬁulation.*tbeﬁ each
individual will be replaced by a.certain number of offspring in-the

next generation, independently of the rest of the population. |

-

Thus, let Vn., n, =1, 2, ... be i.i.d. random

| ]
variables with E{Vll} = Z and Var{Vll} = Ez. Then we ﬁut'

(3.6) | N.o= T

3=1 Vnj

N
n
1l 'nj
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where the gum 13 the randem var{able whieh aquals ¥ an_ on the mat
{Nn f k].-_Nn ~is in fact a branching process {(Feller, 1951) and we

will show that its diffusion+approximation satisfies'the;Ito_equation
(3.7) '« dN = pN dt + o/N dw - (Ito)
where § = log_z.

To see this, let Y, =V . ~2Z so that

J nj
N
n
N "IN +j§1 Ynj.

Conditioned on the value of Hn' the sum above is independent of the-

past up to time n and has mean zero and variance Nﬁ az. Furthernnre;

if Nn is large, the central limit theorem tells us that the sum 1is

nearly normal. Thus it has nearly the same distribution as

o /Nn (Wh+1- Wh). so that, approximately,
. |
(3.8) N g =28 + Wﬂnw,.
which defines Anﬁ. Now we suppose that successive generations come

at shorter and shorter intervals, and look at the process at times

€, 265 o.. « Defining bn£ H‘='H(n+1)£ -'an? we replace (3.8) by
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| (3'9)_ N(n+1)e - z_ ne + ﬁV ne A W

the choice of the constant ZE_ in (3.9) follows from the facr that

| € ne . 1 - '
E{H(n+l)£}' Z E{Nz} Z E{Nb}..If we take n ==, this says that

E(N }= 2 = E{N, 1, vhich agrees with (3.8). Thus

| | # . -
(3.10) .‘ H(n+1)t: - “ne (z"-1) Hm: +0c ‘/an Am:'ﬂ

Summing, we get

O O

1 . n-1 n-l
NI'IE = Ho + E (Z —1) 8 Nj € |/ Ajcﬂ
j=1 j=0
. B k - '
Now, if we define Nt for non-integer t by
Nt'= NjE if je <t < {j + 1l)e, we recognize these sums as iﬁtegrals:
| ne ne |
‘ k w1 , 8 .9 k a k
= = (z"- + /
(3.11) Hne No + - (Z I)J Nt dt + o ] Nt dw

where the last integral is an Ito integral. (This can be sgéﬂ.from

the fact that ajt*w ='Ukj+1)e -‘wjz' i.e. the incremEft s%icks out

4n the future whereas the integrand is evaluated at the beginning of

the interval.) Now suppose that N: converges to a limit process “t'



‘Then the integrals on the-rigﬁt-hand side will converge, and in
'particu;gr,the stochastic integral will converge -:n an Ito integrai
to give: -

| N . t Ot L | -
: | ~ .

Nt = Nﬁ + (log Z) I“ Fs ds f-u Io,ﬁs dWB, (Ito)

which is just (3.7). Note that the Stratonovich version of (3.7) 1is

(3.12) . dN = (uN + -2— ,2) dt + § /N aw.
- One can complicaté the‘aﬁovemo&ei sligﬁfly by
_alloﬁing certain age-dependent or nulti—tygg branching proéeéses. One,
- which leads to a model put forﬁard.by Levins (i969), 1§_unrth'mentiuﬁing_
‘_ here. Itiﬁas.anélyzed by Tuckwell (1974) anaiKiester and Barakat (1974),
but its origins were questioned by Keiding (1975). This come;-frnn a'
fwo;type branching process in which the two ‘types are offs;ring and

i

Xi are i.i.d. with mean u and variance uz. 1f En adult has

adults. At each generation, the iEh-adult has X. offspring, where the

probability v of surviving to the next breeding season #nd_each off-
spring has probability u of surviving to adulthood and the next
breeding season, then the total population N has a diffusion °

approximation ‘satisfying the Ito equation
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'(3.13) dN = (vtuu-1) N dt +¥ v(1-v) + pu(l-u) + ozuz /N dW

_If ﬁe had defined X. to be the number of

i

éurviving children (or equivalently, if we had set u=l) and if the

number'of_offspring-is fixed (02 = ) we get

4N = (vip-1) N dt + /W(-v) N aW (Ito),

which was the equation proposed by Levins, with "~r=p+v-1.

C. THE BRANCHING PROCESS IN A RANDOM ENVIRONMENT

- Suppose that the environment affects ali‘individuals

independently but that it may change randomly itself. Thus at time

n the 5£E- individual will be replaced by an individuals, where

the V . ‘are independent, but their distribution may depend on m.

]
Here is a simple model with that property.

Let 2, i=1, 2, ... be positive i.i.d. random

il
variables bounded away from zero, and having finite varianﬁg. Let Ynj '

be another family of {.i.d. random variables, independent of the

zi,*with mean zero and variance 32. Then we set



- . .
. - . o . 1
.

| ' . Ta .- n
(3.14) | - Nt Z an = znnn M j:'—;-l nj

j=1

- The process H;' is an exgmplg_of'a branching '
process in a random -environment (BPRE) (Smith and-Wilkinson, 1969;
"Athreya and Karlin, 1971 a,b; Keiding, 1975; Goettge, 1975)*.

L

We will show that the diffusion approximation to '

the BPRE satisfies the Ito equation

(3;155 dN =‘(p+-112 uz) N dt + 52H2+02N 'dwv - (Ito),

-

where y = ﬁ{log 21] and uz = Var{log Zl}-

It is possible to derive (3.15) diréctly a; an
integral equation but-this task is cnnsidérably+more ﬁomplex than ip-
was in the branching model. Let us rather assume tha;wwe:knoé the limit
is a diffusion; and simply identify its infinitgsimal generatnr, uhich
 meéns in the present context to ideﬁtify the drift and diffusipn' : .

coefficients. This we can do by finding fﬁe "infinitesimal mean and.

% :
There are many ways of letting the distribution of an depend on

the environment. We have merely chosen one of the simplest. -
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‘variance" and appealing to the following result (Cihman and Skorohod,
1972, p. 73). If p(x) and o(x) are continuous functions such

- 2 T ; : - . . - o
that Iu(x)l + ‘u(x)lz E_K(1+xz) for some K>0 and all x, and 1? :

X satisfies the Ito equation

t
(3.16) fdx = N(K)dt-+-u(3)dﬂ. | o (Ifb)_ _
o xo'- X, ’
then |
u(xb) - %E'E{xt}lt-o
and .

2 d 2 d
0" (x)) = ¢ BX Hog = geVarlX M o,

As we did in the case of the branching process,

-

we can replace (3.14) by

(3.17) N, =2N + u/rz AW,

where the Brownian motion W is independent of the 2 .
, n
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From (3 17) we see that E{H IN R ..;, N )=
n-1" . o

Nﬁ—l E(Zﬁ). Since the zn  are i i d it f°11°“5 by indthion_that 

L]
-

(3.18)' ' - - ?(Nn | Nn}.= ﬁo(E{Zi})n. *
Furtherﬁore.
(3.19) E{N | N -1', ceey N } = uzr -1 Elz ) +@aN "1 E{(&'_ ;1)2} |
n n n-1
where we héve used the fact that 2 and Ahﬂ' are independent. Lét

a = E{Zl} and 8 = E{ZI}. By induction, using (3.18)

(3.20) E{N;‘;]No} - s“uz + 8 N E (8; W2 @ 2402 gy, tap ™Y |

2 B -ﬂ al - i
- e“no te O N E((AW].

Now suppose the generations arrive at shorter.and

shorter intervals, and look at the times €,2¢, ..... We are le&.to |

- (3.21) & w

(n+1)£ ne'+ ne

where the zna are again i.i.d., but their distribution may depend

- T R SGPPUSE CHAC 85 € F
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E{log _'zlel ~ ey and Var _{log Z,,} " ed,

- represent the mean and variance of log Zie "per

- 4

where u and o

| - | . 2
" =
generation". Siettling an 1+ U _ we wi*ll have E{Une} nv e(p+l/2 o)

and var[UnE} n scz. Let ﬁt be the limiting diffusion (which we

have assumed to exist). We must cnmputé

1
h

IX -

-,
E{Ruh - K t

p(d) = lim N,

h-+0

-

Let > 0 and h>0, and put k = hfe. Then

h E{H - 'ﬁ } = iim h_].'-E{Nk - N} , -
€ o :
- e+0 -

By the obvious modification of (3.19) this equals

= Jim 1'1'-1

k
in N, (E{z1 }7 - 1)

1

= lim h

e>0

- 2
_ h_lN | -(E(u+ 1/2Ia )h _

N_ (llft(u+ 1/2 az)+a(e)]h,5-i) '

1)

Now let h + 0. This converges to Kl(No) defined by



. _ '. o | . -
(3.22) . K(N) (w+ 126) K.
Next compute

-1 E{(ﬁﬁ __ﬁ;)z} = h-'1 1im [E{H } - 2N E{th} +‘ﬁzl

£ 0

Apply (3.19) and (3.20) with a =1+ (u + 1/2 0% ¢ + o(e) -

and B = 1 +-25(u+ﬂ2) + 0(€). Then 'E—{E—EE- = ﬁ'+-u(£), ”sﬁ‘
e b1 1im [(142e (o ))h" W+ + 232 Ny ® 2 N2 21+ (urio ) €)™ 4
g €0 2(u+ﬂ )h_ u+-lm2

As h > 0 this cnnvergeé to a function K2(N ) defined by

a2 2 2

KZ(NO) = H’ +q H

Thus the limiting diffusion ﬁ satisfies

aN = Kl(ﬁ) de + /K, (N) aw ,

which gives (3.15).

o]
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Remarks o 1. Keiding (1975) has'eutlinedﬁe derivation o

similar to the above, and has worked out the boundary c1aggif;;atinn_‘=--~

2. The BPBE imonel shows- the reletiensﬁip
between the random envirenmene.end the brenehingnedels.. Both are
sneeial cases of the BPRE medel. If'ne'Euppese that the‘environment
is constant, then 02=0 and we gee the branching model, 'whlle if the E
sampling effects are negligible, GZEO and we get the rendem environ-

ment model. Notice also thet 1f the pepulatien size is large,

JGZ Nz +-32 N ~oN, so N behaves l1ike the random envirenmentfnodei.

_;On the ether hand for very small N, /fi Nz +_5257m GJE;'BO-thE

BPRE *model behaves like the branching model. In partieuler, the
pepulation in the BPRE wmodel can become extinct in finite time, in
contrast to the, unrealistle behavior of the random envlrenment'nodel

in which the p0pu1atien_cen tend esymptetieally to extinction but mnever

completely dies out.

DIFFUSION MODFLS FOR GCENE FREQUENCIES

|

" The three diffusion approximations we derived
above could have been derived from diffusion theory with no reference

to a stochastic calculus. However, one of the advantages of stochastic
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differcntial equations is the ease with which they allow one to combine

simpler models into more complex ones. We will illustrate this with‘

some examples in population genetics.

Supbose a population cansists'qf Nt Individuals,
and consider a haploid gene at a single locus with alleles A and a.
Let Lt be the number of A-genes and let Hi be the number of
a-genes, 50 that Nt = Lt +~Hi. We make the following tuo'hssumptions:
(1) th and Hg each evolve according to one of
the models of section 3;
(2) Lt*'and 'Ht evolve independenﬁly.
One then studies the frequency of A, which is xt'='Lt/Ht. Since
the BPRE model contains the other two models as special cases, ﬁe

may as well_assume that both Lt and Ht evolve according to 'it.

Now if Lt. and th approximate the true number
of A- and a-genes, then xt will approximate the true gene
_frequency. To derive the stochasti¢ equation satiéfied by Xt; we will

need the two-dimensional version of Ito's formula (McKean, 1969).
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Let g{x,y) be suitably differentiable in both arguments. Then

dg(L,M) = gx(L,H)dL + gy.(L,H).dH + gxy (L,H) (dL) (dM)
- | 2 g 2
'+-l/2 gxx(L'H) (dL) " + 1/2 By}, (F:H) (dﬂ)' .

L

Applying this to X = 't and noting that
t | ,
- 'Lt+Ht | -

(dL) (dM) = 0 by virtue of the indépendenee of L and H;

4.1) ax= 2 an-% an-% w? + L am?

N N N N3

By hypnthesis L and M satisfy the stochastic

differential equations:

aL =(u, + 1/2 ui)l.dt + Ai L2+ o0 L aw  (1to)
(4.2) |

dM =(p2*+ 1/2 ug)ﬂdt + Jg; Hz + ag M dw(g) (Ito)
where W(l) and W(z) are independent standard Brownian motions and
Wiy O and o, are real.numbers. From the "multiplication table" of

: | . 2 -
Mc Kean (1969, p.44) we sec that (st) = ui Lt-+-u1 Lt and
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2.2 a2 2 2.2 N
(dHt) Uz'ﬂt'+ z}Ht 0. that on'setting o o, +.02{ §= By = Ups

‘and utilizing (h.Z).;WE obtﬁin the Ito equation:

| K | ' .2 .u2
(4.3 ax = X(1-0) [s + 1/2 ¢°(1-2%) +%27°1 1 4t
: ] N i

T

v (10 fo2x? + 83x el - x / -2 + 2<1—x) ¢

‘This equation'invulvés two independent Brownian

" motions, and we would like to reduce it to an equation involving a single

one. This can be done as follows.

o - 2 2 8%
Let fi(x,N)'= (Q-x) /o x + i ,4i=1, 2.

i

Define a new process Wt by Hﬁ_= 0 and

2

dW = (fi(x,ﬂ) + fz(1-11»'.,..14))""1’:2 [fl(x,N)dH.(l_) + f 5 (1-X ) dw(z)]

This is again a Brownian motion. (Indeed, a

L | . : | _ L 2
direct calculation ghms that E{HH_S wt} = 0 and E{(HHS _wt) } = s

for all s,t > 0.). 1In terms of this new Brownian motion we can rewrite

(4.3) as
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2 +

(4.4) - dX = X(1-X) {s + & o? (1-2X) + % a_;_] de ~
2 2 ) ) Ezw _. 2 52 i '
o X (1~x) + L - 1 x (1 X)-+ 1.X(1—I) dW (1to),
| N | N |
- - 2 2 2 -
where s = p, ~u, and 0 = 0,.+0,., This is a rather complicated

formula,,but3it simplffies greatly in many special cases. Note-that

31 and 32 tend to cancel each other out. 1If EI =?32 = §, say, then.
- . ) : L- - . .
‘ 2.2 52
(4 5) dXx = X(1-X) [s + 1/2 ¢ (1-2x)]dt + /67X (1—x) + N X(1-X) dw

-1f both L and M evolve according to the fandon

environment model, then 3: = 0, and

(4.6)  dX = X(1-X) [5 + 1/2 o*(1-2K)] + oX(1-X) &W  (Ito),

which is equivalent to the Stratonovich equation
(4.7) dX = sX(1-X) + oX(1-X) dw (Stratonovich)
These equations - (4.6) and (4.7) agree with

those derived directly from a discfete model by Gillespie (1973)

and studied by Tuckwell (1976). These authors showed that “quasi
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fixation" ﬁccurs for A if ni > "2'- They differ in-their drift tefm
from those studied by Kimura (1954 1964) and 'Hright (1948) (We point_"
out that Kimura and'Hright studied x via diffusion process fﬁeory
rrather than stochastig differeﬁtial equations. It is perhaps misleading
to compare our :ésults-uitﬁ theirs,lfof their equations are derived
under the assqmptinn that N 1is coﬁstan%,l uheréas in ou; case ;‘and |

.Gillespie's - N is not const#nt.)

"Anothgy interesting speciaiizatinn occurs when L

and M evolve according to thé'branching'model. In this case o0°= 0
50
2 a2 | ,.2 .
87 - 37 LA x(1-%)2 + 3§ x2(1-x)- .
(4.8) dX = (s + - —) X{(1-X) dt +/ - — ———————— dW (Ito)
| | N -

It is biologically reasonable to assumé that

6. = 0. =0 in which case (4.8) becomes:

X(l—x)
N

(4.9) dx = SX(I-X) dt-+a dw | (Ito),

or, in the Stratonovich calculus:

(4.10)  dX = (sX(1-X) +_1 ) dt + o /—’—‘ﬂl—’p— dW. (Stratonovich)
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H;Hshould pbint_out tﬁatjﬁhile-équatinﬁ.(4.4)
;dntains mény other #ﬁecial céses;'it-méy afis; 1n'it$ unsiﬁplifieﬁ i -
'form.“in many biologic#liy'intetesting'iﬁstances; For éiémple, if-
one of the alleies confers résistance to a hostile environment

- adaptation to extreme cold would be a case in point - we might have

ulhcc a,-

A fgw remarks are in order here. These_éqﬁatiuns
are_fnrmally Fhe ﬁame as those derived by Kimura (1955, 196;,.1964),
Nfight.(1948, 1964) aﬁd'lure recentl} by Ohta (1972),in'whiéh thé.sampliﬁg_
" is assumed to be binomial so that the rate of change oftﬁﬁriahcé of
X is_3é-x(1-x). There is a rather puzzling aspect of this, however.
- Their models were derived unﬂer the assumption that fﬂt is constant,
whefeas' N wvaries in our model. 1Is this coincidence or not? Perhaps

there is a way to answer this. It is possible to compute fhe conditional

distribution of Lt given that Ht is cungtant; it turns out that

this punditional proéess satisfies a certain stochastic difﬁéren;ial
equation, and one can then compute the stochastic differentia; equation
satisfied by X = L/N. It.is identical té (4.95! In other words the
_behavior of X, conditioned on dN=0 is given by (4.9). '(Tﬁis doesn't.
quite answer the question of whether or not this is due to'cnincidence:
if one does the-same thing to either the random environment or BPRE

model, one ends up with a2 nearly unrelated stochastic differential
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'equati_on Eor'_ X, so _that the conditional and unconditional behavior of °

X "'are.gover_ned by the same equation only in the branching model). "

A second surﬁrisin_g feaﬁure-nf the above models
is that, ﬁhefeas ](t is a diffusionrprocess in't'he random énv_ironment |
model '(cf(ls.é)). it is not ~and in Eact .it _1s not even a Hark_w
prncéss- in éithler- the branching'ur ﬁPRE model, cf -(4.‘5) and (4.9)-."
Ih:ls is bec.au_se Nt; which 1is nqt-cbnstant, app_earé in both éqﬁations.
The_ pair: '(Lt. _Ht) _is; however, a Harkoﬁ.process, and it is t_his pair
- wh-ich shoﬁld be the basic object of study. Oné can still learn a*bout
the behavior of X from its differential equation. For example,

~in the branching wmodel (4.5), if the population size is large the

diffusion coefficient is small and the behavior of X is nearly deter-

-_—

ministic, so we have

(4.11) - - 4 e
_ 4t " sxt (1 Xt)_,

- .and we expect to have _either loss or fixation of the allele . A according

to whether s 1s less or greater than zero.

Certain other facts are more easiiy seen by by

regardi}lg the system (4.2). For instance —and this holds in either



tﬂ; braﬁthiné.or‘ BPRE .ﬁodei--ﬁthere:afe-tﬁowayé.fof X  £o:téﬁ&

.éo either iero ﬁr'bne; Fir;t eithef ;. or a s'may*bécdme éxtintt;
I1f this happens, it happens in flnite time, and hence X Wlll reach
21ther 0 or 1 in finite time. On the other hand both L .and M

S

may tend to infinity, in which case K may cnnverge to either O or

'_1 as ¢t +«w,‘without_ever reaching;its limit.

We note that the special case of (4;4)i obtaiped

- by ;etting s=0 anﬂ 0 = 32 has been derived by a différent method -
by Jensen and Pollack {(1969) and Jenseﬁ (1973). 1fhese autho;s compared
thersolutinns of the corresponding Kolmogorov forward equatioﬁs*with

a computer calculgtinu oﬁ the equivalent Markov chain and als§ déterminéd

the probability of ultimate fixation of an allele.

Finally, it is interesting to note that the model
for geﬁé frequency, in which each allele multiplies according -to a
branching pfocess in a random environment, is an additive vefsiqn of
the branching and the random environment models in the sense that the
first and second infinitesimal moments of Xt in the third model are
‘the sums of the corresponding quantities in the first two models. 'Ihis'r
was also true for the models of Malthusian growth, bﬁt it wq5 not
obvious ;hat it would hold for gene frequency too. This suppbrﬁs the

procedures of earlier workers (Kimura, 1970 and referentes theréin) in



finding the drift anﬁ_&iffuéiun cbefficiént§ 6f-tﬁé géhe fféqueﬁcj'_f;7'
uhen:there are se?érai #Eﬁrbes‘of'evoiutionary_pfeséure #ﬁd.séverﬁl i:-
snﬁrces of variabilityf ﬁe shbuld ﬁnint out, hdwgyer; kgat'care.

- should be exercised_ﬁhen adaﬁting thét procedure: additivity may not
apply when; for examp;e,'mufatioﬁ froﬁ:L to'Hiand béck is inﬁlud;d-in

the original equations for L. and Ht" C .

5. Discussion | A

The stochastic eQuatiunhwe derived in section 3

for the BPRE model of unrestricted population growth can be written

(e . .
(5.1) Nt No +l (v+ 1/2 o) Ns ds +

lt 2 2 =2
4 §

ON + oN dW {Ito)
o 5 5 s

If we take expectations on both sides and use the fact that the

expectation of an Ito integral is zero we see that

t

E{Nt} = No + I (ut+ 1/2 02) ,E{Ns}_ds,

0

from which it folldws that

(5.2) EN)= N Lyt o) o at



where a= y+ 112 uz; .Sinﬁe the BPRE._madel_includes the fandum: -
énvirnnme#t aﬁd the'brancﬁing.ﬁodél# as épecia} casgﬁ;i(with q =“D"f".-'
. in the 'brangﬁing mDﬂEi). it is ﬂﬁfarent that thé expepééd populatioﬁ.;
size is‘tﬁe same in all three mcdels: I}f*we”regard t#e expected
pnpﬁlation size as defiﬁing-a "deterﬁinistic model" ué1ﬁén éaé tha;

all three of our stochastic models correspond to the single

deterministic model N = a N, or, in differential farm,-to |
(5;3) ', . dN = aN dt. .
This is, of course, the classical model of Malthusian growth.

'_This_mudel canﬁbe_misleading. For instahée,

in all three models the-pbpulation will die oﬁt with‘probabiiity one
if u‘< 0 and will tend to infinity'with positive prnbabilit} if

p > 0. (This is evident in the branching model, for instancé, from
equation (3.3) ) On the ofher hand the expected populatinn-size
'wili‘tend to either zero or iﬁfinity aécording to whether ﬁ+';/202 ié
negative or positive respectively. It is certaiﬁly possible tu-have

p <0 and p + 1/2 02 > 0, in which case the expected pdpulaginn size
goes to infinity while the population itself dies out. This is no
pg?adnx_ What 1is ﬁappening is that, even thbugh.‘Nt may equgl.zero-

with high probability, if it is not zéro, it is quite likely to be
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extrﬁﬁély lafge. ;nd.tﬁis*prdbabi}ity is_gréat éﬁoﬁgﬁ-fo}makq 1t§ |
expettatiuﬁ tend to‘infiniﬁy;  : _ | .

| Sup?use wg-had ;tartqﬂ studjing pdpylatinnlsize .
with the claséical equation (S.B)Land had forped a stu;hastic_mﬂdel bf
ﬁthrdwiné %n.white noise".l'We*would havé simply replaced' ;di by
odW + pdt in .(5.3); and would have gotten the randoﬁ En&ironﬁénﬁ
model asfa-resqlt. Apart f%om thﬁ fact éhat'qe wnuld'thﬁp be.féced'with '
a choice of calculi, we would have‘lost-the richness ﬁf fﬁetﬁranching
and the BPRE -ﬁ@dels. This would fe a reél loss, fnr the se;ond‘tw;
models have properties quite different from those of thé first. For
example, N =0 -is always gécéssible inrthese two mndels'whéfeas it is
inaccessible in the random énvirﬁnment’mndél - a'biolqgically unrealistic

behavinr,siﬁce we know that a real population can become extinct.

This all suggests that the practice of:pbtaining
a stochastic model by randomizing an existing deterministic model is
naive. Rather than arbitfarily putting noise in a deterministic sfgtem,
one should lavish at least as much care in analyzing.hnw the gandamﬁess

enters as in determining how the system behaves without noise.
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| Ve_have derived_se§Eral ﬂiffﬁsinns as limits .
of discrete parameter prncessesfl-ln the usual situation,'hnéevef.
one has a_fixed process, in eitheridiscrete or continuous time, and; :

one wishes to approximate it by continuous process.

No 1imit‘is involved; thé limit theorém iél |
mérelf used to justify-the aﬁpfoximatiqn if;.say; the pﬁpulagion size
is large. Such approximations have been founé useful and'quité accurate :
in papulatinn genetics, even when the populaﬁinq size_ié émail and one
would think that the limiting argumént dﬁéén't hold (Hattérson. 1962;

Karlin & McGregor, 1964; Ewens, 1965).

The approximations we have considered are of
discrete processés?‘aﬁd the reader will havg_:emarked that the stochastic
differential-equations which fesulted were Ito equatiané rather than
Stratnﬁcvich equations. This was to be expected.. Suppnsg, for
instance, that for each € > 0 one has a process satisfyiﬁg the

difference equation

N(n+1)£. - Hna - f(NnE)E + g(Nna) Answ'

1f N _ .converges to a diffusion as’ e approaches zero, then, subject

to some technical conditions on f and g, this diffusion will



satiéfy the Itﬁ_equatidh S
(5.4) o dN = E(N)dt + g(N)dW (Lto).

A quité different situation arises'when'we'haﬁe

a process N(t) in continuous time“to approximate. Subpose it satisfies

(5.5) L < fin) + gv(r)) T

. " | )
where W 1s a process smooth enough so that its derivative exists almost

everywhere. We can think of -%%: as the "noise” in the system.

It is evidently far from white - anq W is not a Bfawnian motion (for
Brownian motion is not differentiable). However, by the conv;rgenhe
tﬁeurem of Wong and Zakai (1965). if 'ﬁ(t) approximates a ﬁrowﬁian
'motion+in_distribution, then ﬁ(t) will be approximated by'ihe

solution 'ﬁ of the Strétonovich equation
(5.6) dﬁ = f(ﬁ) dt +~g(§) dW (Stratonovich)

Note that this is a totﬁlly different type of

approximation from the first. 1In the first case we approximated the
solution of a difference equation by a diffusion, and we ended up with

an Ito equation. In the second case we approximated a smooth process
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Ht by a very unsmooth process, Brownian motion; in other words we

approximated correlated noise by white noise, and the result was a

Stratonovich equation.

To conciﬁde, it is apﬁarenL that both Itn hn&
Stratonovich integrals can ég;se na;ﬁraliy..'The_continue& controversy
over the correct "interpretatiﬁp“ of.certain.stochaétic differential
equations is‘npt evidence that stochastic integfals are pathoidgical,
and even less that onelcalculgs 1s-more suitable- to bioloQ& than the

other; it is mefely evidence that the models themselves have been

derived with too little care.
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