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Abstract

The “three-neuron vestibulo-ocular reflex-arc” represents a classic example
of a basic sensorimotor transformation in the central nervous systen..
Nevertheless, hitherto no quantitative model has been forwarded to explain
how the existing three-neuron network may accomplish this transformation.
The present study, using tensor network theory, attempts to provide such a
model by interpreting, in terms of neuronal networks, sensory analysis by pro-
jection-type (covariant) vectors, motor synthesis by parallelogram-type {con-
travariant) vectors, and representing sensorimotor integration by a covariant
embedding of the sensory space into motor space and a transformation of the
covariant intention 1o a contravariant execution by a metric-type network. The
anatomical measurements of the sensory and motor reference frames of the
vestibulo-ocutar reflex provide the data necessary for a structurofunctional
interpretation. This is accomplished here by a calculation of the neuronal
network transformations in between these frames. All networks, when lumped
together, were previously described by a single matrix. In contrast, by using the
Moore-Penrose generalized inverse, tensor network theory can establish
numerically exact predictions of neuronal connections even in case of an over-
complete transformation from three vestibular canals to six extraocular
muscles. This improvement aims to permit an interpretation of the morpho-
logically known interim expression, in the vestibular nuclei, of the vestibulo-
oculomotor signal. The networks here show other additional features: (a) a
contracted vestibular tensor which combines a metric and a vestibulo-ocular
covariant sensorimotor embedding transformation in order to approximate
better the structural properties of this reflex-arc, and (b) a covariant motor
metric tensor, which arises as the Moore-Penrose generalized inverse of the
covariant motor metric tensor. Comparison of the calculated networks with
experimental data appears to confirm the interpretation of sensorimotor trans-
formations of intrinsic CNS coordinate systems by tensor network theory.
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1. Introduction

1.1 Background of tensorial modeling of the vestibulo-ocular reflex

. The neuronal network underlying the vestibulo-ocular reflex (VOR), which stabil-
izes the retinal image by compensating for head movements with an equal but
opposite eye movement, has long been known to include a “three-neuron reflex-arc”
(Lorente de No, 1933; Szentagothai, 1943). The classic three-neuron arc is involved in
the a'lctual chain of transformations from vestibular to extraocular muscle frames that
are intrinsic to the CNS. Although an approach has been promulgated to interpret
“the vestibulo-ocular reflex as a tensorial response” (Pellionisz and Llinas, 1980) a
multidimensional quantitative model of the three-neuron vestibulo-ocular reflex has
not been hitherto offered.

Fr_om the point of view of external description, this transformation was featured
previously by a single “brain-stem matrix”, lumping separate neuronal networks into
one step (Robinson, 1982; Ezure and Graf, 1984b). The tensorial approach, as shown
in Pellionisz (1985b), attempts to explain the overall function in terms of the internal
neuronal network-transformations of intrinsic CNS coordinates. Two important dif-
ferences inherent in this approach are (a) answering the question how the CNS may
transform from sensory coordinate systems into motor coordinate systems that are
overcomplete because they have a more than necessary number of coordinate-axes,
@) providing a quantitative structure-function explanation for separate morpholog-
ical fgmations existing within the VOR, such as the vestibular and oculomotor
nucle}. The presented tensorial approach proposes a solution for both problems; by
exp]a.ming the sequence of sensorimotor transformations by contravariant sensory
metric, covariant embedding, and a contravariant metric-type transformation invok-
ing the Moore-Penrose generalized inverse (Pellionisz, 1984). The scheme has been
quantitatively elaborated for the known sensory and motor franies of the vestibulo-
ocular mechanism in man (Pellionisz, 1985b).

The present study was motivated by the aim of closing the gap between theoretical
proposals and experimental findings. The system analysis approach to the VOR that
ﬂourished through the past decade concentrated on the characterization of the reflex
in the temporal domain, but did not produce a multidimensional Quantitative
account of the morphological structure for spatial coordination. Thus, at the present
stage of development the tensorial approach is focused, in a complementary manner,
on morphology. We provide a quantitative account of how the multidimensional
transformations may be implemented by existing neuronal networks. A theoretical
foundation has already been established (Pellionisz and Llinis, 1982a) by which later
analysis can lead to quantitative elaboration of space-time aspects of CNS sub-
systems as soon as their structural features are confirmed.

In tl?is paper, two major developments are described that extend beyond the earlier
tensona}l model of the human VOR (Pellionisz, 1985b). First of all, it is inevitable that
aquantitative elaboration of the VOR is offered for species in which experimentation
can test the model’s predictions. Thus, we expand here the modeling from the human
to the cat. Second, in the earlier study the Moore-Penrose generalized inverse was
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proposed as a theoretical solution for the problem of overcompleteness encountered
in VOR modeling. This solution is further elaborated in the present paper to the
extent that the model’s predictions closely correlate with existing structural features
of the VOR and this match is discussed at length. The solution itself was necessary,
since the motor system exhibits a higher number of dimensions (6) than the sensory
(3), so the transformation is only approximated by a “brain-stém matrix” (i.. requires
inverting a singular matrix). The Moore-Penrose generalized inverse scheme yields a
3-step network. Since the anatomical reality suggests that the minimum number of
neurons required in the chain of transformations is only three, we also emphasize the
possibility that the sensory metric and the sensorimotor covariant embedding trans-
formations are performed by the CNS in a single contracted step. Since this contrac-
tion may be implemented in the CNS in different ways, theoretical studies raise
questions for ongoing experimentation as to how this transformation is performed

(Graf et al., 1986).

1.2 Background of multidimensional modeling of the vestibulo-ocular reflex

Although specific in nature, the present study is a continuation of a more general
multidimensional approach that reaches back a century and a half. The basic under-
lying notion is that the CNS is a distributed, parallel system. Indeed, in the structure
of the VOR there are separate sets of transformations from the set of the vestibular
semicircular canals to the neurons in the vestibular nuclei and further, to those in the
oculomotor nuclei. This fact well supports the fundamental view that this sensori-
motor system is organized in a parallel, distributed manner. For the VOR, it has been
known since the classical studies of Flourens (1828) that each of the extraocular
muscles can be activated by each of the vestibular semicircular canals (see Helmholtz,
1896; Weiland, 1898; Lorente de No, 1932; Szentigothai, 1943, 1950; Cohen et al.,
1964). The parallel character of the neuronal network underlying the VOR, plus such
specific features as the existence of a sequence of separate transformations and the
overcompleteness have therefore confronted investigators with two basic questions:
(1) how to deal quantitatively with such distributed overcomplete network transfor-
mations, (2) how to interpret functionally the two interim stations, the vestibular and
oculomotor nuclei inserted between the sensory input from the labyrinth and the
motor output in the extraocular apparatus.

In order to arrive at an answer suitable for a quantitative representation of a multi-
variable sensorimotor apparatus such as the VOR, an appropriate conceptual and
formal approach had to be developed. Multidimensional approaches have long been
pioneered, conceptually by Lorente de No (1932, 1933), experimentally by
Szentagothai (1943, 1950), and formally by Krewson (1950) and Westheimer (1957).
More recently, a tensor approach has been elaborated for interpreting the structure

and the function of the CNS in general (Pellionisz and Llinas, 1978, 1979a,b) and of
the VOR in particular (Pellionisz and Llinas, 1980). Briefly, the concept that the CNS
is organized in a parallel fashion is formalized by assuming its neuronal networks
perform geometrical transformations on multidimensional activity-vectors
expressed in coordinate systems that are intrinsic to the structure (e.g. in frames
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composed of vestibular and extraocular muscle rotational axes). This formal analysis
is based on the primary notion that the CNS expresses vectorial representations of
external physical invariants (such as body movements) in these various general
systems of coordinates with tensor-transformations between the frames via neuronal
networks. The primary experimental goal in this multidimensional approach is,
therefore, to reveal quantitatively the intrinsic frames of references. Secondly, one
can then explore physiologically the activities expressed in these frames at different
levels; e.g. neurons, muscle fibers, muscles, or joint structures. Morphological
research, in turn, complements the effort by revealing the neuronal networks that
specifically implement the underlying general vector transformations. As for
modeling and theory, the task is to provide a quantitative conceptual interpretation of
all the procured data.

‘Since the tensorial approach was introduced (Pellionisz and Llinas, 1980), a num-
ber of papers have been published in oculomotor research that utilize one or several of
the above conceptual, experimental and formal aspects (Schultheis and Robinson,
1981; Graf and Simpson, 1981; Simpson and Graf, 1981; Goldberg ef al., 1982;
Robinson, 1982; Simpson, 1983; Ezure and Graf, 1984a,b; Peterson ef al., 1984; Graf
et al., 1983). The tensorial approach provides for a formal treatment of non-ortho-
gonal intrinsic coordinates (e.g. distinguishes covariant and contravariant expres-
sions), and thus emphasizes not an external description but attempts to explain how
function emerges from actual neuronal networks. As such, tensor notation can be
employed to model structural properties (e.g. the overcompleteness) of the VOR, and
provide an exact quantitative solution to the problem of coordination in case of such
overcomplete sensorimotor mechanisms.

The present paper is aimed specifically at interpreting the vestibulo-ocular
apparatus as a “three-neuron reflex-arc” in a morphologically realistic manner with
regard to spatial coordination of compensatory eye movements. The analysis is based
on the distinction of covariant sensory and contravariant motor expressions
(Pellionisz and Llinds, 1980). Methodologically, it utilizes the three-stage general
scheme of sensorimotor coordination, employing the Moore-Penrose generalized
inverse of the covariant metric tensor (Pellionisz, 1983a,b). Mathematically, the
problem of motor coordination (i.e. transformation in the overcomplete sensorimotor
systems, such as the VOR) is treated tensorially as a covariant-contravariant eigen-
vector-problem, through the generalized inverse of the covariant metric tensor
(Pellionisz, 1984, 1985b). As for the structure of the neuronal network, the precursor
to the present study is the tensor model of the three-neuron arc of the vestibulo-collic
(neck-motor) reflex (Pellionisz, 1985a, Pellionisz and Peterson, 1985). Quantitat-
ively, the present paper is based on the experimental establishment of the intrinsic
frames of reference inherent in the sensory and motor mechanisms (Blanks et al.,
1972; Ezure and Graf, 1984a, respectively). Brief preliminary reports on this study
have been presented in Graf and Pellionisz (1985) and Pellionisz (1985c).
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2. Tensor network model of the “Three-neuron vestibulo-ocular reflex-arc” in cat

2.1 Extrinsic and intrinsic systems of coordinates in the VOR

When relating CNS function to physical entities external to the living organism, the
complex multivariable relationships of sensory and motor components can conve-
niently and concisely be given in systems of coordinates. Such frames can either be
selected by Nature or by her investigators (Simpson and Graf, 1985).

Spatial Orientation of

Exlrinsic and Intrinsic Systems of Coordinates

Fig. 1. Spatial orientation of the vestibular and oculomotor intrinsic coordinates in th.e cat. .Tw.o kinds
of coordinate systems are shown: one is used for external description, the othe_r one is intrinsic to the
VOR. The extrinsic system is selected here as a body-symmetrical Car}esngn 'three-dlmensnonal
orthogonal frame with medial (X), dorsal (Y) and anterior axes (Z). The intrinsic systems of coor-
dinates are expressed in this XYZ extrinsic frame for both the sensory and motor qpparatus b.y
means of the rotational axes belonging to the horizontal (H), anterior (A) and posterior {P) semi-
circular canals and to the lateral rectus (LR), medial rectus (MR), superior rectus (SR), inferior regtus
(IR), superior oblique (SO) and interior oblique (10) extraocular musc'les. The set of _pa:red
vestibular canals is shown displaying the semicircular canals and their rotational axes. The diagram
of the eye muscle orientation is drawn utilizing a computer model (Ostriker ef al., 1985).
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Investigators customarily use coordinate systems for the oculomotor apparatus
and th.e vestibular sensory mechanism like the XYZ Cartesian orthogonal systems of
cpordmates shown in Fig. 1. This choice of a particular extrinsic frame is based
snmply‘on familiarity with this most commeonly used reference frame. In this paper.
extrmsnc. representation employs two orthogonal XYZ frames for each side of thé
quy, with r.ight-hand and left-hand rules for the respective sides. An advantage of
.IhlS con\./ennon is that all XYZ data are identical for both sides, positive XYZ denot-
ing medial, dorsal and anterior directions, respectively. The head is positioned in a
manner that the XZ plane is aligned with the paired horizontal vestibular canals (cf.
Fig. 2 and the original data-sources by Blanks et al. (1972) for the vestibular canal;
and for the extraocular muscles by Ezure and Graf (1984a). In this model, data are
used for the paired set of vestibular canals, similarly as in Robinson ( 198,2).

Physical Geometry: Vestibulo-Ocular Rotation-Axes in Cat
‘ Ocular Vestibular

Y Y

E Extrinsic Extraocular Matrix

V Extrinsic Vestibular Matrix

LR MR SR R SO 110 H A
X |-0.117] 0.001-0.851) 0.891 0.513|-0.565 X | 0.000( 0.693 |-0.693
Y [-0.966] 0.968 | -0.027] 0.068 |-0.034] 0.158 Y [-1.000{ 0.080{ 0.080
Z 10232 (-0.251|-0.524] 0.449 [-0.858| 0.810 Z [ 0.000} 0717/ 0.717
dala from Ezure & Graf (1984) data from Blanks et al. (1972)

l"'ig. 2. Data source for the physical geometry of the sensory and motor systems of coordinates intrinsic
in the VOI.{ The rotational axes around which the individual extraocular muscles turn the eye are
displayed in the form of an eye-matrix (E), data by Ezure and Graf (1984a). The rotational axes
around.whlch the vestibular semicircular canals measure head-movement are denoted by A
(belqngmg to tl_le paired coplanar ipsilateral anterior — contralateral posterior canals), by P z’be-
lqngmg to tl?e ipsilateral posterior — contralateral anterior canals), and by H (belonéing to the
bll.ateral. horizontal canals). Data by Blanks et al. (1972) are shown as a vestibular matrix V. The
orientation of the head was chosen in the original anatomical studies to align the XZ plane wit.h the
plane of paired horizontal canals.
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The spatial orientation of the eye muscles is shown schematically in Fig. 1 by
means of a computer model display (Ostriker et al., 1985). The sensory and motor
axes are also presented in Fig. 2, where normalized Cartesian vector components of
each rotational axis are tabulated, and the intrinsic three dimensionat sensory and six
dimensional motor frames of reference are visualized.

As can be observed in Figs. 1-2, the intrinsic sensorimotor axes in cat are not t0o
far from an orthogonal arrangement. However, for an understanding of sensorimotor
mechanisms in general, solutions need to be considered first that are independent of
the orthogonality or non-orthogonality of the coordinate axes. Then, the advantages
that arise from approaching throughout evolution these special arrangements such as
orthogonality or minimum-completeness could be revealed.

2.2 Tensorial schelhe of the VOR

The fundamental task is to reveal how sequential parallel networks of the “three-
neuron reflex-arc” transform a head rotation, given by a sensory reception vector,
expressed in the intrinsic sensory frame (Fig. 2V), into a motor execution vector
expressed in the intrinsic motor frame (Fig. 2E). In this transfer, the frame changes
from sensory to motor. It is equally important, however, that the type of vector used
in these different expressions also changes. The sensory vector is covariant (each
canal independently measures a cosine component of the head-movement), while the
motor vector is contravariant (eye movement produced by the interdependent action
of muscles is the physical resultant of the components). Transformations changing
both the frame and the type of vectorial expression can be implemented according to
a basic tensorial scheme (Pellionisz, 1985¢c). This interpretation is based on the fact
that a “reference-frame-free” physical invariant that is extrinsic to the CNS can be
represented by neuronal activity-vectors in both co- and contravariant forms in both
the sensory and motor frames. Thus, four different basic vectorial expressions are
possible, and between them three tensor transformations may exist, expressed by
network-matrices. These are the (a) vestibular metric tensor, transforming covariant
sensory reception into contravariant sensory perception, (b) sensorimotor covariant
embedding, yielding an intention-type (covariant) expression in the motor frame and
(c) motor metric-type transformations, yielding the contravariant (executable) coun-
terpart of the motor intention vector. Thes¢ transformations have been shown in
general abstract tensor notation, in quantitative matrix expression, and in neuronal
network implementation for the VOR in man (Pellionisz, 1985b). The present study
follows that treatment in its principles and procedures, with two main differences
here; (a) this modet is worked out for an experimentally accessible species, the cat, and
(b) a multidimensional interpretation is provided for the three-neuron reflex-arc.

The first expression of the external physical invariant (a movement) in natural
intrinsic coordinates occurs in the primary vestibular neurons connected to the semi-
circular canals. This is a physically obvious covariant vectorial representation, given
in the vestibular frame of horizontal, anterior and posterior canal axes (H,AP,
respectively). At the effector part of the VOR system, the compensatory eye move-
ment emerges as the physical resultant of six extraocular eye muscle contractions.
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Thus, the motor output is a contravariant vectorial expression. The question is how
the CNS produces the contravariant six-component vector from the covariant three-
component vector. This is a general biological problem of coordination. This paper
focuses on the morphological problem of how existing “reflex-arcs” in the CNS
actually perform a sequence of network-transformations. From a theoretical
viewpoint, the transformation can also be viewed as a mathematical problem of how
tensorial expressions can be obtained in an overcomplete space (i.e. in more than the
. three dimensions for physical movements).

The earlier general elaboration (Pellionisz, 1985b,¢) utilized two interim vectors;
the contravariant expression of the invariant in the sensory frame (sensory percep-
tion), and the covariant expression in the motor frame (motor intention). The first of
three necessary transformations to obtain these expressions is a contravariant sensory
metric g7. This step transforms a covariant expression of sensory reception into
contravariant sensory perception, both expressed in the same sensory frame. The last
step is a motor metric-type transformation g’ which provides a similar conversion of
motor intention to motor execution in motor space. The sensorimotor transformation
in between these two metric-type conversions is a covariant embedding Cjp, that
transforms a contravariant sensory perception into a covariant motor intention. In
this paper, the possibility is explored that the CNS may employ a contracted vestibular
tensor (the matrix-product of the contravariant vestibular metric and vestibulo-
ocular embedding) in a one-step operation. Such scheme, together with a separate
oculomotor metric transformation yields a two-step operation, observed in the mor-
phological representation of the VOR as the “three-neuron” reflex arc.

2.2.1 Vestibular tensor: transformation from covariant sensory to covariant motor
expression

The vestibular metric g,, can be directly calculated following the definition of a
covariant sensory metric tensor:

8rp=cos( Q)

The contravariant vestibular metric g can be calculated by inverting the covariant ‘

vestibular metric:

&87=(gp) !

The numerical components of this contravariant metric, as calculated from the
covariant vestibular metric shown in Fig. 3A, are presented in Fig. 3B.

The sensorimotor covariant embedding transformation c;, is a necessary step, since
in any sensorimotor system a neuronal network converts the expression of the exter-
nal physical invariant in a sensory frame into another expression given in a motor
frame. For an understanding of the nature of sensorimotor integration, an exact
explanation must be provided of how such a transformation may occur in the CNS.
An advantage of the proposed sensory- to motor transformation is that it may be
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Contracted Vestibular Tensor in Cat

A Covariant Vestibular Metric B Contravariant Vestibular Metric
1.000 |-0.080/-0.080 1011[0077| 0079
gyp=cos (@ p) = |-0.080] 1.000 | 0.040 gfl’=(g,p)'1 = {0077 1.007 |-0.034
-0.080{ 0.040{ 1.000 0.079 (-0.034( 1.009
C Vestibulo-Ocular Embedding D Contracted Vestibular Tensor
H A P
0.966 | 0.080 [ 0.170 LR,| 0.991| 0.080{ 0.248
-0.968|-0.102-0.103 MRy |-0.995(-0.174}-0.177
0.027 |-0.968| 0.212 f e _ SRy|-0.030{-0980 | 0.249
G = cos (e s 545 |-0290 Vit 97 e o [oow] 0956 |0a%
0.034|-0.262|-0.973 SOy[-0.063 |-0.228 | -0.970
-0.158( 0.202{ 0.985 10,|-0.066] 0.158 | 0.975

Fig. 3. Vestibular tensors, yielding a contracted vestibular tensor in cat. A: Covariant metric tensor,

expressing the cosine components of the rotational axes of the semicircular canals. B: Contravariant
sensory metric, calculated as the inverse of the covariant metric. C: Sensorimotor transformation
tensor, its matrix calculated by the covariant embedding procedure, which yields the cosine com-
ponents of the respective axes of the sensory- and motor frame of reference. D: Single vestibular
tensor, contracted as the matrix product of the contravariant vestibular metric (B) and the vestibulo-
ocular embedding (C). Note, that the contracted vestibular tensor yields its output to the second
order vestibular neurons in the vestibular nuclei. This is reflected by using muscle designators in D
marked with a subscript v: (LR, . . . [Oy), to denote covariant output of the vestibular tensor. Cal-
culations presented in this Figure (and throughout the paper) were performed by the computer for7
digits. Results, however, are shown rounded for three; thus verification of the matrix-products based

on rounded data would be imprecise.

performed from any i to any j dimensional frame of reference (including j greater than
7). The operation can be implemented by a neuronal network where the input-output
connections correspond to the cosines of the angles between the axes of the sensory
frame (in which perception is expressed) and the axes of motor frame (in which the

intention is expressed):
cip=cos(a{mF))

The matrix of vestibulo-ocular covariant embedding tensor is presented in Fig. 3C
and the contracted vestibular metric- and sensorimotor embedding (yielding a single
vestibular tensor) is tabulated in Fig. 3D.
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Several prominent features of the contracted vestibular tensor are noteworthy.
First, it provides with a quantitative prediction of a set of connectivities between
vestibular canals and secondary vestibular neurons. This may .open the way to
directly relating experimental data on single cells to theoretical models. Second, as
seen in Fig. 3, the vestibular tensor can be calculated even in case of overcomplete-
ness (with a higher number of secondary than primary vestibular neurons). Third, one
wishes to emphasize that if one contracted all transformations into a single brain-
stem matrix (Robinson, 1982), then it would not conform to morphological obser-
vations, since the transformation does not appear to occur in one step (cf. Bakerer al.,
1981). By contrast, the contraction employed here yields the morphologically long-
established network of the three-neuron reflex-arc (Lorente de No, 1933;
Szentagothai, 1943, 1952). Fourth, this representation is capable of interpreting mor-
phological and physiological findings reporting on a certain degree of convergence on
single neurons in the vestibular nuclei from several different canals. The issue of the
degree of convergence is presently far from being completely settled and it also
appears uncertain if the found convergences are established by mono- or polysynaptic
connections (cf. Markham and Curthoys, 1972; Baker et al., 1983; Kasahara and
Uchino, 1974; Precht, 1979a,b; Graf ef al., 1986). Nevertheless, a clarification of
these problems would remain difficult without such theoretical and modeling
approaches that are capable of handling such convergences and can also result in
specific predictions of both their site and extent (Figs 3, 5). Fifth, the contracted ves-
tibular tensor is a prominent example of the fact that while tensor network theory is
based on the distinction of covariant and contravariant expressions assigned to
invariants, some entities as the vestibular tensor are neither covariant nor contra-
variant but mixed. Finally, it is mentioned here (and will be elaborated in the Dis-
cussion) that the contraction of two of the three operations in the tensorial scheme of
sensorimotor transformation can be obtained in an alternative manner, by contract-
ing not the first and second but the second and third steps (cf. Graf ef al., 1983; Graf
and Ezure, 1986). . .

The vestibular tensor employed the covariant embedding procedure, which yields
a vectorial expression of the invariant in the required motor space. However, it is
given in a covariant form, which would result, if physically executed, an improperly
synthethized invariant with erronecus amplitude and direction. Therefore, the
covariant sensorimotor embedding procedure necessitates a final contravariant
motor metric tensor-type transformation (Pellionisz and Llinas, 1980, 1982a).

2.2.2 Oculomotor tensor: covariant- to contravariant motor transformation

Given a motor frame of reference, embodied in the six rotational axes correspond-
ing to the contraction of individual eye muscles, the existence of both co- and
contravariant-type expressions of an invariant can be verified in the following
manner. Given a six-component vector of the firing of six pools of motoneurons, the
Pphysical sum of the ensuing eye-muscle contractions will result in an eye movement.
Such a motoneuron vector is, therefore, contravariant. In turn, the set of orthogonal
projections, which are drawn from the physical object of the emerging eye-movement
to the axes of the motor frame, will uniquely determine six covariant vector com-
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ponents. Since both a covariant and a contravariant cxpress.io.n exist for an .invarlant
even if the frame of reference is overcomplete, the remaining question 1s how to
establish their relationship. . .

The principles of covariant- to contravariant transformatzon.‘Interpretatlon (?f thp
covariant motor intention to contravariant oculomotor execution transformatmn is
based on the following argument. The process of rendering a covar}ant to each
contravariant in a unique manner determines pairs of vectors (the engenvect.ors),
where the two expressions are identical, except for scaling by S:onslants (the eigen-
values). The unique Moore-Penrose generalized i}'lVCl‘SC matrix tha.t performs the
required covariant- to contravariant transforr'natlon can be established from th(ei
eigenvectors and eigenvalues (for general principles see Albert, 1972; Ben-Israel an
Greville, 1980; for elaboration see Pellionisz, 1984, 1985b).

Oculomotor Tensor in Cat Moore-Penrose Generalized Inverse of the Covariant Metric

A Covariant Oculomotor Metric Qg = cos(a ;o) B Eigenvectors of the Oculomotor Tensor(s)

E1 E2  E3
LR {-0.490(-0.230(-0.452

1.000 |-0.933} 0.004 | -0.066(-0.226] 0.101
-0.051 * MR {0456 0.304 ] 0.447

-0.993| 1.000 | 0.105 | -0.046] 0.183
0.995| 0014 } 0.052 SR |-0.107( 0:653 |-0.250

0004 | 0.105 | 1.000] -0: -~
di ~0.066| -0.046] -0.995| 1.000 | 0.070-0.129 1R |0.168 | -0.644] 0.236

) -0,226| 0.183| 0.014 | 0.070 | 1.000 | -0.990 SO | 0528 | -0.037| -0.463

0.101|-0.051| 0.052 | -0.129-0.990} 1.000 10 1-0.482) 0.111} 0514

L 2292 2035 1674

Yj§ o1
C  Contravariant Oculomotor Tensor  g#=(gie) * = L(1/L).(Em> <Eum) ’
m
D3

/ 02
0.253 |-0.253] 0.017 [-0.027 [ 0.016 [-0.048
z - X

-0.253 | 0.256 | 0.009 | 0.000 |-0.024 | 0.058

0.017 | 0.009 | 0.252 |-0.250 | 0032 |-0.018

ie
- : 0.842 |-1.184| -0052
g -0.027 | 0,000 |-0.250 | 0.249 |-0.015; 0002} -

>

0835 | 0474} 0.989

<

0016 {-0.024 | 0.032 [-0.015 } 0.250 | -0.255

N

-0.941|-0.639| 0.832

-0.048 | 0.058 {-0.018| 0.002 |-0.265{ 0.265

Fig. 4. Oculomotor tensor in cat arising as the Moore-Penrose genera{ized inverse of the cm'arlal:lt
motor metric. A: Covariant motor metric tensor, compos;d of the cosines of the angles among the
rotational axes belonging to individual eye muscles. B: Flgenvectors (FT) anq con"esport;:lmg e.lge?-
values (L) of the covariant oculomotor metri'c as shc:.wn in A, The.physu:al directions, b Boncg_lgi n?
these eigenvectors (“oculomotor eigendirections: D) are.showr! in the bottom part o B. ¢ . o
travariant oculomotor metric-type transformation matrix, which con_vens {h«_e covanandmt? }c:

intention vectors into contravariant motor execution vectors. Tht? matrix of g’ is compose od? e
dyads of eigenvectors of g, with coefficients that are the inverses of each corresponding

eigenvalue.
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The covariant oculomotor metric tensor g,, can be expressed in a unique manner
since its elements are the cosines of the angles among the axes:

Zie=cos(a;;)

This matrix, as shown in Fig. 4A, is both real-vatlued and symmetric. A difficulty
arises, however, if one attempts to calculate the contravariant metric by inverting the
covariant metric g. This could be done if the manifold was Riemannian, and thus
tensor analysis were applicable in the form used in the mathematics of general
relativity. However, in the multidimensional spaces that govern overcomplete
systems of coordinates in the CNS, the covariant metric is singular. Therefore,
although mathematical means exist that describe particular solutions among the
infinite possible transformations from a covariant set into a set of contravariant
components, a unique solution cannot be identified by simply inverting this singular
covariant metric. The problem does not lie with assigning the covariant components
to an invariant, since this is a unique procedure in the sensory frame. The difficulty
arises in the motor apparatus, because the invariant can physically be assembled in an
infinite number of different combinations of contravariant components, as was
recognized for eye movements as early as 1898 by Weiland. In tensor network theory
a solution to this uniqueness problem was suggested by hypothesizing that in over-
complete multidimensional hyperspaces of the CNS the covariant-contravariant
transformation is implemented by the Moore-Penrose generalized inverse of the
covariant metric tensor (Pellionisz, 1983a,b, 1984). The proposal of employing this
constraint in order to arrive at a unique covariant-contravariant transformation is
supported by a set of four considerations, predicated upon the fact that mathematical
explanations of CNS function must include a demonstration that the suggested oper-
ations can, indeed, be done by the existing neuronal apparatus in the CNS.

First, the constraint provided by this generalized inverse yields not only a unique,
but also an advantageous vectorial expression in which the sum of the squares of the
components is minimal (it is a so-called least-squares solution, cf, Albert, 1972). Such
expression of the movement, requiring minimum-energy, is a potentially advan-
tageous feature for the CNS. Second, the Moore-Penrose generalized inverse is not
only both a feasible and an advantageous solution of the overcompleteness-problem
in the CNS, but also recent quantitative experimental evidence demonstrates that it
appears, in fact, to be utilized in motor processes such as in the coordination of
human forelimb-muscles (Gielen and Zuylen, 1986) or of the neck-muscles in cat
(Peterson et al., 1985). Thirdly, as elaborated elsewhere (Pellionisz and Llinas, 1985),
tensor network theory demonstrates that the components necessary for constructing
the Moore-Penrose generalized inverse (i.e. the eigenvectors of the motor system) can
be made available in the CNS by the physical means of oscillatory reverberations.
And fourthly, the proposed process of Metaorganization also explains how the CNS
may use these eigenvectors to develop and modify a neuronal network that imple-
ments the Moore-Penrose inverse transformation (Pellionisz and Llinas, 1985).

The quantitative establishment of covariant- to contravariant transformation. Since
the proposed approach is based on the preservation of eigenvectors of the overcom-
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plete covariant-contravariant system, these eigenvectors and‘ eigenvalues of the
motor frame must be established first. Any of the standard' aval'lable means for. cal-
culating the eigenvectors produces the results tabulated in Fig. 4B. These eigen-
vectors are expressed by their intrinsif: (oculomotor) components (E},E3,E3), and
they are also given in the XYZ CaI1e51ap compopent.s (Dl,D?,D3). E

Given that the contravariant-to-covariant r.elanon is ‘estabhshed by lhl? covariant
metric tensor (transforming an eigenvector into an glgeqvector magnified by an
eigenvalue), the contravariant metric-type t.ransformauon is expected to ghange]the
same covariant eigenvector into a contravariant one re_fduced by the same eigenva uf'
This solution leads to the Moore-Penrose generghzed inverse (denoted by symbol ™)
of the covariant metric, which yields the required matrix:

g°=(ge) ¥ = Z(1/Ln) (Em> <En)

m

where L, and E,, are the m-th eigenvalue and eigenvector, 1/L,, is talfen as .0 .1f
L,=0 a':ld symbol > < denotes the dyadic (outer) product of the latter (in detail in
Pgilion’isz and Llinas, 1985). The resulting contravariant oculomotor tensor is

presenited in Fig. 4C.

rint of the transformatidn-networks accomplishing an

23 A tensorial bluep oriei yiclaing a

overcomplete VOR function via an interim station at the vestibular n
model of the “three-neuron reflex-arc”

e, after having determined the oculo-

i i is complet !
The chain of VOR transformations 1s p o emation

motor tensor g implementing the covariant- to crontravarxan.t ch; ;
together with the contracted vestibular tensor ‘v,~, as shown in g: . —
The presented network model of the sensor'u'notor transformaulop tac iy 1f)rames
the goals set in the Introduction. The model utilizes no.n-orthogona. intrins ¢ frames
of reference and converts a three-dimensional sensory _mpu.t vec.tor into an ove com-
plete six-dimensional motor output vector. The required interim expre.ssxon cin "
sponds to the morphological facts that the VOR pathwz}ys do not consu(tiu;e a f‘o ﬁal
“brain-stem matrix”, but form distinct parts-with specific structural and functi
i - Lorente de No, 1933).
pr?l%eentleerfsf)crf n]gtowork model presented in Fig. 5 comprises several levels of abstrag:
tion, describing the three-neuron vestibulo-ocular refiex-arc (a) verbally;“ as aatci(()) "
tracted vestibular tensor-transformation followcdieby an oculo_molor lt)rans ct);ir:es cal-,
(b) by abstract tensor notation, defmin_g v/ and g*, .(c) numerlcall)f, y tr::ladata A
culated for the specific rotational axes in cat,d es(t}abiﬂlsilgec{;lig g;:s:sm;r; PRt
or periphery (Ezure and Grat, ; et al., 1972),

g;:pslfit:\(l)]r){ s;iar::zt-diar;rar‘:xs orf}',the matrices, in order. to facilit.ate szuahtz)at(lgn éthz
area of each patch is proportional to the correspf)ndmg matrix clemen d, atzlve
network-representation of the tensor-transfom}anon, where posxt}v}c:. zn ne%blue)
matrix components may be realized by excitatory (red) and inhibitory
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pathways. Note that in this model the vestibular semicircular canals were paired (cf.
Robinson, 1982). As a result, if for one paired connection between a primary and
secondary vestibular neuron the balance of monosynaptic excitatory (ipsilateral) and
polysynaptic inhibitory (contralateral) signals is negative, that particular path
appears in the present concise model as a monosynaptic inhibitory connection.

3. Discussion

In complementing experimental analysis with theoretical synthesis the most
important question is whether there is any model that can account for the set of
available data. Once there is a quantitative three-neuron reflex-arc model, a further
question is how well its predictions agree with existing experimental data. The
following discussion compares experimentally established vestibulo-ocular reflex
connections, including the three-neuron-arc, to our theoretical predictions of the
vestibulo-oculomotor projections. VOR calculations are based on the assumption
that eye movements are fully compensatory along all three degrees of freedom of an

eye movement.

3.1 Comparison of data and predictions at the level of distributed networks

Relating the model shown in Fig. 5 to data is convenient at several different levels.
The tensorial method of calculating the sensorimotor transformation matrices
enables a quantitative prediction of both the first neuronal network (from the laby-
rinth to the vestibular nuclei monosynaptically; vestibular tensor v/, Fig. 3D) and the
second set of connectivities (from the vestibular nuclei to the motoneurons in the
oculomotor nuclei; the oculomotor tensor g%, Fig. 4C). Therefore, the most thorough
comparison would be to relate directly the quantitative electrophysiological and
morphological data of these two (vestibular. and oculomotor) subsystems to the
model’s predictions. There are, however, several problems that preclude complete
verification at this junction, partly the incompleteness of the available data-set, partly
its theoretical consequence that the possibility cannot be excluded that the CNS
employs a tensor-contraction that is different from the one favoured and elaborated

Fig. 5. Tensor network model of the “three-neuron vestibulo-ocular reflex-arc” in cat. The H AP
vestibular semicircular canals are connected to the LR,MR,SR IR,SO,IO extraocular muscles by a
neuronal network through the vestibular nuclei. The first part of this “three-neuron-arc™ is the
connection from primary vestibular neurons to secondary vestibular neurons. The necessary trans-
formations are given by the vestibular and oculomotor tensors, explained (a) verbally, (b) in abstract
tensor formalism as vf and g%, (c) by their numerical components in the form of two matrices, (d)
pictorially, in the form of a “patch diagram™ (positive and negative numbers in red and blue), (¢) by a
schematic, yet quantitatively exact network representation, where the connections between input
and output neurons appear as path-bundles. Color and cross section of each line correspond to the
respective matrix components: The diameter of each connecting line is proportional to the cross-
section of neuronal bundles shown in the patch-diagram. For an enhanced visual perception, patch
diagrams are enlarged four times compared to the diameters in the network, and the vestibular
system is shown with four times heavier lines that the oculomotor network.
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n this paper. In the present model, contraction of two of the three theoretically
equired VOR transformations (cf. Pellionisz, 1985b) is implemented by combining
he first two matrices as shown in Fig. 5: B =g'. (¢ip-g™). However, another expres-
ion yiel_ds the same overall result if the last two transformations are contracted:
1= (g".cjp)-g”. Given the fact that all three matrices of the right side of this
quation are presented in Figs. 3-4, the alternative transformation-tensors can be
asily expressed. The alternative vestibular tensor (instead of ;") would be g7 itself,
xactly as shown in Fig. 3B, thus the numerical values of the components of this
1atrix are not repeated here. The alternative oculomotor tensor (instead of £) would
e the contraction of vestibulo-oculomotor embedding (cip, shown in Fig. 3C) and
ontravariant oculomotor tensor (g%, shown in Fig. 4C). The resulting product is

0.500 —0.207  0.017
~0.502 —0.020 0.014
. 0.034 —0491  0.079
g, =| —0050 0479 —0.115
0.090 —0.158 —0.479
—0.154 0132 0492

In this alternative case the vestibular metric appears as a matrix closer to a
ronecker-delta (diagonal) matrix (cf. g7 in Fig. 3B), indicating that the required
rordinate-transformation would predominantly be implemented in between the
:stibular nuclei and the oculomotor neurons. This possibility would be somewhat
fferent from the other case shown in this paper, where (¢ip-g™) yields a rather heavy
t of off-diagonal cross-connections between the primary and secondary vestibular
‘urons (see v/, Fig. 3D). Resolving which tensor contraction is employed in the CNS
‘pends on further experimental investigation to settle the presently open issue of the
agnitude of such cross-connections (see e.g. Graf et al., 1986). Teleological reason-
g postulates no convergence from primary vestibular neurons of various semicir-
lar canals onto single secondary vestibular neurons (Robinson, 1982), and in some
1dies such convergences have not been found (Kasahara and Uchino, 1974; Reisine
q Henn, 1984). On the other hand, labyrinthine convergence, although not neces-
rily monosynaptically, on vestibular neurons in the cat has been demonstrated both
natural and electrical stimulation (Curthoys and Markham, 1971; Markham and
1rthoys, 1972; Baker et al., 1983; Graf et al., 1986). These latter observations,
pe.ndmg on the extent of convergence, appear to require representations such as the
adicted vestibular metric, or contracted vestibular tensor (B and D in Fig. 3).
.though in this first attempt at modeling the three-neuron reflex-arc we have used
u.”ec.i vestibular canals (cf. Robinson, 1982) and polysynaptic (e.g. contralateral
1ibitory) connections are not explicitly represented, these are important aspects of
ther elaborations of the tensor approach.
[dentification of the axonal aborization patterns of second order vestibulo-oculo-
tor neurons supports the possibility that sensorimotor coordinate system trans-
mation also occurs between the vestibular nuclei and the oculomotor neurons
raf et al., 1983; Graf and Ezure, 1984). These neuroanatomical data corroborate
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electrophysiological findings of diffuse vestibulo-oculomotor projections (Uchino
et al., 1980).

Therefore, the spatial coordination performed by the vestibulo-ocular reflex was
intentionally modeled here in a form that would facilitate its comparison with the
matrix-analysis approach (Robinson, 1982; Ezure and Graf, 1984b). This paper
emphasizes only two of the most important differences; namely that the tensor model
of the VOR is represented in a structurally distributed manner and that the system is
overcomplete. The tensor model of the three-neuron reflex-arc resolves both prob-
lems by predicting the interim vectorial expression of the gaze signal at the vestibular
nuclear level and does it for the overcomplete VOR. In other respects, this model is
presented similarly to others by, for example, combining the six vestibular canals (of
the two sides) into a single set of three paired canals. This simplification complicates
direct comparison of model-predictions with existing morphology, and is not neces-
sarily required by the tensor approach. This will permit an elaboration of a VOR
model which explicitly and quantitatively represents all six canals and the otholiths as
well as all twelve (or any number of) muscles rotating the two eyes.

Another worthy consideration in connection with the fundamental question of the
emergence of network-transformations is that the VOR is not a closed-loop
sensorimotor system (cf. Pellionisz, 1985b). Therefore, it may be inappropriate at the
present early stage of tensor network models of gaze to aim at a full elaboration and
verification of a model of the VOR that is abstracted from the context of the fuil
hierarchy of reflexes involved in gaze. Accordingly, we feel that it is more appropriate
to provide here a first, simple and approximate model of the three-neuron reflex arc
so that the morphological comparisons may be introduced while we are considering
the VOR as part of a hierarchical gaze and retino-extraocular primary reflexes. In a
hierarchical model system not only three-neuron-arc pathways between vestibular
and oculomotor nuclei have to be represented, but also the indirect paths that involve
the cerebellum and reticular formation (Pellionisz and Peterson, 1985; Pellionisz,

1986, 1987).

3.2 Comparison of the VOR model and experimental data at the overall level of a
contracted “brain-stem matrix”

All the above considerations point to the fact that expecting a full numerical
verification of the present model may be at this time premature, in light of an incom-
plete experimental quantification of the connections. Therefore, rather than pretend-
ing that this first and therefore, by definition, approximate model of the three-neuron
arc is the ultimate representation, we focus attention on the issue of how this model
improves our understanding compared to previous lumped models of the VOR. Thus,
in the remainder of the paper we evaluate how closely the quantitative predictions of
the distributed network approximate the available anatomical and physiological
data, in comparison with models that did not elaborate a three-neuron reflex-arc.
Since the matrix analysis approach utilizes a lumped brain-stem matrix, for com-
parison purposes only we also express this matrix B as:
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H A P
0.504 0.010 0.058
—0.508 —0.058 -—0.026
0.004 -—0.496 0.099
—0.023 0.485 —0.135
0.040 —0.138 —0.470
—0.106 0.106 0.478

B = gievir —

Note that this “brain-stem matrix”, used only for comparison with earlier models,
is contracted from the three-neuron-arc model applied to an overcomplete three-to-
six dimensional system, and thus yields a non-square array. It could not have been
provided by inverting the one-step transformation matrix (Robinson, 1982) and
could only be estimated by extending that approach (Ezure and Graf, 1984b). The
above matrix, instead of yielding unitary signals for paired eye muscles, provides
separate excitatory and inhibitory signals for the agonist-antagonist pair, which
results in maximal values of about 0.5 for each muscle.

Another more fundamental observation points out that the contracted brain-stem
matrix is invariant to the circumstance which components are contracted because of
the associativity of matrix-products: BT = (g¥.c;;).87=g"(¢;-&™). Thus, the
vestibular metric can either be contracted with the vestibulo-ocular embedding, leav-
ing the oculomotor metric separate (as shown in Fig. 5) or, according to the afore-
mentioned alternative possibility, to contract the last two matrices, leaving the
vestibular metric separate. The alternative models yield slightly different connectiv-
ities for the three-neuron reflex-arc. However, from the point of view of the present
general comparison of the model with the data, these alternatives are identical, since
the overall brain-stem matrix applies to both cases.

In order to further facilitate such brain-stem-matrix comparison of the tensor
model with experimental data, the connections from the paired vestibular canals are
given below for each eye, although our body-symmetrical notation implicitly
expresses the transformations to either side:

left eye right eye
H A P H A P
LR |—0.504 —0.010 —0.058 +0.504 +0.058 +0.010
MR | +0.508 ~+0.058 +0.026 —0.508 —0.026 -—0.058
SR [—0.004 +0.496 -—0.099 +0.004 +0.099 -—0.496

IR |+0.023 —0.485 +0.135 —0.023 —0.135 +0.485
SO |—0.040 +0.138 +0.470 +0.040 —0470 —0.138
I0 |+0.106 —0.106 —0.478 —0.106 +0478 +0.106

These matrices quantify the excitatory and inhibitory signals originating from the
left side horizontal (H) and vertical (A,P) semicircular canals, which activate the six
extraocular muscles of each eye. Comparison of these results with the earlier models
demonstrates their advantage over previous approaches which did not provide a
description for overcomplete (three-to-six dimensional) systems (Robinson, 1982),
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and yielded representations of such systems only by approximated numerical values
(Ezure and Graf, 1984b).

In the following, the predictions of the model with the available experimental data
are presented separately for the horizontal and vertical (anterior and posterior) canal
systems. Following the classical three-neuron-arc terms of Szentagothai (1943), the
connections are called according to their strength as principal and accessory paths, the
latter divided into the subclasses of stronger characteristic- and the weaker tertiary
connections. Typically, characteristic connections are about half as strong, and the
tertiary paths are less than a tenth of the strength of the principal connections (cf. also
Cohen et al., 1964; Uchino, 1980). The data are represented as connections from the
left labyrinth to both eyes.

Horizontal canal system. The horizontal part of the calculated overall system of
connectivities (columns 1 and 4 in the six-column matrix representing connections
from the labyrinth to both eyes) exhibits the well-known principal excitatory
connections from the (left) labyrinth to the contralateral (right) lateral rectus (.504)
and ipsilateral (left) medial rectus muscles (.508). The antagonists of the above
muscles, the contralateral (right) medial rectus (—.508) and the ipsilateral (left) lateral
rectus muscles (—.504) receive the principal inhibitory input. The other connections,
corresponding to the minor matrix-components (columns | and 4) are quantitatively
predicted to be about 5 to 100 times weaker than the principal connections [cf. p. 43-
45 in Szentagothai, 1952]. Experimental evidence substantiating the existence of such
secondary characteristic connection is unsettled. While Cohen ef al. (1964) and
Furuya and Markham (1981) have reported some input to vertical eye movers from
the horizontal vestibular system based on electromyography and intracellular horse-
radish peroxidase (HRP) studies, Uchino ez al. (1979) did not find any significant
three-neuron-arc connections to vertical extraocular motoneurons via intracellular
recordings from oculomotor neurons following horizontal canal stimulation. Since
both the calculated and experimental components of horizontal canal to vertical eye
muscle connections are one or two orders of magnitude weaker than the principal
connections, the quantitative predictions do not conflict with available experimental
evidence, especially since finding an absence of such connections in one study does
not mean that they do not exist.

Vertical semicircular canal system. The inputs to the left (ipsilateral) eye from the
left semicircular canals (columns 2,3) are described first. The anterial canal (column
2) sends principal excitatory connections to the ipsilateral superior rectus (.496) and
the principal connection to the ipsilateral inferior rectus (—.485). These principal
connectivities have been in the literature since Szentagothai’s (1943) classical
description of the three-neuron reflex arc (Ito et al., 1973a,b, 1976a,b). The contrac-
tion of the ipsilateral superior oblique from anterior canal stimulation has been
proposed [cf. center of Fig. 11 in Szentagothai, 1952] and also verified utilizing elec-
tromyography by Cohen et al. (1964). A possible neuroanatomical substrate of this
connectivity was provided by intracellular horseradish peroxidase (HRP) studies
(Grafand Ezure, 1986). A demonstration of a direct inhibition of the antagonist to the
above muscle, the inferior oblique, is not available, although the existence of such
connection was proposed by Ezure and Graf, 1984b. In general, such inhibitory
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influence could be established indirectly, via inhibition of excitatory connections
from the coplanar (posterior) canal on the contralateral side (see Cohen et al., 1964).
The weak inhibition of the ipsilateral lateral rectus muscle (—0.010) is in accordance
with the reported occasional inhibitory postsynaptic potentials (IPSPs) in lateral
rectus motoneurons following ipsilateral anterior canal stimulation (Uchino et al.,
1980). An ipsilateral medial rectus contraction (.058), following stimulation of the
same canal, has been reported by Cohen ef al. (1964). However, effects upon the
lateral eye movers could also be explained by an effect of stimulus-spread from the
anterior canal ampulla to the adjacent horizontal canal ampulla.

The posterior canal (column 3) sends its principal excitatory inputs to the ipsi-
lateral superior oblique (.470) and its principal inhibitory inputs to the ipsilateral
inferior oblique muscle (—.478). These connections were already established by the
classical studies [cf. Table in page 40 in Szentagothai, 1952]. The excitatory input
upon the ipsilateral inferior rectus, a characteristic influence of about one third in
strength (.135) has been reported in early studies [cf. Figs. 13-14 in Szentagothai,
1952]. These synaptic effects were shown more recently by the electromyographic
recordings of Cohen et al. (1964), intracellular recordings by Uchino et al.(1980), and
by intracellular HRP injection by Graf et al. (1983). The existence of direct inhibition
of the antagonist to the above muscle, the ipsilateral superior rectus (—.099), has long
been proposed [cf. Table on page 40 in Szentigothai, 1952] and is evident from
intracellular recordings by Uchino e al. (1980). In the present model, the accessory
(characteristic and tertiary) connections are predicted to be 3 to 50 times weaker than
the principal connections (columns 2,3 and 5,6). Experimental evidence is not avail-
able to verify directly the projections from the posterior canal to the horizontal eye
movers; the excitation of the ipsilateral medial rectus (.026) and inhibition of the
ipsilateral rectus (—.058). Since, however, these tertiary projection- coefficients are
weak (a full order of magnitude weaker than the principal connections), the uncer-
tainty in the literature concerning these connections (Cohen et al., 1964; Ezure and
Graf, 1984b) does not necessarily conflict with the quantitative predictions of the
tensor model.

Projections from the left vertical semicircular canals to the right (contralateral) eye
(columns 5,6) indicate the long-established principal excitatory connection from the
anterior canal (column 5) to the inferior oblique (.478) and the principal inhibitory
connection to the superior oblique (—.470). A characteristic excitatory connection
appears to the superior rectus (.099). The existence of such a pathway is supported,
based on electromyography (Cohen et al., 1964), intracellular recordings (Uchino
et al., 1980) and neuroanatomical methods via intracellular HRP injection (Grafand
Ezure, 1986). A direct characteristic inhibitory connection to the antagonist of this
muscle, the contralateral inferior rectus (—.135), has also been established by intra-
cellular recordings of IPSPs in inferior rectus motoneurons following contralateral
anterior canal stimulation (Uchino ef a/., 1980), and also by intracellular HRP injec-
tions of Graf and Ezure (1986). Excitatory influence upon the contralateral lateral
rectus, in congruence with the calculated result (.058), has been reported (Cohen et al.,
1964; Uchino et al., 1980), although possible effects of a stimulus-spread may also
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The posterior canal projections to the contralateral inferior rectus in an excitatory
fashion (.485) [cf. Table on page 40 in Szentagothai, 1952} and to the contralateral
superior rectus as inhibition ( — .496). Characteristic connections appear as excitation
of the contralateral inferior oblique (.106) and as inhibition of the contralateral
superior oblique (—.138). The calculated excitation of the contralateral inferior
oblique is supported by electromyographical results of Cohen et al. (1964). On the
other hand, results by Uchino er al. (1980) and Graf and Ezure (1986) indicate inhi-
bitory input upon inferior oblique motoneurons, following contralatera! posterior
canal stimulation. The calculated inhibition of the superior oblique could be effected
indirectly via inhibition of known excitatory pathways from the coplanar anterior
canal on the contralateral side. The input to the contralateral horizontal eye movers,
namely the inhibition of the medial rectus (—.058) and excitation of the lateral rectus
(.010) is not demonstrated in the literature (Cohen ef al., 1964; Ezure and Graf,
1984b). However, the coefficients of these calculations are 10 to 20 times smaller than
the principal connections, so that a lack of their direct demonstration is not entirely
surprising.

The calculated results in cat show a remarkable separation of the vertical and the
horizontal eye movement systems with only weak cross-coupling between vertical
canals and horizontal eye movers, and horizontal canals upon vertical eye movers.
Although cross-coupling between the vertical and the horizontal canal systems have
been demonstrated at the level of the vestibular nuclei (Baker ef al., 1983) the inner-
vation of the horizontal and vertical eye movements is reasonably well separated.
This may arise from the fact that the vestibulo-ocular sensors and effectors in the cat
constitute one of the best approximations of an orthogonal arrangement among the
species and even for sensorimotor systems in general. The non-orthogonality, and
thus the inseparability of the subsystems is significantly more conspicuous in other
species (e.g. rabbit, cf. Simpson, 1983; Simpson and Pellionisz, 1984; Ezure and Graf,
1984a; Mazza and Winterson, 1984).

The present approach, which preserves the individuality of all six extraocular
muscles, and enables an exact calculation of overcomplete networks, is within
reasonable agreement both with the results arising from the matrix analysis approach
where the agonists and antagonists were paired to keep the degrees of freedom in the
sensory and motor system equal, providing an approximate quantification of the
overcomplete system (Ezure and Graf, 1984b). The present solution is in keeping with
the notion that the extraocular muscles in the cat work, to a great degree, in agonist-
antagonist pairs. This can be seen e.g. from the close match of the innervation-
coefficients between extraocular muscles which are agonist-antagonist pairs. This
organization is reasonable in light of the close collinearity in cat of the rotational axes
of the pair of agonist-antagonist muscles (Fig. 2). Furthermore, the results of both
studies are in agreement with electromyographic recordings during natural vestibular
stimulation (Peterson ef al., 1984). That study also demonstrated the low degree of
cross-coupling between horizontal and vertical eye movers, and the inherent reduc-
tion of the degrees of freedom of the eye movement system by organizing it close to
agonist-antagonist muscle pairs.
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3.3 General implications of the quantitative predictions of tensor network models of
CNS “reflexes” for morphological research

Tensor network theory aims at developing a complex yet natural approach to view
the CNS as it evolved through the phylogenetic process, not how it could have been
designed in engineering approaches (for example, for easy service, aiming at specif-
icity and separability of modules). According to our view, the vestibulo-ocular reflex
should be treated in its multidimensional entirety, as it coordinates, via 6 eye mus-
cles, compensatory eye movements in 3 dimensional physical space. This is in con-
trast to viewing it as an assembly of three separable subsystems, where each was
designed to control horizontal, vertical and torsional movements, respectively.

The comprehensive view conforms with classical approaches, taken e.g. by Sher-
rington (1906), who emphasized that envisioning CNS function in terms of simple
reflexes might be a “purely abstract conception, because all parts of the nervous
system are connected together™. It appears that the “reflexology” that ensued after
Sherrington’s epoch-making studies gradually overemphasized the significance of
obvious connections that can be found in complex neuronal networks at the expense
of subtle, yet demonstrably existing secondary (and tertiary) pathways. Because of
such trend towards simplification, the brain appeared more and more as being con-
structed of separable simple reflexes; e.g. the VOR was considered as composed of
separable, orthogonal horizontal, vertical and torsional gain-control reflexes.

Aiming at understanding Nature’s general solution for sensorimotor transforma-
tions, tensor network theory re-emphasizes the need for interpreting entire networks,
not only the prominent connections inherent in them. Perhaps even more impor-
tantly, at the same time it also provides not only the conceptual, but also the formal
means of how to accomplish such interpretation. As for experimentation, the task of
arriving at a synthesis calls for substantial further developments of morphological
and physiological methods that are suitable for quantitatively revealing relative
strengths of connections within entire neuronal networks.
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