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Abstract

A model is developed and analysed for two antagonistic muscles working
against a common load and controlled by spinal circuitry. The connections of a-
and y-motoneurons, as well as IA inhibitory interneurons and Renshaw Cells
are included, together with descending inputs onto these spinal neurons. Special
cases are considered in which control is carried out solely by a-motoneurons,
y-motoneurons, IA interneurons or Renshaw Cells, as well as the case when
feedback from the muscles is eliminated. The roles of muscles and loads,
feedback pathways, spinal circuitry and descending inputs in the production of
oscillatory movements are discussed.

1. Introduction

Muscles are normally arrayed in antagonistic groups to produce movements in two
directions about a joint. The spinal cord has a variety of options in controlling these
antagonistic groups. One or the other may be activated selectively to varying degrees
or they can be coactivated to increase the stiffness about a joint (reviewed by Stein,
1982). To produce a single, rapid movement a characteristic pattern is often observed
in which one group (the so-called agonist muscles) are activated to get the movement
going, then the antagonist muscles are activated to brake the movement and finally
the agonist muscles are activated again to stabilize the limb at the intended, final
position (Hallett et al., 1975). While such patterns of activation seem to “make sense”
qualitatively, there have been few attempts to analyse such movements
quantitatively (but see Hatze, 1980). In producing a particular pattern, is the nervous
system attempting to minimize the energy consumed by the muscles, the time to
reach the end point, the oscillation about the end point or some combination of
these goals?

In order to examine such questions we have considered a simple model (see Fig. 1)
consisting of two muscles (muscles 1 and 2 enclosed by dotted lines) working in
opposite directions against a common load, consisting in general of a mass M, an
external spring of stiffness K, and a dashpot of viscosity D (Oguztreli and Stein,
1982). To permit as many analytic results to be derived as possible, we have assumed
initially that each muscle behaves linearly, although important nonlinearities can
easily be added (Hatze, 1977; Stein and Oguztéreli, 1982). Muscles will clearly only
behave linearly over a restricted range of positions, and over a small range the
differences between the body’s angular coordinates and the linear movements in
Fig. 1 can be ignored.

A particular pattern of activity in muscles can also be produced in a variety of ways
by the spinal cord (Fig.2). In principle, descending inputs could activate
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Fig. 1. Pattern of connections of descending inputs to spinal neurons, antagonistic muscles and their
load. Details of the nomenclature are given in the text.

a-motoneurons with a preprogrammed pattern to generate the desired movement. In

practice, the smaller y-motoneurons are also activated to varying degrees (Matthews,

1972). These motoneurons do not exert enough force to produce measureable
movements of the whole muscle, but they do produce contractions of intrafusal
muscle fibres (whose properties are indicated by the boxes labelled Z; and Z5), which
in turn modify the feedback coming from the muscle spindle receptors. This is done
through a simple summation of the desired movements m; and m, produced by the
intrafusal muscle fibres and the actual movement, as well as more complex effects on
the gain of the feedback (Matthews, 1972; Stein and Oguztoreli, 1981).

The feedback, particularly from the primary muscle spindle afferents (IA fibres),
directly excites their own a-motoneurons and through the action of particular
interneurons (IA; and IA, in Fig. 2) inhibits the antagonist motoneurons.
Interestingly, these interneurons receive many of the same descending inputs as the
a-motoneurons and may be involved in determining the extent to which the different
muscle groups are activated alternatively or together (Hultborn, 1977). One other
well-known type of inhibitory interneuron, the Renshaw cell (R; and Rj) has also
been included in Fig. 2. These interneurons are excited by activity in a-motoneurons
and in turn inhibit the same group of a-motoneurons (Renshaw, 1941; Cleveland and
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Fig. 2. The simple viscoelastic model of the muscles, including active force generating elements

(a;(t)) and a generalized load consisting of a mass, a dashpot and a spring. The y(t) measure positions

with respect to a fixed point, whereas the u(t) are deviations from the steady-state position. Further
details in the text and Oguztoreli and Stein (1982).
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Ross, 1977). However, the Renshaw celis have also been shown to inhibit
y-motoneurons to almost the same extent as a-motoneurons (Ellaway and Murphy,
1981).

One reason for including the well-known connections from IA inhibitory
interneurons and Renshaw cells, is that Miller and Scott (1977) have shown that these
connections alone, in the absence of connections to the muscles or feedback from the
muscles, are sufficient to produce the rhythmic alternating patterns normally
observed during locomotion. However, by experimentally blocking these inhibitory
connections (Menzies et al., 1978) and eliminating phasic feedback (Jordan et al.,
1979), the locomotory patterns could still be produced by stimulating descending
inputs. Thus, these interconnections are not necessary for producing locomotion.

In the next section we describe the model mathematically and then in successive
sections analyse the simplifications that result if descending inputs excite
a-motoneurons alone, y-motoneurons alone, IA interneurons alone or Renshaw cells
alone. Experimentally, there is little evidence for descending inputs onto Renshaw
cells, so this section is included mainly for mathematical completeness. A final
section deals with the important simplifications that result in the absence of feedback,
in which movements are produced “open loop”. The strengths of the spinal
connections shown (and other connections which might have been added to Fig. 2)
are not known accurately, so it is not our purpose here to present detailed simulations.
Rather, we are interested in the general form of the solutions. To the extent that the
connections can be specified, simulations may be presented in a subsequent
publication.

2. Modelling and and mathematical description of the system

The basic models for the antagonistic muscular and neuromuscular systems
considered in the previous section are shown in Fig. 1 and Fig. 2, respectively. Some
of the notation is indicated in the figure, and further details are listed below (with
some minor changes in the nomenculature from the earlier ones (cv. Oguztoreli and
Stein, 1975-77, 1979-80, Stein and Oguztoreli, 19764a,b, 1981).

LIST OF SYMBOLS

: index for the muscles, j=1,2;

: index for the reflex pathways, r=1,2,3;

: viscosity of the active state element of the j-th muscle;

: rate constant for the decay of the active state of the j-th muscle;

: viscosity or external damping of the load;

: stiffness of the external elastic elements in the load;

: stiffness of elastic elements internal to the j-th muscle, but in series with the
j-th active state element;

i+ stiffness of elastic elements in parallel with active state element of the j-th
muscle;

: mass;
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FojHj: the sensitivity (or in general the gain) of the j-th muscle receptors in the r-th
feedback pathway: Fg;=0, H;;>0, Hj; + Hj;+ Hj3=1;
Fyj: the gain in the yj-motoneuron pathway,

t;: pure time delays in the r-th feedback pathway for the j-th muscle which in
general will arise in nervous conduction, sensory transmission and
excitation-contraction coupling; ) <tjp<tj3;

Ty the time constant which indicates the velocity sensitivity of the r-th reflex
pathway of the j-th muscle;
Ty: the time constant which indicates the acceleration sensitivity of the r-th
reflex pathway of the j-th muscle;
t: time (s);
s: Laplace variable;
8(t): the Dirac delta function;
aj(t): active state of the j-th muscle at time t;
f(t): external force at time t;
nj(t): neural input to the active state of the j-th muscle at time t;
igj(t): input on a;-motoneuron to the j-th muscle at time t;
iy(t): input on y;-motoneuron to the j-th muscle at time t;
IAj(1): inhibitory activities from IA; interneuron at time t;
Rj(t): inhibitory activities from R; Renshaw interneuron at time t;
u(t),uj(t): deviations from the equilibrium positions at time t;
W(s): Laplace transform of a time function v(t);
2.1) t
\ Ms)= f vie Sdt  (v(tye V(s));
0

zj(t): the shortening generated by the j-th muscle in response to the
v;-motoneuron impulses, which is the inverse Laplace transform of the
vyj-motoneuron pathway transfer function

Fy
2.2 Zij(s)= )
N )
where {j; and {y are nonnegative constants, Fj;=0, {;;~10 and
5=~ 30;

hy(t): the sensory feedback in the r-th pathway for the j-th muscle,
2.3) hyj(t) = FoH[uy(t — ty)+ (Tllj + ’tz,j)l:lj(t — )+ T T2t — ty)];
hj(t): the total sensory feedback for the j-th muscle,
3
(24)  hi®= ) hi®

r=1
3
=Fgj ), Hyluj(t — tg) + (15 + T25) 05t — t5) + T1Tagiiij(t— t)]
r=1

Note that the functions u(t), u(t), and uy(t) are determined by the convolution
integrals
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t
u(t)= j; [pt— T)nl('t) + ai— T)HZ(T) +r(t— T)f(’f)]d‘t,

2.5)
ui(t)= 5 d
(1) = J; [Bit—o)ny () + it —ony(r) +ri(t— Df(7)ldz,
J=1,2, where B(t), q(t), Bi(t), gi(1), r(t), and £j(t) are the i
;;?néf:ormf qf P(s), Q(s), T’j(s), i(s), R(;) and ;(;;V?::p:;?‘lﬁe
- Oguztéreli and Stein, 1982a): J, ¢
26) PO=POY/(s+y), PO~ PE)/(s+py)
Q)= 0(s)/(s + ), Q)= Qi(s)/(s+By)
and
2.7 P(s)=K;i(Bys +Kjp + Kp2)/ Ws)
O()= —Ki(Bys +K;; + K,y )/ WAs)
R(S) = (B]S :‘ K“ + Kpl)(st + Ki2 + sz)/ W(S)
Pi(9)=[(Ms+Ds + K. +K;; + Kip)(Bys + Kip + Kop) — K2 /W
Qi1(9)= —K; K/ W(s) 2 e
R(s)=P(s)
Pys)=—0Q\(s)
0x9)=[Kf — (Ms2+ Ds + K, +K; +Ki)(Bis+K;
PRI 1T Ki)(Byis+ Ky + Kl W(s)
where

— (M2
o W(s)=(Ms2+ Ds -+ Ke+Kit + Kia)(Bys + Ky +Kp)(Bss +Kip + K1)
-8) _Kil(BZS+Ki2+Kp2)—Ki22(Bls+Kil +Kp1)
=q~ l(s“+03s3+czs2+c1s+co)
with
.9) o=(B,B,M)™!
co=alKe(K;; + Kp)(Kiz +Kpo) + K K (Kip + Kp2) +KizKpa(Kis + Kpy)}
cr=afD(K;, + Ko)(Kiz +Kp2) + KBy (K; + K;2) +Ba(Ki; +Kp)]
+KalBi(Kiz +Kp2) +ByK,, ]+ Ki2[Ba(K;; +Kpp) + B K]}
c=a{M(K;, + Ko)(Kiz+Kpp) + D[B(K;, + Kp2) +Ba(Ki; + Kpy))
+ B By(K +Kj; + Kjp)}
c3=a{M[B(K;,+ Kp2)+Ba(Ki; +Kopy)] + B, B,D}

.

Considering the signal flow in the block di in Fi
. . 2 i
ollowing elasiona gram in Fig, 2, we successively find the
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(2.10) U(s) = P(s)Ny(s) + O(5)N2(s) + R(s) F(s)
Uy(s)=P(s)N(s) + O(s)N(s) + Ry(s)F(s)
Ni()=1Iq,(s) + G1(5) — 8 1R (s) — 0,14(s)
Nyfs)=I,(8) + Ga(s) — B3R(s) — 0414 (s)

My(s)=11a (8)+ Gi(s) A () Ld:
L) =L14,9)+ Gaf®) AT
R(&=Ni()/(s+5) R{O<R(S)

Gi(s)=H\(s)[— Ur(s) + M, (s)]
Ga(s)= Hy(s)[ Unfs) + M(s)]

M () =[1y,(s) — OsR(S)] Zy(s)
M(s) = [1y(s) — B6R(s)1 Z(s),

3
H8)=Fg; 3, Hyll + (115 + Tag)s + Ty Tagstle
r=1

where 8, 85, 0, ..., O are certain nonnegative numbers. As defined in Eq. (2.10),

8), 8, are rate constants determining the period over which inputs from
a-motoneurons are integrated by Renshaw cells.

01, 03 are the strengths of connections from Renshaw Cells to a-motoneurons.

0, 04 are the strengths of connections from IA inhibitory interneurons to
a-motoneurons and

05, 0 are the strengths of connections from Renshaw Cells to y-motoneurons.

In the following we shall omit the argument of a Laplace transform ¥(s) and denote
it simply by V. By successive back substitutions we find

(2.11)

0
M, =1, Z,— s+561 Z\Ni

0
My=1,,7,— S+652 Z>N>

Gi=—H\Uj+ 1, HiZ, “F?%TH‘Z'N‘

Gy=HyUp+ 1y, HyZy— i(’az H,Z,N,

s

I4,= ——H1U1+1M1+171H121———s$55 H\Z\N;
1

IA2='_H2U2+IIA2+172H222_ _?fs HyZ>N,
2

S
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and
1+ EOHZ Yy OOHZy o h U+ 0,1,
s+3; s+6;
(2.12)
~B8HZy o (14 BAODZe \ oyt 10,1,U,+ By U
s+38; s+96,
where
@.13) Cr=Ci(8)=[lo, — 0214, + [y H1 Z, — 6,1y, H, 73],
' Co=Co8)=a, = Oal1a ) + [y, HyZy — 641y H\ Z)).
Put

(2. 14) C= C(S)= (S + 81 + 91 + 95H1 Z])(S + 52 + 93 + 96HZZZ) - 92949596H1HZZI Zz.

Then, by solving the system (2.12), we obtain

@15 Ny =338 (548, +05+04(1 — 0,0, H, Zo]H, U,
—0y(s+ 8, +63)H, U,
+ (S + 52 -+ 93 + 96H222)C1 + 9296H222C2}
s+ 62

{04(s +38, +0)H U,
+[S+81 +91 +95(1 —9294)HIZI]H2U2
+0405H,Z,Cy +(s+ 8, + 0, +0sH, Z)C,}

Ny=

Further, put Vi = Vjx(s), X= X(s), X;= Xj(s), and

(2.16) Vio =(s+38))[(s + 8+ 03+ 06H,Z2)C +0,06H,Z,Co1P; B
+(S +82)[9495H121C1 + (S +81 + 91 + eslel)Cz]Qj
+CRF,

Vii=C+{(s+8))[s+ 82 +03+04(1 —0,0,)H,Z,]P,
—04(s +85)(s + 8, +0)01}H,
Via=1{B2(s+8,}s +8,+63)Py
—(s+8)[s+8; +6,+05(1 —0,04)H,Z,10,}H>
Va1 ={(s+8,)[s+ 82+ 03+ 04(1 — 6,00 H>Z5]P
—B4(s+87)(s+ 81 +0)) 0o} H,
Vyp=C+{0,(s+ 8 s+ 8+ 63)P,
—(s+8))[s+8;+0,+05(1 —020)H, Z110} H
Xi=VigVa—V20V12
Xo=VV1i—VioVar
X=VnVa—ViVy
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We now combine Egs. (2.15), (2.16), and the second formula in (2.10) with j=1 and
Jj=2. We then find

iU+ ViU, =7y

(.17 VarUp+ VU=V

whose solution is of the form
(2.18) Uis)=Xjis)yX(s) (=12)
Further, by combining Egs. (2.15), (2.18), and the first formula in (2.10), we find

2.19) U(x) =%+ Yols),

where Y= Yy(s) and Y= Y{s) are defined by the following equations:

S 251 [(s+ 85+ 03+ 0H | Z1)C) +0,86H>Z,Co) P

S+82

(2.20) Yo=

+ [0405H Z,Cy + (s + 8, +0, +0sH, Z) 510,

Y=LC52 (045 +8, + ) H\ X, + (548, 6, +05)(1 — 0,000 H, Z) Ha X]O

- 5-281 [04(s + 85+ 03)H ) X5 + (s + 85+ 03+ 04(1 — 0,0 Ho Zo)H, X, )P

‘The movement of the antagonistic neuromuscular system described in Fig. 2 is

completely determined by Eqs. (2.18) and (2.19).

Before closirlg this section, we note that the functions

W P Q R, P, Q, and R; are determined by muscle properties;

(i) Hj, Z;, and Care determined by the gains in the sensory pathways and/or in the
v-motoneuron pathways;

(iii) C; and C, are determined by the neural inputs on a- and y-motoneurons, by
the (inhibitory) activities from Renshaw cells and IA interneurons, and by gains in the
sensory feedback and y-motoneuron pathways;

(iv) Vj1, Vj2, X and Y are determined by the muscle properties, and by the gains in
the sensory feedback and y-motoneuron pathways;

(V) Vo, Xj, and Yy are determined by the properties of the muscles, by the external
load, by the neural inputs on a- and y-motoneurons, by the neural activities of
Renshaw and IA interneurons, and by the gains in the sensory feedback and
v-motoneuron pathways.

The general system equations in the time domain can be established by invoking
the inverse Laplace transforms of Eqs. (2.18) and (2.19). This process involves
lengthy calculations and yield rather complicated functional differential equations.
However, computer simulations can be implemented by using Egs. (2.18) and
(2.19) only.
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Before considering the behavior of the general case, we shall briefly discuss some
physiologically significant special cases. These discussions will give some insight on
the complicated functioning of the antagonistic neuromuscular system.

3. Systems governed by a-motoneurons

When an antagonistic neuromuscular system is governed by a-motoneurons only,
and if there is not any external load, then we have
F=I’Y] =172=IIA1 =IIA2=R1 =R2=Zl =Zz=0

(3-1) 91=92=93=94=95=96=0.

In this case Eqgs. (2.13), (2.14) and (2.16) reduce to

(3.2 G=1Iy
C=(+8 (s +8)
Vio=(s+81)(s +8200a, P +10,0))
Vii=(s+8Xs+8)(1+H,Py)
Viz= —(s+81)(s+8)H:0,
Vo1=(+6,)(s+62)H P,
Vaa=(s+81)s+8)(1 — H202)

and
(3.3) X=(s+38)X(s+58)%(1—X)
X =(5+8)%s+8,)%X}4
X2= (S+ 81)2(S+ 62)2X2a
Y=(s+8)Xs +82)°7,
Yoo=Io,P+1,,0
where
(34) X=H\P\+ H)0p+ HH)P102—- O1P)
Xio= o, Pr+1a)O0n)(1 — H2Qo) + (a, Po+ 10,02} H20
Xa0= o P2+ 10, Qo)1 + H2Q9) — (o, Pr + 1, O)HL P
Yo=[(lo,Pr+ IaLQz)(l + ~112Q2) - (Iglpl +IaLQ1)H 1P2H2Q B
— (a1 P1+ 1,001 — HyQ9) + (Lo, Py + 16, 02) Hy O 1H\ P
Hence,
(3.5) Uy=X;o/(1-X), U=Yoe+Y/(1—X).

Thus, we have

(3.6) Uy=X;q+ XU,
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and

3.7 U= Yy + Yoo — YouX)+ XU.

Egs. (3.6) and (3.7) differ only on their forcing terms.
We now put

(3.8) F=P0,-0F, [T

It can easily be verified that
3 3
(3.9 HiH=FoFp Y, ¥ HiHjp(1+ s +Azs? +Asgs’ + Aggs®e ~5i 62
i=1 j=1

where

(3.10) Ayj="1i1 + T2i T2+ T2
Aaij = T1irT2it T T2z (Tin + T2 (T2 + T22)
Agij = T1i1T2i1 (Tej2 + T22) + Taj2T252(Tin + T200)
Adgij = T1i1 121111527252

Then, the inverse Laplace transforms of Egs. (3.6) and (3.7) yield the functional
differential equations

3.11) uj(t) = Ko (t) + L{gX1)
and

t
(3.12) u(t) = [Folt) + yoolt) — J;YO(I(G)X(t — o)do] +L(u)t)
where the integro-differential operator L is defined by the equation

3
(3.13) L(v(®=Fg ), {Hilj;t[V(G—til)"'(Tlil+Tzi1)\"(0‘”ti1)
i=1

+ 1T V(o — 1)1t —o)do }

3
+Fp2 ), { Hjp J; t[V(G —t}+ (T2 + n2i2) V(o — ti2)
i=1

*111202i2¥(0 — tp)]Ga(t — o)do }
303 -
+FoF Y, Y, { HquzJ;[V(G —ti1 — ) +AV(o — tig — tj2)
i=1 j=1
+A2i9(0 — tiy — tj2) + A3¥(0 — tig — t;2)

+ v (o — tyy — )t — o)do } .
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Let us note that the operator L simplifies considerably when the system is not
acceleration sensitive, i.e. 133=0, i=1,2,3, j=1,2, and, the forcing terms in
Eqgs. (3.11) and (3.12) are simpler when

(3.19) () =8 = Lo, (s) =1,

i.e. the neuromuscular system is activated by a single initiation shock. Another
relatively simple case is

s sin ¢+ cos ¢
s2+Q?
i.e. an initiation shock followed by a persistent harmonic oscillation, where p, €, and
¢ are constants, p=0, Q>0.
Now let ¢ =¢(t) be a given sufficiently smooth function for t=0 such that ¢(t)=0
for t<0. Consider the functional differential equation '

>

(3.15) ig®=8(0)+p sin(@t+@elu()=1+

(3.16) V) =d(t) + LI (1=0).
Put
3.17 to=n}jlx(ti1 +1;).

Let ¢,=0(t) (x=0,1,2,3,4) be certain given sufficiently smooth functions on the
interval —tg=<t=<0. Then the functional differential equation (3.16) subjected to the
initial conditions

(3.18) vO(t) = ,(t) (—to=t=0; x=0,1,2,3,4)

admits a unique continuous solution for t=0 and this solution can be constructed by
continuous continuation into the future (cf. Oguztoreli, 1966).

The essential properties of the solutions of the functional differential equation
organically depend on the form of the natural modes of the system. These modes
correspond to the roots of the transcendental equation 1 —X=0,1ie.

(3.19) H\Py+ Hy0,+ HiHyl'—1=0.

Eq. (3.19) has infinitely many roots in the complex s-plane and all these roots
accumulate only at infinity. Further, the conjugate complex of a (charateristic) root is
also a root since all the constants involved in Eq. (3.19) are real. Let s=p+i{Q2 be a
pair of characteristic roots with multiplicity y, where p and Q are realand i=V —1,
€2>0. Then the corresponding natural mode is of the form

(3.20) eP[A () cos Qt+ By(t) sin Qt),

where A,(t) and B, () are polynomials of degree p— 1 with arbitrary coeflicients.

It can be easily verified that Eq. (3.19) has a principal part in the sense of Pontryagin
(cf. Pontryagin, 1942), and by a theorem of Pontryagin, all the characteristic roots,
except finitely many, have negative real parts.
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4. Systems governed by y-motoneurons

When an antagonistic neuromuscular system is governed by y-motoneurons only,
and if there is not any external load exerting on the system, then
F=Iy =Io,=Iip,=Iin,=R;=R;=0,

4.
( 1) 91=92=93=94=05=96=0.

In this case we have

4.2) C=IyHiZ;
C=(s+8))s+57)
Vio=(s+81)(s +8)(Iy, H1Z\P; + I, Ha Z50))
Vir=(s+8;)s+8)(1+ H,Py)
Via= —(s+8,)(s+8)H2 0
Va=(s+38)Xs+8)H,0,
Vi =(s+381)s+8)1 —H,02)
X=(s+8)"s+8)%(1—X,)
Xy =(s+8)Xs+8)% X}y
Xy =(s+8)%(s +82)*X»,
Y=(s+8)s+8)%Yy
Yo=(s+81)2s+82)*Yoy
where

(4.3) X,=X=H,P,+ H,P,+ H H,T
Xy =y H\Z\Py + I, Hy 2,001 — HoQ) + (Iy Hy Z4Po + Iy HyZ,00) Ha O
X, =y H\ Zi P+ Ly, HhZp00)(1 + Hy00) — (ly N\ Zi Py + 1 Hy ZyO)HL P
Y=H2X2Q—H1X17P
Yo,= Iy H\Z\P+1,H,Z,0
Thus,
@.4) UG=XytXG
: U=¥y+ Yoy~ Yo, X) + XU

or, equivalently,

uj(t) = Xjp(t) + Luy)(1),

) =m0+ 500~ |} sorome—oxtel + Lo,

where L is the functional differential operator defined by Eq. (3.13). Hence, u(t) anc
u;(t) satisfy the same functional differential equation, Eq. (3.16), with different forcing
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terms. It is interesting to note that the natural modes in the present case are the same
as in the previous case. This represents an extension of a result previously obtained
for a single muscle with y-inputs (Oguztoreli and Stein, 1981).

S. Systems governed by IA; interneurons

In this section we consider antagonistic neuromuscular systems governed by IA;
interneurons only. We assume here also that F=0, i.e. there is not any external force
acting on the system. In this case we have

F=lIq=lo,=Ly=I,=R;=R,=0,

1
(5 ) 91=93=95=96=0,
and
(5.2) Ci=—6aln,, Co=—0414,

C=(s+6)s+8)
Vio=~(s+381)(s +8,)(0211a,P; + 8al1, 0)
Vi1 =(s+8)(s+8)(1 + P, —0,01)H;
 Vig=(s+8))(s+8)(6,P, — O1)H;
Var=(s+81)(s+8)(P,— 040,)H,
Var=(s+8)(s+ 801 +6,P,— O)H,,

and
(5.3) X=(s+8)s+8)*1 —X*
Xi=(s+8)°s+ 52)2X’f
Xp=(s+8)(s+8)°X3
Y=(s+8))X(s+8)%Y*
Y2=—(I1n,P+1a,0),
where

5.9 X*=1{040,+ 0r— P, — 0,P,+ (P, — 0,0,X 0, — 0,P2)
+(02P — 01)(Pr— 0,0 H Hy =T*H H,
X3 =1(1+0:P, ~ 02)0xf1a,P1 +0l1a, O)
+(82P1 — 0)O211a, P2+ 0alia, OV
X3= {1+P - 94@1)(9211.«2?’2 + 9411A,az)
+(040, _T)Z)(QZIIAZTJI + edmlél)}H 1
Y*=(OuH\ X} + Ho X0~ (84Hy X3+ HLXDP.
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Then we have
Uj=X*+X*U,
J

(5.5)
U=(Y*+ Yt —X*YH+X*U

which yield the following functional differential equations:
ui()) =x}(0) + L*@)(0),

5.6
GO wy=tyw+ys0 - [ vaorrte—oxaol +Lr,

where

3 3 .
57 LWO=FuFp Y, ¥, HyHj L Iv(o—ti ~ )+ Ao —ti — 1)
i=1 j=1

+22i¥(0 —tiy — t2) + AgyV(o — tis — )
+4iv o — ty ~ ti)ly*(t — o)do

where A’s are given by Egs. (3.10).
Let us note that the natural modes of the present system is determined by the roots
of the transcendental equation

(5.8) {6401+ 02— P —0,P,+ (P —040/0(Q2—02P)
+ (2P — Q1)(P,— 040} H Hy — 1 =0.

Eq. (5.8) has also a principal part in the sense of Pontryagin. Further, the functional
differential equation
(5.9 V() =¢(t) + L*(v)(V)

subjected to the initial conditions (3.18) admits a unique continuous solution for
t=0.

6. Systems governed by Renshaw Cells

In this section we briefly discuss the movement of an antagonistic neuromuscular
system which is governed by Renshaw cells only. As before, we assume that there is
not any external load acting on the system. In this case we have

F=Ial = =171 =172=IIA1 =IIA2=O

6.1 0,=0,=0,
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and

6.2) Ci=C=Vip=Vap=X;=X=Yy=0,

C= (S+81 +91 +95H121XS+52+63+96H222)

Vi1=(s+ 83+ 03+ 06H,Z,)(s+ 8, +0, +0sH, Z))+ (s + 8 )H P

Viz= —(s+85)(s+8; + 0y +05H Z1)H,0y

Vo =(s+8;)(s+8,+ 03+ 66H2Z)H P,

Vyr=(s+8, +6; +085H1 Z)[(s + 82+ 03+ 0H, ) — (s + 8)H,05)]
X=(s+8;+0; +0sH,Z)(s+8,+ 05+ 0gH, Z) X *

CY=(s+8,)(s+8; + 0, +0sH Z)H2ZoQ — (s + 8,)(s+ 8, + 03+ 0 H2 Zp)H | Z1 P

where

(63)  X*=((s+8,+01+05H\Z1)+(s+3)H\P1] [(s+8+03+06H,20) — (s + 8)H0n]
+ (S + 81)(8 + 82)H1H2Q1P2.

We now write the X* in the following form
6.4) X*= (8, +0,)(8;+03)+ (5; + 8, +203)s + s2+ T H+ T Hy+T2H Hy,
where

6.5) T =52P;+05(1+8,+03)Z, +5,(8,+ 03)P;
Iy=—520;+04(1+38; +91)Zz—§2(51 +01)0,
T12=06(s+81)Z2P) —0s(s + 82)Z, 02+ 0506 Z1 Zy — (s + 81 )(s + 82)T,

where I' is defined by Eq. (3.8).
According to Egs. (2.18), (2.19), and (6.2)-(6.5), we have

Ul = U2=0,
(6.6) U=Y*+X*U,
where
6.7) Y*=C"ly.

Thus, we have the relationships

w=uw=0
u(®) =3*(0)+ L)),

where T*(u)(t) is defined by the following equation:
(6.9)  L*u)t)=(8;+0,)(52+83)u(t)+(8; + 82+ 03)u(t) + ii(t)

3 1
+For ), HilJ;[u(o'_til)‘l'(Tlil+12il)ﬁ(0'_til)
i=1

(6.8)

+Tit2inl(e —t)ln(t—o)do +

3
+Fn 2, Ha [ T~ 1) + (i eailo— 1
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+1152T2121i(0 — ti2)ly2(t — 6)do

3 3 .
+FoiFo2 ), Y, Hnszj;[u(G—tn—tj2)+?»1ijfl(6—ti1—tjz)
=1 =

+Agti(0 — ti; — 12) + Asili(o — ti; — tj)
+ 500 — i — )yt — 0)do,

where A’s are defined by Eqs. (3.10). Let us note that the natural modes of the system _
gnder consideration are determined by the roots of the transcendental equation
X*=0,1le.

(6.10)  (8;+0,X82+03)+ (8;+ 8y + 203)s +52+ T Hy + T'Hy + T, H Hy =0.

Eq. (6.10) has also a principal part in the sense of Pontryagin. Further, Eq. (6.9)
subjected to the initial conditions (3.8) admits a unique continuous solution
fort=0.

7. Systems with no feedback

The absence of feedback is of particular importance in the study of neuromuscular
systems. In this case,

(7.1) H,=H,=G=G,=0.
Further, by virtue of Egs. (2.13), (2.14), (2.16), (2.8), and (7.1), we have
(7.2) Cl =I°'l - 9211A2

C2=I,,2—04IIAI
C= V11 = V22=(S+81 +91)(S+82+93)
V12= V21 =Y=0
Vio= (s +81)s + 85+ 03){Ia, — Or11a 1P+ (s + 82)(s + 81 + 01)[o, — Oalia 10
+CRF

Xj=(s+81 +91)(S+82+93)Vj0
X=(s+8;+0)%s+5;+63)?

+6; 3 s+38; >
Yo=— 2 Pl —0xfip ) +—22 O[], —
V=75 g, Pl Caliagl+ 22— Ok, —Oafin]
and
+6 ~ s+5
7.3 U~=——S—1-P‘I —0,0pp ]+ —— 22 I, —
( ) j S+81+91 3[411 21A2] S+52+e3 ["'2 94IIAI]

R.
+ J F
(5+8;+0))s+8+03)
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and
(7.9 U=Y,.
Thus, putting

= S+8| = = S+62 -~

: P=—2°L_Pp, (Q9=—"7°L_0,
(75) s+81+9| Q S+52+93 Q

= s+8, 5 = s+8 =
.=—P., = |

J S+51+91 ! Qj s+82+63 Qj

j : R;,
(s+8;+06;)s+8,+63)

X

with P(s)=B(t), Bi(s)=Bi(t), D(s)=a(1), Oi(s)-i(t), and Ry(s)=T(t), and passing to
the inverse Laplace transforms, we find

0= | T, (9= Oaua IRt~ + [0, ~Baioa D1~ 9
(7.6)
+f(r)Fj(t—1)ldr,

u())= fo {ia, (9 — B2 DI — 0+ [iay(®) — Baira (VI — Dldr

Eqgs. (7.6) completely determine the movement of the antagonistic neuromuscular
system in the absence of feedback.

8. Discussion

Production of a movement u(t) is defined by Eq. (2.5) which is a convolution
integral containing terms depending on the two neural inputs n; and n; and external
forces f. These inputs are convolved with functions p, q and r, which in the Laplace
domain share a common denominator W(s). W(s) is a fourth-order polynomial in s
(Eq. 2.8) the coefficients of which are all non-negative (Eq. 2.9). Thus, there can be no
complex conjugate roots in the Laplace domain with zero or positive real parts and
hence no maintained or growing oscillatory solutions in the time domain (Pontryagin,
1942) resulting from the properties of the muscle and the load. This result is a
generalization of a result for a single muscle (Stein and Oguztéreli, 1976). Although
there are some specialized muscles in insects capable of generating oscillations
(Pringle, 1967), for example to produce the patterns in flying (myogenic flight), other
insects generate oscillatory patterns of neural activity for this purpose (neurogenic
flight). In vertebrate muscles only small, maintained oscillations have been observed
under special conditions in the absence of oscillatory neural inputs (Huxley, 1974).
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Thus, these analytic results support the concept that maintained oscillations of a limb
do not arise solely from interactions of muscles with each other or with a mass-spring
load.

Oscillatory movements can arise either from (1) oscillations arising in feedback
pathways, (2) in spinal circuitry such as shown in Fig. 2 or oscillatory inputs from the
brain or, for example, a spinal locomotion generator distinct from the connections
shown in Fig. 2 (reviewed in Grillner, 1981; Stein and Lee, 1981). Oscillatory
solutions in the absence of oscillatory inputs are associated with complex conjugate
roots of a transcendental equation such as (3.19). Even with the simplification of
Section 3 (i.e., the system is governed by inputs to a-motoneurons only), there can be
many, but only finitely many, maintained or growing oscillations. Interestingly, the
same transcendental equation arises when the system is governed by inputs to
y-motoneurons or coactivation of combinations of a- and y-motoneurons (Section 4).
This again is an extension of a result obtained for a single muscle (Stein and
Oguztoreli, 1981).

The presence of the inhibitory connections from IA interneurons (Section 4) or
Renshaw Cells (Section 5) will modify the natural modes. The reason for this result is
that the IA interneurons link the antagonistic a-motoneurons and hence introduce an
additional feedback route. Similarly, the Renshaw Cells introduce a central feedback
pathway onto a-motoneurons but not y-motoneurons. Thus, as described by Miller
and Scott (1977), these connections can introduce oscillations which are not present if
only connections from the motoneurons to muscles and feedback from the muscles
back to motoneurons are considered. The nature of these oscillations can be studied
by solving the transcendental equations given in each section, even in the absence of
numerical solutions for the full time-course of the response to any pattern of
inputs.

One final point of interest is that the effect of the inhibitory interneurons is to
modify oscillations involving the feedback pathways from muscle. With the
connections shown in Fig. 2 in the absence of feedback (Section 6), the solutions again
have the form of convolution integrals (Eq. 7.6). As indicated by the symbol (=), the
functions p, q and r are modified, but only by products involving simple lag terms in
the denominator (no complex terms). Similarly, the input depends on algebraic sums
of the descending inputs to a-motoneurons and IA interneurons, which can not
introduce new oscillations. This result would not apply if a more complex model
including the adaptation of a-motoneurons was used (Stein et al, 1974a,b;
Oguztoreli, 1979). However, these theoretical results are in agreement with the
experimental findings of Jordan et al. (1979) that a locomotion generator distinct
from the spinal connections shown in Fig. 2 is required to account for locomotion
observed in the absence of feedback.
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