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Abstract

Color vision is approached on the basis of tensor network theory. The
model unifies the psychophysical with the physiological and anatomical
description. Lateral interactions in the retina provide an overall metric
geometry for the generation of color signals by the retina via a covariant to
contravariant transformation in the retinal network space.

1. Introduction

The problem of color vision has presented to both physiologists and physicists an
enormous challenge since color vision is a secondary quality (Locke, 1690; Schroe-
dinger, 1920; Smart, 1959). Indeed, color is ‘created’ by the brain from a continuous
range of the electromagnetic frequencies known to us as light. Color represents,
therefore, a functional property of the retina and of the central nervous system.
This property is brought about by the opposing activity of specialized retinal photo-
receptors which respond to particular light frequency ranges. Electrophysiological
studies of receptor opposition (Naka and Rushton, 1966a,b; Werblin and Dowling,
1969; Fuortes and Simon, 1974; De Monasterio, Gouras and Tolhurst, 1975; Baylor
and Fettiplace, 1977a,b; Burkhardt and Hassin, 1978; Piccolino, Neyton and
Gerschenfeld, 1980) indicate that excitatory and inhibitory synaptic interactions in
the retinal network encode the patterns of activity of the specific receptors. These
patterns of neuronal activity are interpreted as color by the central nervous
system.

Color vision is actually generated by the interactions between neurons and is not
necessarily related to particular frequencies of the electromagnetic light spectrum.
This effect was demonstrated psychophysically in an epoch-making study by Land:
he discovered that a complete range of color may be generated by particular
mixtures of white and pink light (Land, 1959). Figure 1 A-D shows the change in
color perception with change in background illumination and Figure 1 E shows the
complete spectrum generated by a restricted ambient light range. The present
paper, in addition to giving a model for the acquisition of color from a continuous
spectrum, offers a formal explanation for the Land phenomenon.
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Our impetus in writing this paper relates to the application of tensor network
theory (Pellionisz and Llinas, 1979) in the development of a model of sensory
function. Attempting to model color vision had two goals: (a) to indicate the
generalizability of the tensor network theory and (b) to call the attention of the
more mathematically minded colleagues in physics and physiology to the possi-
bility of treating sensory and motor activity by means of tensor geometry. In
addition, the concept of a neuronal network serving as a metric tensor (Pellionisz
and Llinas, 1980) is utilized as the means by which the nervous system can relate
sets of intrinsically different information that are assignable to the same physical
entity. In this case the set of polarizations of different color receptors is related to
an internal image, color. We envisage activity in the color receptors to represent a
set of covariant vector components in a multidimensional space. From this analysis
of features a contravariant synthesis of colors is generated via a metric tensor. Our
basic conclusion would then be that color vision is produced by the covariant-
contravariant transformation of the activity of photoreceptors representing the
covariant components into a contravariant perception which we know as color.

2. Application of tensor network theory to color vision

The assumption that neural networks are tensorial in nature (Pellionisz and
Llinas, 1979, 1980) allows a geometrical approack to the understanding of nervous
system function. In the case of color vision, the geometry is almost entirely intern-
ally created, in part by the retina.

The nervous system has no direct measurement of the monochromatic frequency
spectrum; rather, the photoreceptors respohd, each type with a fixed sensitivity
curve with a fixed peak. In a tensorial interpretation of the retina, each response
type is considered an axis. Given these types of color receptors, the color space is of
necessity three-dimensional and the axes geometrically equivalent: any axis can be
exchanged with any other so that the geometry remains the same. Thus, since the
perceptions of monochromatic lights form a line from the red axis through yellow,
green, turquoise, and blue, then a continuation of the line follows from the blue axis
through purple to the red axis to form a circle. (See the perimeter of the colored
cross section in each color cone in Fig. I E.) That is, the creation of the standard
hue circle (Schmidt, 1978), which is necessary to a tensorial interpretation, requires
the invention of purple, the perception of an imaginary frequency.

Insofar as the receptor-to-bipolar network may be considered as having the
receptor response as its only input and the bipolar response as its only output, in a
tensorial interpretation the network transforms receptor space into bipolar space.
In order to compare the transformation with the network, consider, for instance,
the Siminoff (1980) generalized vertebrate retina (Fig. 2). The properties of the
various elements have been measured: the statistical adaptation of the receptors
(von Kreis, 1898; Boynton and Whitten, 1970; Werblin, 1971; Kleinschmidt and
Dowling, 1975), the inhibition of the receptors by the L-cell (Baylor, Fuortes and

Fig. 1. A-D: Tllustration of the variation of perceived color with ambient illumination, varied

from Cornsweet (1970). The spot of white moves toward the red as the background changes to red.

E: The white cone includes all possible receptor polarizations when the ambient illustration is

white. The cross section shows the color wheel, with all hues and saturations. The narrow cone

includes the receptor polarizations possible in the Land situation: mixtures of red and white. The

cross section of the Land cone also includes all hues, but the colors far from red are washed out.
This is the set of colors that surround white in A.



Fig. 2. Wiring diagram of the generalized vertebrate retina (modified from Siminoff, 1980). Cell
types are relabelled to simplify notation. r: red receptor; g: green receptor; b: blue receptor; s:
surround; c¢: center; arrow: depolarizing input (for D bipolar cell, hyperpolarizing); circle: hyper-
polarizing input (for D bipolar cell, depolarizing); L: local horizontal cell, 4,B,C,D: horizontal
cells; (—) hyperpolarization; (+) depolarization; a, 8, v, 8, €, {, i, 9: bipolar cells; H on a bipolar
cell: hyperpolarizing; D on a bipolar cell: depolarizing. Colored stripes on receptor and horizontal
cells approximate the color of the frequency of peak sensitivity of the receptor or receptor contri-
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O’Bryan, 1971; Fuortes and Simon, 1974; Normann and Pochobradsky, 1976;
Pasino and Marchiafava, 1976; Burkhardt, 1977), the multi-receptor response and
center-surround organization of each bipolar cell (Werblin and Dowling, 1969;
Kaneko, 1973; 1977; Schwartz, 1974; Richter and Simon, 1975; Naka, 1977), and
the pairing by color of hyperpolarizing and depolarizing bipolar cells (Werblin and
Dowling, 1969; Daw, 1973; Kaneko, 1973; Schwartz, 1974; Richter and Simon,
1975). The tensor transformation summarizing all these effects is the trans-
formation from receptor to bipolar space.

The transformation can be worked out term by term: Let the transfer function
from neuron X to Neuron Y be Y%, so that the polarization x of neuron X is trans-
formed into the-summand Y (x) of the polarization of neuron Y. The sum approxi-
mation to neuronal integration is reasonable for the retina (Siminoff, 1980).

The superscripts ¢ and s stand for center and surround. They are not at present
being used as tensor indices. In writing the transformation, separate out the actions
of Lf and L on the receptor cells. Assume that they perform the same set of transfer
functions, on the grounds that every local horizontal cell L is central to some
bipolar cell. Then the action of the L-cell on the receptor space vector P,=(r, g, b)
is given by

1+riLr rlre rkLb
M- glL’ 1+gLLe ghrt
pLL’ pLLe 1+bLL?

This expresses the summation by the L-cell of the polarization of each receptor and
their inhibition as a function of that polarization. The original polarization of the
receptors is carried through by the terms of the diagonal.

The whole transformation from receptor polarization vector P, to bipolar polar-
ization vector B? is given by

Bb=DUMIP{I+ HYMPS

where D% acts on center receptors and HY expresses the effects of surround
receptors as mediated by the horizontal cells. Then
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Consideration of these matrices confirms the intuitive observation that off-center
*ceptors combine, via the horizontal cells, with center receptors to give comple-
1entary pairs of bipolar cells. Each depolarizing bipolar cell is paired with a hyper-
olarizing bipolar cell of the same color or set of receptor inputs, but of opposite
gn. Each bipolar cell has a center-surround organization, such that a color input
om surrounding receptors will be subtracted from that same color from receptors
:ntral to the bipolar cell. Thus, the bipolar cell activity is related to differences of
‘ceptor responses; all together, the bipolar vector is a difference vector found by
ibtracting vectors in receptor space.
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That is, the visual system is responding to difference vectors, which retain
sufficient variation to give the entire spectrum, rather than to the absolute polar-
ization vectors, which are restricted in polarization space. At any instant, the sets of
bipolar pairs establish local coordinate systems, of difference vectors varying over
the retina. Figure 1 A-D is an expression of this variation: the same receptor polar-
izations are transformed into different colors depending on the background, that is,
on the local coordinate system.

It must be emphasized that the precise organization of the retinal elements is not
a central point in our model. The important consideration is that a particular class
of geometrical transformation be implemented. The Siminoff generalized retinal
network is only one of an enormous class of possible neuronal networks capable of
generating this transformation. In fact, is is quite possible that the actual details of
implementation may be different in different species, even in such apparently
important aspects as the precise connectivity of the retinal network.

3. Tensorial interpretation of the Land phenomenon

This scheme provides a coherent model of color vision applicable even to
complex cases such as the Land phenomenon (Land, 1959). In the Land phenom-
enon, all colors are seen even though the illumination is only red and white. Figure
1 E shows the change in the color cone when the light is restricted to mixtures of red
and white. Receptor excitations that are seen as white in white light are seen as
green in red light. This can be demonstrated by illuminating a room with one white
and one red lamp and casting a shadow of the red lamp: the shadow appears green.
Similarly, receptor polarizations that are mterpreted as red in white light become
white in red light.

In these cases with red background, each local set of covariant components of the
receptor vector determined by the local background adapts by changing the way in
which red is measured: A vector which in white light points into the red is rotated
in a red background by the shortening of the red components. Thus, the receptor
can be seen, after the transformation by the metric, as green, blue, or any other
color.

While receptor cells are discrete, they are joined by a lateral network that unites
them into a single color field. All together, the local neuronal networks form a
single metric tensor. The proposal that color vision functions according to a metric
tensor expresses the idea that the color field, instead of being an aggregate of
seperate points, is coherent across the retina.

References

Baylor, D. A. and Fettiplace, R. (1977a). Transmission from photoreceptors to ganglion cells in
turtle retina. J. Physiol. (Lond.) 271, 391-424.

Baylor, D. A. and Fettiplace, R. (1977b). Kinetics of synaptic transfer from receptors to ganglion
cells in turtle retina. J. Physiol. (Lond.) 271, 425-448.

Baylor, D. A., Fuortes, M. G. F. and O’Bryan, P. M. (1971). Receptive fields of cones in the retina
of the turtle. J. Physiol. (Lond.) 214, 265-294.

Boynton, R. M. and Whitten, D. N. (1970). Visual adaptation in monkey cones: Recordings of late
receptor potentials. Science 170, 1423-1426.



26 G. McCOLLUM, A. PELLIONISZ, R. LLINAS

[ atAPL+47)  atalLE alal’L¥
BAAELT +47)  pAALLE BAAE LS
},BBLSLer 7B(BLsLsgs +Bgs) yBBLSstS
s2BLrs s8(BL'L¥ +B¢)  §BBLLY

HY =

eC(CELY +C™y  C(CE°LE +C8)  CCLLs

CC(cL:Lsrs +C rs) {C(CLSLSgJ + Cgf) CCcLSst-“

nDDLsLsrs nDDL:Lsgs nD(DL:sts +Dbs) ,
|_oPpLiLs 6PpLiLsE 6°(DL°LY + DY) |
and

o 0 0 ]
B 0 0
0 v 0
0 8 0

DY =

g eF 0
- g& 0
0 0 n®

| 0 0 o |

Consideration of these matrices confirms the intuitive observation that off-center
receptors combine, via the horizontal cells, with center receptors to give comple-
mentary pairs of bipolar cells. Each depolarizing bipolar cell is paired with a hyper-
polarizing bipolar cell of the same color or set of receptor inputs, but of opposite
sign. Each bipolar cell has a center-surround organization, such that a color input
from surrounding receptors will be subtracted from that same color from receptors
central to the bipolar cell. Thus, the bipolar cell activity is related to differences of
receptor responses; all together, the bipolar vector is a difference vector found by
subtracting vectors in receptor space.

Tensorial approach to color vision 27

That is, the visual system is responding to difference vectors, which retain
sufficient variation to give the entire spectrum, rather than to the absolute polar-
ization vectors, which are restricted in polarization space. At any instant, the sets of
bipolar pairs establish local coordinate systems, of difference vectors varying over
the retina. Figure 1 A-D is an expression of this variation: the same receptor polar-
izations are transformed into different colors depending on the background, that is,
on the local coordinate system.

It must be emphasized that the precise organization of the retinal elements is not
a central point in our model. The important consideration is that a particular class
of geometrical transformation be implemented. The Siminoff generalized retinal
network is only one of an enormous class of possible neuronal networks capable of
generating this transformation. In fact, is is quite possible that the actual details of
implementation may be different in different species, even in such apparently
important aspects as the precise connectivity of the retinal network.

3. Tensorial interpretation of the Land phenomenon

This scheme provides a coherent model of color vision applicable even to
complex cases such as the Land phenomenon (Land, 1959). In the Land phenom-
enon, all colors are seen even though the illumination is only red and white. Figure
1 E shows the change in the color cone when the light is restricted to mixtures of red
and white. Receptor excitations that are seen as white in white light are seen as
green in red light. This can be demonstrated by illuminating a room with one white
and one red lamp and casting a shadow of the red lamp: the shadow appears green.
Similarly, receptor polarizations that are mterpreted as red in white light become
white in red light.

In these cases with red background, each local set of covariant components of the
receptor vector determined by the local background adapts by changing the way in
which red is measured: A vector which in white light points into the red is rotated
in a red background by the shortening of the red components. Thus, the receptor
can be seen, after the transformation by the metric, as green, blue, or any other
color.

While receptor cells are discrete, they are joined by a lateral network that unites
them into a single color field. Ali together, the local neuronal networks form a
single metric tensor. The proposal that color vision functions according to a metric
tensor expresses the idea that the color field, instead of being an aggregate of
seperate points, is coherent across the retina.

References

Baylor, D. A. and Fettiplace, R. (1977a). Transmission from photoreceptors to ganglion cells in
turtle retina. J. Physiol. (Lond.) 271, 391-424.

Baylor, D. A. and Fettiplace, R. (1977b). Kinetics of synaptic transfer from receptors to ganglion
cells in turtle retina. J. Physiol. (Lond.) 271, 425-448,

Baylor, D. A, Fuortes, M. G. F. and O’Bryan, P. M. (1971). Receptive fields of cones in the retina
of the turtle. J. Physiol. (Lond.) 214, 265-294,

Boynton, R. M. and Whitten, D. N. (1970). Visual adaptation in monkey cones: Recordings of late
receptor potentials. Science 170, 1423-1426.

s



28 G. McCOLLUM, A. PELLIONISZ, R. LLINAS

Burkhardt, D. A. (1977). Responses and receptor-field organization of cones in perch retina.
J. Neurophysiol. 40, 53-62.

Burkhardt, D. A. and Hassin, G. (1978). Influence of cones upon chromatic and luminosity-type
horizontal cells in pike perch retinas. J. Physiol. (Lond.) 281, 125-137.

Cornsweet, T. N. (1970). Visual Perception, Academic Press, New York.

Daw, N. W. (1973). Neurophysiology of color vision. Physiol. Rev. 33, 571-611.

De Monasterio, F. M., Gouras, P. and Tolhurst, D. J. (1975). Trichromatic colour opponency in
ganglion cells of the rhesus monkey retina. J. Physiol. (Lond.) 251, 197-216.

Fuortes, M. G. F. and Simon, E. J. (1974). Interactions leading to horizontal cell responses in the
turtle retina. J. Physiol. (Lond.) 240, 177-198.

Kaneko, A. (1970). Physiological and morphological identification of horizontal, bipolar and

~ amacrine cells in goldfish retina. J. Physiol. (Lond.) 207, 623-633.

Kaneko, A. (1973). Receptive field organization of bipolar and amacrine cells in the goldfish
retina. J. Physiol. (Lond.) 235, 133-153.

Kleinschmidt, J. and Dowling, J. E. (1975). Intracellular recording from gecko photoreceptors
during light and dark adaptation. J. Gen. Physiol. 66, 617-648.

Land, E. H. (1959). Experiments in color vision. Sci. American 200, 2-14.

Lock, J. (1690). Essay concerning human understanding. In: Book 2, chapter 8, Elizabeth Holt for
Thomas Bassett. Oxford University Press.

Naka, K.-I. (1977). Functional organization of catfish retina. J. Neurophysiol. 40, 26-43.

Naka, K.-I. and Rushton, W. A. H. (1966a). S-potentials from colour units in the retina of fish
(Cyprinidae). J. Physiol. (Lond.) 185, 536~555.

Naka, K.-I. and Rushton, W. A. H. (1966b). An attempt to analyze colour reception (electro-
physiology). J. Physiol. (Lond.) 185, 556-586.

Normann, R. A. and Pochobradsky, J. (1976). Oscillations in rod and horizontal cell membrane
potential: Evidence for feed-back to rods in the vertebrate retina. J. Physiol. (Lond.) 261,
15-29.

Pasino, E. and Marchiafava, P. L. (1976). Transfer properties of rod and cone cells in the retina of
the tiger salamander. Vision Res. 16, 381-386.

Pellionisz, A. and Llinas, R. (1979). Brain modeling by tensor network theory and computer
simulation. The cerebellum: distributed processor for predictive coordination. Neuroscience
4, 323-348.

Pellionisz, A. and Llinas, R. (1980). Tensorial approach to the geometry of brain function.
Cerebellar coordination via metric tensor. Neuroscience 5, 1125-1136.

Piccolino, M., Neyton, J. and Gerschenfeld, H. M. (1980). Synaptic mechanisms involved in
responses of chromaticity horizontal cells of turtle retina. Nature 284, 58-60.

Richter, A. and Simon, E. J. (1975). Properties of center-hyperpolarizing, red-sensitive, bipolar
cells in the turtle retina. J. Physiol. (Lond.) 248, 317-334.

Schroedinger, E. (1920). Grundlineen einer Theorie der Farbenmetrik in Tagessehen. Ann. Physik.
(1V) 63, 481-520.

Schmidt, R. F., ed. (1978). Fundamentals of Sensory Physiology. Springer-Verlag, New York.

Schwartz, E. A. (1974). Responses of bipolar cells in the retina of the turtle. J. Physiol. (Lond.) 236,
211-224. :

Siminoff, R. (1980). Modeling of the vertebrate visual system: I. Wiring diagram of the cone
retina. J. Theor. Biol. 86, 673-708.

Smart, J. J. C. (1959). Sensations and brain processes. Phil. Rev. 68, 141-156.

von Kries, J. (1898). Beitrag zur Physiologie der Gesichtsempfindungen. Arch. Anat. Physiol. 2,
505-524.

Werblin, F. S. (1971). Adaptation in a vertebrate retina: Intracellular recording in Necturus.

_J. Neurophysiol. 34, 228-241.

Werblin, F. S. and Dowling, J. E. (1969). Organization of the retina of the mudpuppy, Necturus

maculosus. 11. Intracellular recording. J. Neurophysiol. 32, 339-355.



