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Abstract

This paper deals with a language (a metalanguage) describing the functioning
of neuron collections based on the concept of transitivity of impulse train
stochastic dependence. Potentialities of the language for ascertaining the
information coding principles of the nervous system are demonstrated.

1. Introduction

Over the past few decades both theorists and experimentalists have suggested at
least ten qualitative theories (partly phenomenological, partly hypothetical) which
give plausible explanations of brain functioning based on the idea of interacting
neuron ensembles (cartels, functionally equivalent units, clusters, groups, etc.) (Hebb,
1949; Chang, 1950; Marr, 1969; Freeman, 1972; MacGregor and Radeliffe, 1973;
Brindley, 1974; Perkel et al., 1975; Somjen, 1975; Dunin-Barkovskij, 1978; Kohonen,
1978; Grinvald et al, 1981; Sokolov, 1981; Mountcastle and Edelman, 1981,
Kovbasa et al., 1984a; etc.). Far from trying to belittle their conceptual merits, we,
nevertheless, would like to point to a common disadvantage of these theories: the
ambiguity of qualitative description and, if the mathematical models are employed, a
number of assumptions which cannot be corroborated experimentally, at least at the
present time.

This paper aims at establishing elements of a quantitative information theory of
neuron systems all the theses of which can be verified by the experimental means
available to the researchers. ‘

It seems that dependence as a phenomenon is common to all material relations
(independence is a specific case of dependence). Historically, it is customary to
distinguish between three main types of dependence (if the latter is considered from
the quantitative point of view). These are determinate (functional) dependence,
correlation dependence and the most general of all — stochastic dependence. In
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studying the nervous system neurobiologists and neurocyberneticians focus great
attention on gradual and peak potentials of neurons which, from the mathematical
standpoint, are realizations of continuous random processes with a continuity of
states. The analysis of these realizations has demonstrated that the electrical activity
processes of neurons can be strictly determinate (pacemakers) or random: stationary
in the broad sense (generally the background activity) or non-stationary (generally the
induced activity). Therefore, when trying to establish the principles of signal coding
by the nervous system it is quite natural to evaluate the dependence of these processes
using all three foregoing types. In most general cases one can always ascertain the
presence or absence of the stochastic dependence. It is precisely this operation that
can be performed in any conditions, for which reason this paper treats the stochastic
dependence (SD) between the neuron trains as the “invariant” characteristic of
neuron system functioning (Grenander, 1978).

2. The Principle of “Ring” Stochastic Dependence

Let us evaluate the SD of impulse trains using a statistical method proposed by the
author (Kovbasa, 1980), though this choice is not necessary for the further
presentation. To apply the method in practice we assume we have synchronous
records of neurons in question. Modern optical techniques of action impulse
recording make it possible to realize simultaneous output from 100 and more
channels (Grinvald et al., 1981). Introduce now the concept of a group. Hereinafter,
we shall consider the group to be a collection of neurons integrated by the object
relation, the meaning of which will be clarified later. Call the number of neurons
n=1,2,3,...inagroup “the power”. Assume that by applying the aforementioned
statistical method we find out whether the impulse train from the i-th neuron depends
stochastically on that from the j-th neuron of the group, i#j, i, j=1, 2,. . ., n. For large
n this operation can be performed only with the aid of a computer. Present the result
as a matrix calling it the matrix of stochastic dependence A. If the trains from the i-th
and j-th neurons are stochastically dependent (for the adopted level of significance —
see Kovbasa, 1980), assume the element at the intersection of the i-th row and j-th
column of this matrix, i=j; i, j=1, 2, .. ., n, to be equal to unity. Otherwise, let it be
equal to zero.

Consider the properties of the matrix A. First, it consists only of zeroes and units, it
is square and symmetric. In the graph theory such matrix is usually called the
incidence matrix. Second, its elements on the main diagonal are always units, since
they express the stochastic dependence of the i-th train on itself, i=1, #. Third, it
depends on the group power n, the interval of recording 7 and the level of significance
a. Call the condition of a group of neurons described by a particular SD matrix the
“stochastic condition” (SC). We proceed here from the assumption that before using
the interdependence estimation method the train from each neuron of the group is
checked first to make sure that it is really the train from one i-th neuron, i =1, n, and
second, to verify whether a significant error is introduced into the SD matrix due to
interference of the action potential of summary electroneuronograms. This can be
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achieved by using quantitative techniques developed earlier by the author et al.
(Nozdrachev et al., 1982; Kovbasa et al., 1983, 1984b).

Assume that an event took place residing in the fact that the SD exists between the
trains from the i-th and k-th neurons, i=k; i, k=1, n. Assume further that the SD also
exists between the k-th and j-th neurons; in this case it certainly exists between the i-th

and j-th neurons, i=k>j; i, k, j=1, n, provided that
0y H@.)<H@)+HyK),

where H(i| k) and H(j| k) are conditional entropies of trains i and j in respect of the
train k, and H(i, ) is their common entropy. The opposite is obviously not true.. Letus
postulate the correctness of the transitivity principle as applied to the SD, i.e. the
correctness of the “ring” SD concept. Relationship (1) is to be considered as a
condition in which a collection of individual neurons acquires the object quality thus
becoming an association. Let us demonstrate the sufficiency of this condition to
confirm the transitivity of the SD between the trains: .

(a) Assume that impulse interval trains from three neurons can be considered as
realizations of random values X1, X2, X3. Assume that X is dependent on Xjand X3
and vice versa. Then the following relationships are valid: H(X1| X2)<<H(X1) and
H(X3| X2)<H(X3), where H(.) stands for entropies of argument (). Take the sum of
the left-hand and right-hand sides of these inequalities. Then we have

) H(X1| X2)+ H(X3| X2)<H(X1)+ H(X3)

Assume that condition (1) is complied with. Then, obviously, we have H(X 1,X 3)

<H(X1| X2)+ H(XG| X2)<H(X)+ H(X3), ie. H(Xl,X3)<H(X1)+H(X3), which

means that values X1 and X3 are interdependent. Thus the sufficiency is proyed.
(b) Find out what meaning can be attached to relationship (1) by considering an

example of steady trains. ' . .
Inasmuch as X1, X2, X3 are continuous random variables, we can explicitly write

relationship (1) as
o o
-fffls(xx,xs)lnfls(xl,m)dmdX3<
0 0
3 .

=/
0

For definiteness consider the case when X, X2, X3 are described by the following
differential functions:

o ’ co o
1201, x2) Infialx1 | x2)dxrdxz— f f S3a(x3, x2) Infaz(xs| x2)dx3dx2
0 0 0 )

1 Aiexp(— Aix)) ) )
C)) fi(xi)'_'_& W, Ai>0, x;=0,

[o2)
k= fxi‘lexp(‘x,-)dx,-.
i
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It is easy to check that

Jﬁ(xi)dxi= 1

and

f Jyxix)dxj=£ioe),
0
where

1
&) Sixixj)= Jlilj exp(—Aix;— Ajxj— Aidjxix)); i#j; i,j=T1,3. -
Itis seen from these expressions that

JiiCei X)) Zfi(x) f0x)), i)

Let us find what meaning can be attached to inequality (1) by the use of distribution

parameters (4). To this end substitute expressions (4) and (5) into inequali
having recalled that @ © meauality O

St ) =TiX)
T i)
As a result of some awkward transformations we have the following relationship
equivalent to inequality (3):

) Inly ,13<MM
1—ek ’
where

e o]
k1= f xi Yexp(—x;)Inxidx;.
i

With regard to specific values of k1 =0.09783 and k=0.21942 (the accuracy of the
calculation is 10~5), we finally obtain /n1;A3=>1.51678.

We now discuss the result. First, in the domain of single-parameter functions (4) the
effect of X7 on relationship (6) is realized through the mediation of coefficients k; and
k». Second, from (6) it is seen that to comply with the transitiveness of the SD, the
product of intensities of steady trains X and X3 (equal to ek A1/(1 —ek=1.469 1’711
and ek{13/(1 —ek)=1.46917 A3, respectively) shall not be too small. The exact lower
bound_ is determined by the right-hand side of expression (6).

As is well known, the presence of bonds between elements (in our case the

S. 1. KOVBASA

The metalanguage of neuron groups 157

availability of the SD) is the necessary but not sufficient condition for gaining the
object quality by a collection of elements. Let us clarify it graphically. Assume that the
presence of the SD between the j-th and j-th neurons, i=j; i, j= 1, n(in Fig. 1a they are
designated by circles), is shown by a connection line, and its absence — by the absence
of the latter. Then each SD matrix corresponds to one, and only one, connection
pattern and vice versa. It is clear that this pattern is nothing but a completely
non-oriented graph multiple to 1. The “ring” SD principle effects the situation in
which each neuron group of power n has finite and strictly definite number of
different SCs. In Fig. 1 these SCs are shown by five graphs for the group of power
n=4. Near the corresponding graph the SD matrix is presented. Hereinafter S,(l
stands for the k-th SC of the neuron group of power 7. Indeed, the situation shown by
the graph in Fig. 1b cannot occur, because, according to the ring SD principle, the
presence of the SD between neurons No. 1 and No. 2 and between neurons No. 2and
No. 3 necessitates the SD between neurons No. 3 and No. 4. For the same reason any
SC in which a neuron group of power # finds itself by the moment ¢=T can be, by a
simple renumbering of the neurons, reduced to a form where its SD matrix (1)
consists only of units or (2) consists of square submatrices composed only of units and
those composed only of zeroes. This is depicted in Fig. 1a. In terms of the graph theory
it means that each SCis characterized either by a complete graph or by a zero graph, or
can be presented by a union of complete graphs (in Fig. 1a, these are S,(,s); Sﬁl); S}z);
S?); S44)). Hence, the ring SD principle can be also laid down as follows: a group of
neurons can change from any allowed SC only to the SC described by a union of
complete graphs. The number of different allowed SCs, Sy, for a group of power ncan
be defined by the formula

] 1 S S v E= A
. H + —j— , ifniseven
j=2

j=2 I=j+1 p=1
L - W2+t nj w0 r
1+ X [—.]+ Yy X X [——"] if n is odd.
j=2 j=2 t=j+1 p=1 L J
Here [n/j] is the integral part of the number n/j; if (n— Ip)<0, then [ﬁ—;ﬁ] =0

. From this formula it transpires that the following recurrent relationships can be
obtained for Sp:

Sn=2Sp—-1—Sp-2, if 12=n=3 is odd

s,,=2s,,_,—s,,_2+"—;3  if 12>n>4 is even.

Specifically, Conclusion 1 (see next section) specifying the number of different SCs
depending on n holds true for groups of power n=1,2,...9.
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3. The Phenomenon and Effect of Stochastic Entrainment

Inasmuch as the SC of a neuron group is determined based on impulse activity
records during certain time T, the change from one SC to another is registered by the
variation of the SD matrix at “sliding” of neurograms with the time slot of duration 7,
It will be quite natural, considering the type of the SD matrix, to introduce for the
group of power 7 the following quantitative characteristics of the change from one

allowed SC to another: I;(")=%(X ), y™), where X®, Y are two components of

the random value £®), The first component gives the number of zero elements of the
SD matrix for the initial SC, the second one — for the realized SC. The coefficient is
equal to %, since the matrix A is symmetric. Each of the components takes on the
values of nonnegative integers not exceeding n(n— 1). However, due to the existence
of the ring SD, not all integers ranging from 0 to n(n— 1) can be the values of the said
components. For instance, for the group of power n=4 (see Fig. l1a) the value
X = x{m = 4is ruled out. The total number of possible values assumed by each of the
components X® and Y depends on the power of the group, n, and equals exactly
Sn. The case X ™= Y corresponds to the situation when the SD matrix of the initia}
SC is equal to that of the realized SC.
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Fig. 1 Stochastic conditions (SC) are shown by five graphs for the group of power n=4,
Near the corresponding graph the SD matrix is presented.
(2) — SC are shown by a union of complete graphs
(b), (c) — SCs which cannot occur according to the ring SD principle
(d) — The structure of the matrix of change || P;;|l, depending on the number of “formations” and
“breaks” of SD.
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Let us introduce now another quantitative characteristic of a neuron group
dependent on the power n:

rn=Sn—n.

Call it the cleavage number. As is clearly seen from formula (7) r,=0. Consider the
meaning of the value rn. It indicates how many SCs comprising equal number of SD
rings are there in the neuron group. In terms of the graph theory the same can be
formulated as follows: the number r, indicates how many SCs, described by the
graphs representable by unions of the same number of complete graphs, are there in
the neuron group of power n. This is illustrated by Fig. 1a depicting the graphs
corresponding to 5 SCs of the neuron group of power n=4. In this example
r4=S4—4=>5—4=1. It means that one of the aliowed SCs has a “twin” in the sense
that it is representable by a graph containing the same number of SD rings (complete
graphs). Indeed, as is seen from Fig. 1a, this is true for the SCs S}z) and S§ ). each of
them is representable by a graph containing two SD rings (i.e. both SCs are
representable by the union of two complete graphs).

Conclusion 1

The number of different allowed SCs depending on n

n 1 2 3 4 5 & 7 8 9
S, 1 2 3 5 7 11 15 22 29

Thus, each neuron group is characterized quantitatively by the following three
values: n — power of the group, S, — number of allowed SCs, rp — cleavage
number.

Consider two neuron groups of power 7 and na, respectively. Assume that by a
certain moment ¢ = T both groups are described by complete graphs. Assume that by
the moment ¢ = T1>>t= T, by virtue of the neuronogram processing, it is found that
(a) each of the neuron groups is described by a complete graph and (b) there is a SD
between a neuron belonging to the group of power n; and that belonging to the group
of power n, and vice versa, Therefore, at the moment t = T the SC of the two groups
under consideration will be described by one complete graph. Call this phenomenon
the “phenomenon of stochastic entrainment”. On the other hand, assume that in the
neuron group of power ny (where all neurons are believed to be stochastically
dependent on each other by the moment r=T) one of the neurons has sharply
changed its impulse generation pattern by the moment t=T1>¢= T and ceased to be
stochastically dependent on other neurons of the group. Thereby it “left” the group in
question and probably was entrained by the neurons of another group which formed
the SD ring of their own. The neurons of the initial group of power n} formthe SDring
as before, but this time with the “aid” of n1 — 1 neurons only. Further on let us call the
SD ring a ring of the order k=1, 2, .. ., if it is formed by the SD of k neurons.
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As has been demonstrated above each group of neurons of power 7 is characterized
by a strictly definite number of allowed SCs, some of these SCs being described by the
same number of SD rings (which takes place when r,>0). Name these last-mentioned
SCs the “degenerated” ones. Conclusion 2 lists the values of the cleavage number for
the groups of power n=1, 2, .. ., 9. The degenerated SCs, though containing the equal
number of SD rings, are characterized by the rings of different order k. The situation
for the power group n=4 is illustrated in Fig. la.

Conclusion 2

Values of the cleavage number ry depending on n

n- 1 2 3 4 5 6 7 8 9
rm 0 0 O 1 2 5 8 14 20

The phenomenon of stochastic entrainment is accompanied by the so-called
entrainment effect. To explain this effect, again consider two neuron groups of powers
n1 and no, respectively. Assume that at the moment ¢=T each of these groups is
described by the SC characterized by just one SD ring (of the order k=n| and k=n,
respectively). To put it another way, in each group all neurons are stochastically
dependent on each other, whereas any two neurons from different groups are
stochastically independent. Let the group of power 71 have Sn, of different SCs, and
that of power 73— Sy, of the same. Assume that by the moment t=T,>t=T the
entrainment took place between these two groups resulting in the formation of a
group of power n1 + n2 described by one SD ring of the order k= n1 + 2. Denote the
number of different allowed SCs of the new group by Sp,+n,. It turns out that
S',,,+,,2>S,.,+S,,z for small n and Sp,+ 1, Sk, + Sn, for large n, which is inferred
directly from the recurrent relationships for Sp. It is this violation of the additivity of
the SC number which furnishes the entrainment effect.

4. Principles of Coding the Signal by SD Rings

Based upon the above arguments, it can be stated that a group of neurons functions
so that it can change from one allowed SC to another, or remain in some fixed SC. The
f:ll_apge is possible at any moment of time (formally speaking, the retention of the
initial SC may be regarded as a change). There are no “irreversible” SCs. Assume that
agroup of power n has S, = m different allowed SCs. Each of these SCs, S,fl), S,?), S (3),
R ,f’") can be considered as an event. Obviously, these events form a complgte
group. Consider the matrix of change

.
Pm=lpil, Xpy=1; i=T,m,
j=1
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where pjjis the probability of the neuron group change from the SC S,,(’) tothe SC S ,&’ );
i,j=T1, m, by the moment ¢ = T1. Ascertain what will be the appearance of this matrix
depending on the number of d — the number of “formations” or *“breaks” of the SD
between neurons of the groups. The existence of the ring SD results in the fact that the
“formation” or “break” of a certain number of SDs between the group neurons by the
time ¢= T} (in the SC graph it is reflected by the presence or absence of a certain
number of branches) is conditioned not only by the power of the group, 7, but also by
the SC of the entire group at the initial time moment. To make this clear, assume that
by a certain time moment £= T a neuron group of power #=4 finds itself in the SC
with two SD rings of the order k1 =3 and k2= 1. This SC S?) is already familiar to us
{see above). Being in this SC, the group canot “form” or “break” exactly one SD (in
the graph it was depicted by a branch). This is inhibited by the ring SD principle.
Indeed, the neuron group in S}z) cannot change to the SCs represented b%' the
corresponding graphs in Fig. Ic. For the same reason, having retained the SC S§ ), the
group cannot “form” two SDs, however it can *‘break” two SDs.

It should be noted that the above discussion is valid for a group of fixed power 2.
Thus, a neuron group of fixed power » can always change from one allowed SC S,(,') to
another allowed SC S,E’); i,j=1,2, ..., m. However, being in some allowed SC .S ,(,k),
k=T, m, the group cannot “form” or “break™ an arbitrary number of SDs between
the neurons. In particular, for a group of power n=4(m=>5 — five allowed SCs: S, D
S}Z), S P), S}‘”, S,?’) we have, depending on d, the matrix of change shown in Fig. 1d.
In this figure non-zero probabilities pj at d=0 are denoted by shaded circles;
non-zero probabilities at =1 — by ordinary circles; non-zero probabilities at d=2,
if there occurred two “formations” or two “breaks” — by triangles; non-zero
probabilities at d=2, if there occurred a “formation” and “break” or “break” and
“formation” — by squares; and non-zero probabilities at d=3 — by stars. Fig. 2
depicts the graphs describing changes of SCs depending on n — the power of the
group, and d — the number of “formations” and “breaks” for the case under
consideration. Large circles stand for the allowed SCs.

It is easily comprehended that the “formation™ of the SD is nothing but the
“entrainment” of a neuron by the SD ring, whereas the “break” is the escape of a
neuron from the SD ring. Consequently, each group of neurons can code the signal by
forming (or breaking) the ring SD. Indeed, a group of neurons codes the signal, if its
SC changes, which becomes clear after estimating the interdependence of impulse
trains for the adopted level of significance a.

It is well known that any information is a sequence of elementary messages or a
sequence of random variables &), &2, &3, ... Each elementary message can be
considered as a discrete random variable assuming one of b values (=1, 2, ..., B)
with the probability P(&). According to the information theory each individual
message, i.e. each realization of a random variable &=, corresponds to its “word”
V(1)=(r1'i, né, cen nfl) in a certain alphabet A/ (/1 is the length of the word). The
complete collection of these words (their number equals B) forms the code. Having
known the code, upon realization of the message &1, £2, &3, . . ., this message is written
in terms of the alphabet AL It takes the form V(1) V(€2)...=m 2. .., where V(&)
is the sequence of letters constituting the alphabet Al
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Fig. 2 Graphs describing changes of SCs depending on d — the number of “formations” and
“breaks” of SD (for n=4).

By considering a neuron group of power n=4 let us demonstrate, proceeding from
the phenomenon of stochastic entrainment, how such a message is formed and what
the code will be. All messages which can be coded by this group are related to five

discrete two-dimensional random variables &Y, 554), 5(34), .’,‘f{‘), 5(54) each of whose

value characterizes the change from one SC to another. To put it another way, these
random variables are nothing but two-dimensional random variables whose
component values represent the number of zero elements of the SD matrix (it would
be remembered that we first introduced these variables in section II of this paper).

Indeed, 5(14) is described by the following law:

%(xi,xl') ‘ 6.6 33 4:4 5.5 6;6

Py |P11 Py P33 Py Pss

Possible values of components shown in the first line and their non-zero probabilities
(the second line) correspond to the case with d=0, when not a single SD of the group

undergoes changes (i.e. neither “forms” nor “breaks”). 5(24) is described by the
following law:

2 066%) \ 65 56 %0 03 40 04 53 35 54 45

Py | P4 P4y Pas Ps; P3s Ps3 Py P Paz Py
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It corresponds to the case with =1, when one SD of the group changes; 5(34) is
determined as

%(x,',xj) ‘6;3 36 64 46 40 04

3

Py ‘PIZ Py P13 Py Pss  Pss

which corresponds to the case when two SDs “form™ or “break”, i.e. d=2 (exactly

two SDs); for £ we have

1
E(_xi,_xj') \ 2,4 4,2

Py l Py Py

This is the case when one SD “forms” and another “breaks” or vice versa; and finally

for 5(54) we have

%(Xi,xj) ‘ 0;5 50

il

Pj ‘ Psy Pis

which corresponds to the case when 3 SD undergo changes. Obviously, the following
equalities are complied with:

Pi1+ Pyp+ P33+ Pss+ Pss=1;

P14+ Pay+ Pag+ Pap+ Pas+ Psy+ P3g+ Pay+ Pa3+ P3s+ Ps3=1;
P12+ Pai+ P13+ P31+ Pas+ Psa=1;

Py3+Pp=1;
P15+ Ps1=1,

which is perfectly in line with the well-kno.wn property of the matrix of change

5 5
Y Xpi=5.

i=1 j=1

It is quite natural to juxtapose the random variable 5(14) with a word containing
zero letters, i.e. with the divider of the words; the variable £5Y — with a word
containing one letter; the variable 534) — with a word containing two identical

letters; éf{‘) — with a word containing two different letters; and the variable 5(54) -

with a word containing three identical letters. A group of 4 neurons cannot code any
other words (with the different number of letters or having the different structure).
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Apparently, the code corresponding to 5&4) contains 5 words; the code corre-
sponding to 634) — 10 words; the code corresponding to 5(34) — 6 words; the code

corresponding to £ — 2 words; and finally the code corresponding to & 2

words. The total number of words is 5+ 10+ 6+ 2+ 2=25. Out of this number only
25 —5=20 words are considered to be informative. The alphabet 4/ consists of only
two letters “F” and “B” which mean the “formation” or “break” of the SD
respectively. ,

5. The Metalanguage of Neuron Groups

Let us demonstrate the validity of the following statement.

Statement 1

A neuron group of power n has exactly n SCs which differ from one another by the
number of SD rings. All other SCs come into being due to degeneration.

Proof

Consider a neuron group of power . Let the SD structure of this group be described
by a zero graph. Obviously, such SC consists of 7 SD rings each of order 1. Assume
now that some two neurons form a SD ring of order 2, whereas other neurons of the
group form SD rings of order 1. This time the SC is described by n— 1 SD rings. Next
assume that some three neurons form a SD ring of order 3 and the rést of the neurons
form. SD rings of order 1. In this case the total number of SD rings will be n—2. By
cgntmuing this operation we will have SCs containing n—3, n—4, ..., 3,2, 1 SD
rings. Call these SCs the reference ones and designate them by SC™) SC(”“") .
SC®, SC@, SCM), The reference SCs differ in the construction algorith’m. Inso I:ar.a.s’
the m.m‘)ber of SD rings in a SC cannot exceed hat of neurons in the group, any of the
remaining Sn—n SCs will contain SD rings equal in number to the quantity of SD
rings in one of the aforementioned reference SCs. From this it follows that the total
number of degenerated SCs in fact equals r,=S,— n. Statement 1 is proved.

As was mentioned earlier, each change from one SC to another is followed by the F
or Bofa cgrtain number of SDs. Represent this fact by a column containing the
correqundmg number of symbols F and B, taking account of the dimension and
composition of the column but not the succession of the symbols. Adopt the following
classification of changes:

Call the change from one SC to another the first-variety change, if these SCs differ in
the number of SD rings; the second-variety change, if they are described by the same
number of SD rings; the third-variety change, if they are described by the same
qumber of SD rings, but each ring of one SC can be juxtaposed with the same-order
ring of another SC.

Let us now demonstrate the validity of the following statement.
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Statement 2

Each first-variety change is defined by a column containing a different number of
symbols F and B, whereas each second-variety change — by a column containing an
equal number of the same.

Proof

Consider a first-variety change. Let there be a SC described by a number [y of SD
rings; that is, the first SD ring has the order K(ll), the second SD ring—K(z), .

the /i-th SD ring-Kf}); so that Zf; lK§1)=n, where n is the power of the neuron
group. Using another terminology it can be said that there exist 1’1I non-empty

indistinguishable boxes containing K (11), Kg), ey Ksll) indistinguishable-items (say,
of white colour), respectively. Let there be another SC described by the number of SD
rings lp<<[y; at that, the first ring has the order K(lz), the second -—ng), ..., the

l-th—Kp,; so that £h K=y By analogy, it can be stated that there exist />
2 =1

non-empty boxes containing K, K9, ..., K2 items (say, of black colour). The
change from one SC to another will correspond to the operation of getting from the
first composition of /| boxes the second composition of /2 boxes by transferring each
white item from box to box only once and preserving the same colour of items in the
boxes. It is natural to assume that each box deprived ofall its items will be withdrawn
from the analysis. Let us study the operation in greater detail. Arrange mentally the
boxes of both compositions against each other (not necessarily without omission) by
first ordering them according to the number of items, i.e. so that the first box has the
number of items not exceeding that of the second box, which, in turn, has the number
of items not exceeding that of the third one, etc. Clearly, h—/ boxes of the first
composition will be left “without a pair”. Divide the operation into two stages:
(1) equalize the number of boxes of both compositions, for which purpose get rid of
the “unpaired” /1 — 2 boxes of the first composition by transferring all their items
into the “pair” [, boxes; (2) equalize the compositions of the “pair” > boxes (assume
that this is feasible) by redistributing the items they contained before the first stage
was started.

Consider now the first stage. Apparently, during this stage only F symbols will
appear, their number being equal to that of the boxes liquidated. Indeed, using the
previous terminology, each box is a SD ring which is described geometrically by a
complete graph. So the adding of items into a box brings about the SD.

Consider now the second stage. During this stage the items are also transferred from
one box into another, but this does not result in emptying of the box. According to the
previous terminology it corresponds to the “break” and “formation” of the SD ring.
In other words, it suggests the appearance of the symbol B and simultaneously — the
symbol F. Hence, the first-variety change is always described by a column in which
the number of F symbols differs from that of B symbols.
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The.second-variety change is in full conformity with the second stage of the
operation and, therefore, is described by a column with an even number of lines
containing equal number of F and B symbols. Statement 2 is thus proved.

Note 1

The liquidation of an “unpaired” box by transferring all its items into a “pair” one
f:orresponds to the appearance of just one F symbol, because “inside” each box all
items-neurons are organized in SD rings by the transitivity principle.

Note 2

It may well happen that the second stage will not complete the operation. Then as
_early as at the first stage, when liquidating the “unpaired” boxes, a part of items from
individual (or probably from all) boxes is to be redistributed between different “pair”
boxes. At that, the items taken last from each box to be liquidated will bring to the
column only symbol F. And since for the first-variety change /,>/», the total balance
of symbols will not be maintained in this case as well.

Note 3

The reverse first-variety change from the SC described by /2 SD rings to the SC
described by /; >/, SD rings corresponds to the construction ofa column formed from
the column realized at the direct change by substituting all B symbols for F symbols
and vice versa. The direct and reverse second-variety changes are described by the
same column. '

We now demonstrate the validity of the following statement.

Statement 3

Among reference SCs of a neuron group of power n only three, viz. SC™™, SCt*— 1),
SC™, are not capable of degeneration.

Proof

The number of degenerated SCs corresponding to a certain reference SC® (i.e. the
SCs also corresponding k SD rings) can be determined by solving the problem on the
number of distributions of n identical items between k non-empty indistinguishable
boxes. This number is equal to the number of decompositions of a natural number n
into k summands, such that nj<m<...<ng, T 5‘-1 n;=n. Obviously, the said
decomposition is unique only for SC®, SC(*~1 and SC(, Statement 3 is proved.
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A third-variety change can be considered as a special case of the second-variety
change, since during this change the number of SD rings of the SCs under comparison
remains constant. Call the effect resulting in this change — the effect of “rotation™. It
resides in the fact that in the process of functioning a neuron group, by changing its
impulse generation pattern, redistributes its “significant” SDs (represented by the
branches of the relevant graph) all the time remaining in the same SC. Quantitatively
this effect,is characterized by the rotation number indicating the number of
operations by means of which the said SC can be realized with the aid of different
“significant” SDs. For the SC described by / SD rings of the order ky, k2, .. ., ki;
Z£= yki=n this number can be obtained by computing the number of transfers by

means of which n different items can be distributed between / non-empty
indistinguishable boxes (2<</<n— 1), so that the first box would contain k1 items, the
second box — ky, ..., the I-th one — k; items, X!, ki=n. The limitation
imposed on /is caused by the fact that two SCs containing 1 and n rings, respectively,
are not capable of rotation. Specifically, the reference SCs capable of rotation have
rotation numbers equal to C;(Zslsn— 1), i.e. to the number of combinations of »

elements taken / at a time.
We now introduce the following definition.

Definition

Call a column consisting of F and B symbols (alternatively, only of F or only of B)
and appearing at the change of any variety, a word.

Thus, the words differ from each other in the number of column lines or, the
number of lines being equal, in the proportion of symbols F and B entering into the
column, but not in the succession of these symbols. These are the words which form
the metalanguage.

The foregoing definition and three statements proved earlier make it possible to
formulate Statement 4.

Statement 4

(1) Various first-variety changes of a group of fixed power n result in the appearance
of words represented by a column consisting of i lines: 1<<i<<no=2n— (/1 +/2) (where
/i and l3</; are the least in the sum positive integers obeying the inequality
n<ly(l1 + 1)) and comprising for each 1<<i=<n— 1 all those combinations of symbols
F and B for which the total number of F is not equal to the total number of B.

(2) Various second-variety changes of a group of fixed power » result in the
appearance of words represented by a column consisting of an even number of lines j:
2<j<n—1,ifnis odd; 2<j<n—2,if nis even, the total number of F symbols always
being equal to that of B symbols.
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(3) Various third-variety changes of a group of fixed power n result in the
appearance of words represented by a column consisting of an even number of lines k:
2<k=n—2,if niseven, and 2<k<n—1, if nis odd, — for the reference SCs; and
2<k=<2(n—2) — for the non-reference SCs.

Proof

First let us consider statement (1). Let us prove the validity of the first part of this
statement, i.e. prove that various first-variety changes result in the appearance of
words represented by a column consisting of 1 <<i<n,=2n—(/; + 1) lines, where /;
and _12<11 are integers obeying the inequality so that /; + /,—min. To this end
consideranallowed SCconsistingof/; =1,2,. . ., nSDrings, the first ring being of order
K{"=1, the second ring —K{=1, ..., the I-th ring ~KV=1, 2L kV=n,
Assume that a group of neurons can change from this SC to another allowed SC
comprising ,=1, 2, ..., n SD rings of order kP=1, k=1, ..., K}f’zl,

1 2 _ . .

T2 | K = n. This change corresponds to the formation of / indistinguishable boxes
of composition K&, kK, .. ., Kg) due to transfers of identical items accommodated
in /i indistinguishable boxes of composition K{V, K{V KV

ind e .
In so doing it must be stressed that in the course of the whole operation each item
can be mpve_d only once. Assume for definiteness that /,>/>. Hence, (/) —/2) boxes
§hall be liquidated due to transfers of their items. But their liquidation, as may be
inferred from Statem_ent 2, will result in the appearance of /; — Iz F symbols in the
colum.n-word formed during the change from one SC to another. Assume further that
1120 items are taken from the first box (so as not to leave it empty), 120 — from the
second box, . . ., 11,0 — from the /;-th box. Then, as a result of the whole operation,
the total number of lines in the column-word thereby formed will be /;—/+
22!’= 1ti- Assume that all ¢; items taken from a certain i-th box, i=1, 2, ..., I, are
transferred to the different boxes. It is precisely this fact that furnishes maximum
poss@!e number of lines in the column-word at fixed /; and k. Let us find the
condition under which our assumption is valid. For the first box this condition will
take the form Kf”-— 1</, for the second box — K?)— 1</, ..., for the /;-th box

- K}l‘)— 1<<l>. Add up separately left-hand and right-hand sides of the inequality.
This yield n<</3(/1+1). But the fulfilment of this condition will give the following
maximum possible number of lines in the column-word (when ti=K,(')- 1)

Lh—h+2X ,’-‘,, | (K ,(l) —1)=2n— ({1 + ). From this expression it is easily seen that its
waximum will be brought by /; and /2</, being the least in the sum and obeying the
inequality n</(/1 + 1), which was to be proved.

P‘roceed now to the second part of statement (1). It will be proved, if for each given
l=<i=<n—1 we manage to find the allowed SCs the changes between which result in
the appearance of words containing all combinations of F and B symbols, with the
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total number of F different from that of B. First consider the case when a word
consists only of For only of Bsymbols, The appearance of such word represented by a
column of F symbols having i lines, i=1, 2, . . ., n— 1, is effected by the change from
the reference SC® 10 the reference SC®*~ D, SC?=2, ..., SC@, SCM, The reverse
changes produce the word represented by a column of B symbols. The first-variety
changes do not give any other words consisting of the same symbols. Consider now
the case when the column representing a word comprises both F and B symbols. Let
the column have an odd number of lines 1<<i=<tn— 1. It is, therefore, necessary to
indicate SCs, the changes between which produce the column containing one B
symbol and (i— 1) F symbols; two B symbols and (i—2) F symbols; . . .; and, finally,
(i— 1)/2 B symbols and (i+ 1)/2 F symbols. Apparently, the reverse changes produce
the words which would form if in the columns corresponding to the direct changes all
Fsymbols are substituted by B symbols and vice versa. If, on the contrary, the column
has an even number of lines 2<<j<n— 1, it is necessary to indicate SCs, the changes
between which produce the column containing one B symbol and (f— 1) F symbols;
two B symbols and (i—2) F symbols; .. .; and, finally, (i—2)/2 B symbols and
(i—2)/2 F symbols. It should be noted that, according to Statement 2, the column
cannot contain equal number of F and B symbols.

Indicate two SCs, the change between which produces the column [BFF . .. FF] T
where the sign T stands for the transposition. The initial SC is j=n—1 of
composition 1, 1,. . ., 1,2. The final SCis /z=2 of composition 1, n— 1. At that,in the
initial SC the SD ring of order 2 breaks inevitably. Consider two SCs, the change
between which produces the column [BBFF . . FF]T. The initial SC is /y=n—2 of
composition 1, 1, . .., 1, 2, 2. The final SC is /2=3 of composition 1, 1, n— 2.1In the

(=1)

general case for a column consisting of k B symbols [where l<k<—T, if i is

odd and 1<K=< a —; 2), ifiis even) and (i— K) F symbols we can, proceeding in a

similar way, indicate the following two SCs. The initial one: /; = n— K of composition
1,1,...1,2,2,...,2, 2 ((n—2k) units and k twos). The final one: h=k+1 of
composition 1, 1. .., 1, 1, n— (k— 1) (k units). During this change in the initial SC all
SD rings of order 2 must break. Thus, statement (1) is fully proved.

Consider now statement 4(2). According to Statement 2, which was proved earlier,
the second-variety changes correspond to the appearance of a word represented by the
column having an even number of lines, the total number of F symbols being equal to
that of B symbols. Consequently, to make Statement 2 fully proved, it remains only to
prove that different second-variety changes produce the words represented by a
column having an even number of lines j:2<<j<n—1, if nis odd; 2<<j<n—2, ifnis
even. The second-variety changes are known to fit the condition /i =/ and /11, n,
n— 1. This follows from Statement 3. Therefore, the maximum number of SD rings in
the SC capable of the second-variety change equals #—2. This SC is the reference
SC(1—2)_ The only SC to which a group of neurons can change from this SC (meaning
the second-variety change) will be l,=n—2 of composition 1, 1,...,1,2,2. Tt will be
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recalled that k{<iP< ... <Kl and KP<kP< ... <kf?. But this change will
produce the column [BF17, if the SD ring of order 3 breaks into three SD rings of order
1, 1, 1. The reference SC"=3 has the number of SD rings equal to /j=n—3 of
composition 1, 1,.. ., 1, 4. This SC can change to the SC having /= n— 3 SD rings of
order 1, 1,..., 1, 2, 3. The change results in the appearance of the following columns:
[BF]T when the SD ring of order 4 breaks into two rings, {BBFF]T when it breaks into
three rings, [BBBFFF]T when it breaks into four rings, etc. For the reference SC*—%
we have /1=n—k of composition 1, 1, ... 1, k+1. In case of the second-variety
change this SC produces the following columns: [BF]T, [BBFF)T, [BBBFFF|T, . . .,
[BB...BBFF...FF]T, the last of the columns containing the number of B symbols
equal to that of F symbols and equal to k. The maximum possible value of k is defined
proceeding from the following condition: n—(k+1)=k, if n is odd and
n—(k+1)=k+1,if nis even. This condition can be interpreted as follows: if n is odd,
the number of SD rings of order | belonging to the initial reference SC*—* shall be
" equal to the order of sole SD ring, whose order exceeds unity, minus 1. Otherwise, the
second-variety change cannot take place. If n is even, the number of SD rings of order
1 shall be exactly the same as the order of the sole SD ring whose order exceeds unity.
But in so far as the total number of lines in the column is doubled (see Statement 2), we
have the number of lines as required by statement (2). Thus, statement (2) is fully
proved.

Proceed now to statement 4(3). Consider first the third-variety change for reference
SCs. It is clear that reference stochastic conditions SC® and SC®) which are not
capable of this change shall be withdrawn from the analysis. As is easily seen, for the
SC~D the third-variety change results in the appearance of the column [BF}7, for
the SC*~2—[BBFF]T, etc. However, there exists the lower bound (not equal to
unity) of the number of SD rings belonging to a reference SC capable of the
third-variety change. Let us find this bound. Consider a reference stochastic
condition SC"~K for a neuron group of power n. In n is odd, the minimum
n—k, still capable - of the third-variety change, shall obey the equality
n—k—1=n—(n—k—1)—1. Here n—k— 1 is the total number of SD rings of order
1, n—(n—k—1)=k+1 is the order of the sole SD ring belonging to the SC whose
order exceeds unity. Then we have k=(n— 1)/2. Therefore, the number of B symbols

willbeequalton— ( n; L ) —1= n;— 1_ 1. Consequently, the total number of lines

2

n— 1. This is the maximum number of lines, which the column-word can have at the
third-variety change of a neuron group containing an odd number of elements n.
Similar reasoning for the case of even n gives the following relationships:

n—k—1=n—(n—k—1). From this it is inferred that k=nT—2. The number of

B symbols is n—(n—k—1)—1 =%z. The total number of lines in the column

in the column produced by the third-variety change will be 2(”+1—1] =
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is 2(512—2) =n—2.

Consider now non-reference SCs which contain 1 SD rings of order kj<<k,< ...
<k, ZL 1ki=n, at least two of these rings having the order exceeding unity; 1>k,
otherwise the third-variety change is not feasible. Apparen_tly, the corresponqing
column-word produced by the change will contain the more lines, the more SD rings
of the given SC will break. This suggests that the maximum number of B smbols will
appear when all rings whose order exceeds unity will break, down to the rings f’f the
first order. This is the right time to recall that the third-variety cl.lar'lges retain the
number of the initial and final SCs, i.e. produce the column consisting of an even
number of lines (see Statement 2), such that the total number of B symbols equalis that
of F symbols. Hence, the ring of order k; will “yield” ki—1B symbgls; the ring of
order k will “yield” (k2 — 1) Bsymbols, . . ., the ring of order k;will “yu}lfl *(ki—1)B
symbols. The total number of B symbols (the maximum one for the initial SC of the

. . . I -
given composition) appearing at the third-variety changes will be Z;.; (ki=1).
Then the total number of lines in the word will be

] ]
2 Y (k—1)=2 ( h ki—l) =2(n—1), I#1,n,
i=1 i=1
(because [=1 is nothing but the reference SC1), whereas /=n is the refc?rence sC,
and these SCs, as was already mentioned, are not capable of the third-variety change:).
Should we try to vary [, we will have max 2(n—D=2(n— 2‘) and min
2n—D=2(n—(n—1))=2. In other words, the first result is the. maximum of the
maximum possible breaks of SD rings, whereas the second result is the minimum of
the same. Thus, statement (3) is fully proved. Thereby Statement 4 is also
proved.

Note

Each fixed 7 (the group power) corresponds to its own minimum value 9f I=ky
where k;is the maximum order of the SD ring belonging to an allowed for this group
SC which have the maximum number of lines in the column-word at the third-variety
change. That is why the value 2(n — 2) represents only the upper bound of the number
of lines in the column-word, not necessarily attainable for all values of n.

Taking this into account, let us find the upper bound of the number of words fora
neuron group of power n=>3 (this limitation may be attributed .to the fact th.at the
group of power n=2 features neither rotation nor degeneration). Accordgxg to
Statement 4, the Ist, 2nd and 3rd-variety changes (of reference SCs) result in the
situation when any number of lines, within the range from 1 to n, inclu.sive, can be
juxtaposed with a column-word. Estimate the value of n,. To do this solve the
following problem: find the minimum of the value

F=h+h
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with the following limitations:
®) h<l, n=l}, h=1
9 n<h(h+1)

/1 and /, being integers.

The solution:

L. Let L=[}/n]+1%, then <[\/’]+1, since n<([}n]+1)2.

l+l [v—]

Therefore, /) is taken from limitation (8), i.e. we have the problem
F=1+ h->min
<<l

[Vrl+1<bh<n

Its solution takes the form

h=[{n]+1,

11=12+1=[V5]+2,

F=2[}n]+3.
2. Let now ly<[}/n], then
LSS RN oY 4 T
h+1 [V;H.l [W] ’

since
QYr1+ HAYRI- D=[Yn2-1<n.

Therefore, /2 is taken from limitation (9), i.e. we have the problem
F=|1+/3->min

n
hL+1

I<h<[\n]

It is solvable at the minimum /j, that is at

l‘=[1 +1]'H

lh=z——
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This consideration enables the following problem to be formulated:

— n M
F= [——12+1 ] +1+l—>min

1<h<[Yn]

We now find its solution. Denote

Then, obviously,
[@(D)=F(l),
()= (51—’1)7 +1.
Make the derivative equal to zero and determine /2 from the expression obtained. It
yields /2= W— 1. Hence ®(/2) decreases at all 12 € (0, V;— 1) and, specifically, at
I € (0, [\n]—1). From this it follows that

[@W]=[@Q)= ... =[@(}Yn]—- D).

Also, if V/n is an integer, the function ®(J2) will decrease at [2€ (0, [v_n-]). Thus,
the solution is obtained:

at 12=[v;l_], if Yn is an integer,

at 12=[V;]— 1, if Yn is not an integer.

Proceeding further, one can state that the following estimates are valid:

F(rynh= [V—l ] [V’1<V_ +2+([n]
<[yn}+1+2+[n]=2[Yn]+3.

FQym-~1)= H_;] +[\/F]<ﬁ'_n—]+[\/3]<[\/3]+3+-[\/?]=2[\/r7]+3-

Therefore, as it follows from clauses 1 and 2, the value of F does not exceed
2[\/;]+3. Consequently, 2n—(11+12)=no>2n—2[\/r—1]—3.

As for the third-variety changes of non-reference SCs, they produce the column
consisting of an even (and only even) number of lines, from 2 to 2(n—2) inclusive.
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The “additional” number of words (appearing due to the third-variety changes of
non-reference SCs), which can be acquired by a neuron group of power n is easy to
find based on the following considerations. Let n, be even. Then the “additional”
(in the foregoing sense) words will consist of the following even number of lines:
no+2, no+4, ..., 2(n—2)—2, 2(n—2). Their total number is equal is equal to
2n=no=2 ; 0o=2 . Let n, be odd. Then the “additional” words will comprise the following

number of lines: no+ 1, no+3, . . ., 2(n—2)—2, 2(n— 2). Their total number is equal

2n—n,—3

—

Hence, the changes of all three varieties result in the number of words (the

vocabulary) not exceeding:

to

no . .

Z“;“,’)'+2” 2o 3 ifnyis odd

=

Wo= | -
No

A+, 2n—no—2
)) il + 2 ’

if n, is even.
i=1 .

From this expression it is clear that the overwhelming majority of the words appear
due to the Ist, 2nd and 3rd (of reference SCs) variety changes. Table 1 gives the idea of
the total number of words W, and of the number of words appearing due to the
3rd-variety changes of non-reference SCs. Table 2 gives the idea of the structure of
words appearing at the 1st, 2nd and 3rd variety changes of a neuron group of power
n==6.

Assume finally that for the analysis of functioning of a neuron group m “sliding”
intervals are used (these overlapping intervals are supposed to fully cover the
fragment of the neurograms under consideration). Then the neuron group of power n
possesses potentially the following volume of different “phases™ V{(n,m):

V(n,m)y=(W,+ 1)m—1

Table 1
Total number of words W and the number of words
appearing due to the Ist, 2nd and 3rd- (of reference
SCs) variety changes depending on the neuron group
power n=6.

n 3 4 5 6| 7 8 9110
Whn 5110 15(22]29|38]47]58

no :
Yo fs| 9]14a]20]27]35|4a4]54
i=1

Here & ’2 is the number of combinations of 2 taken i at
a time with repetitions.
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Table 2
The structure of words appearing at the Ist, 2nd and
3rd-variety changes for a neuron group of power n=6
(only direct changes are shown; the reverse changes are
described with the words obtained from the direct changes
by substituting B for F and F Jor B).
S! No.| Structure of change |Variety of| Number of Comp(?sition Composition | Word
change SDrings | of initial SC | of final SC
initial | final
SC | sC
1 2 3 4 5 6 7
1 0% % I 6 | 5| LLy L1 F
°, 7o o 1,1,1 1,2
2 () o 1 6 4 14,1, 1,1, F
0 0,00 1,1,1 2 F
3 f I 4 4 1,1,1,3 1,1,2,2 F
Cé’ B
0 o+c/:> '
[ o
o I 4 5 1,1,2,2 11,1, F
4 Lo oo A .
oo L B
©
5 ° % I 6 3 1,11, 1,1,4 E
2 11,1
o sT¥ o F
o o
6 1 3 5 2,2,2 11,1 P
f o X 1,2 B
/ —>o o B
f o B
7 ° 11 4 4 1,1,2,2 1,1,1,3 F
{}0—7' o o© g
(o]
) v B
8 1 6 2 L1 1,5 F
° s 1,1,1 F
. o F
o
° c F
9 i I 6 4 1,11, 6 F
° L1l F
[+ © F
o c% F
o F
1 2 5 1,5 1,1,1 F
o ° 1,2 B
[+] o B
=~ o B
. & 5
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Toble 2 (Contmuaton Table 2 (Continuation)
S1 No.{ Structure of ch Variety of iti I .
cture of change zl?:nzeo I‘ISlgnzflrg :f (o:?‘irrlnli)t(i):lms%.l Ci:)fnt;ﬁ(;:lggn Word S1 No.|( Structure of change {Variety of[ Number of { Composition [ Composition | Word
change SD rings of initial SC | of final SC
initial | final
SC | SC insitcial ﬁsnél
: ’ ? ? > 6 7 8 1 2 3 4 5 6 7 8
1 ° I 31 4| 114 1,1 F
»1, .1 _ —_ - - F
PR 1,3 F 17 none :
e B :
o ° V B B
B B
12 none — —_— — —_ F B
F B
F
- - - - F
F 18 none F
F
B
F B
13 none - - — — F B
B B
B B
3 19 I 2 | 3| 33 2272 F
F
B ¢\, F
14 A o I 2 4 33 1,1, F }__;’\7 g
2,2 F
=] I B S g
Y . B
- — - - F
B 20 none ;
5 m |3 [ 3] 123 12, F F
8 L] F IB:
F
o f—> R’ 1 B B
B B
B B
16 - - - - M : . ) M 13 37
rone £ The addition of 1 to Wy is made assuming that there exists an “empty” word. The
F “empty” word appears when the adjacent “sliding” intervals (sce Kovbasa et al.,
F 1984) identified one and the same SC, i.e. when neither of variety changes took
F place.
F
F
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