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Deterministic chaos

Deterministic chaos: Aperiodic irregular temporal behaviour in
low-dimensional deterministic systems

Nonlinear time series analysis: A battery of methods to characterize,
predict and model time series as nonlinear deterministic
systems instead as linear stochastic systems as in the
“classical” time series analysis

Successful applications: Electric circuits, Laser, Hydrodynamic
experiments (Taylor—Couette flow), ...

Unsuccessful attempts: Climate data, EEG data, finance data,
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Example: 10 000 data points with henon - delay plot with delay

Add a second degree of freedom in order to make it invertible:
Xn+1

The logistic map:
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Embedding - False nearest neighbours with false_nearest

@ Delay vector: X, = (Xp, Xp—1, Xn—2, - - - , Xn—m+1)
@ False nearest neighbour: next neighbour in m dimensions, distance
increases by more than the factor f in m+ 1 dimensions
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Estimating entropies with boxcount

Block entropies Hp(€)
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Estimating entropies with boxcount

Conditional entropies hp(€) = Hm(e) — Hmy1(€)
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Correlation sum and dimension - d2

o Time series {x(to), x(to + A),...,x(to + NA)}
@ Delay embedding x = (x¢, Xt—dA; - - -, Xt—(m—1)dA)

o Correlation sum

) N—-m N
C(m,e) = (N—m)(N-m-l);];le(e_”X'_)gH)
x ¥

@ Correlation dimension D,

L . dlog C(m,e)
Dy = lim Da(m, €) = lim — Fioee
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Correlation sum and dimension
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Lyapunov exponents

Estimating the largest Lyapunov
exponent using lyap_k

425%-6.95 -

s(n)
IS

Stretching factor vs. time steps for
different neighborhood sizes
Amax = 0.425

Lyapunov exponents from the
system equations:

A1 = 0.419, \» =
Dy = 1.26

—1.62,

Lyapunov exponents from fitting
the Jacobian with lyap_spec:

A1 = 041,
Dy =1.27

A2 = —1.55,
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Flow data — the Lorenz system

Lorenz equations:

s(=x+y)
—XZ+rX—y

xy — bz

Integrated with lorenz at stan-
dard parameters

s = 10
r = 28
b _ 8/3 y()
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Embedding — finding the optimal delay time

Delay embedding of the x-component

x(t+2) x(t+208)
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Embedding — finding the optimal delay time

Rule of thumb: First zero of the autocorrelation function (corr) or first
minimum of the mutual information function (mutual)
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First zero of the autocorrelation function at 314 time steps. First minimum
of the mutual information function at 18 time steps.
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Embedding — finding the optimal delay time
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What is an optimal state space?

One possibility - maximize the scaling range in dimension estimates.
Let us consider the correlation dimension:

N N

2
&)= O(e — [|x; — x;l[)
N(N -1) ;f;l !
Scaling range ¢; < e < ¢,
For m > Dy
C(e) ox €2

Lower end of the scaling range in the noise free case:
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Estimating the scaling range

What about the upper bound?
Correlation sum approximates Renyi entropies of second order

— log Cm(€) = Hy=2 ()

For ¢ =1 we know Hp,(€) > mhgs. Assuming the same for ¢ = 2 and
calling the corresponding entropy h¢ one gets
—logCm(es) > mhc
—logCm(e)) > mhe — Dy log il
€

u
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Estimating the scaling range

What about the upper bound?

—logCpm(€/) > mhe — D, log Al
€

u
1/D
€ N2
7“ S e—thT .
€/

In order to get a scaling in one decade of e:

and therefore

N > \/§ 10D2/2 . emhc/2

For D, =4, m=5 and h¢c = In2 we would get N > 4525.
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Maximizing the scaling range

Maximizing the scaling range = Minimizing H(e,).

m—1
Him(eu) = mhm_1(€) + > _ ndha(e)
n=1

with dhn(€) = hp—1(€) — hn(e) and ho(e) = H1(e). In a first approximation
Hum(ew) = mhs + M1 MI = lim Mi(e)
with the mutual information M/ = §h;y. For different delays 7 we have
hks = Thks
thus minimizing Hp,(€) leads to

dMi(T) . d2Mi(7)
dr = mhks g

T=Topt T=Topt

>0

For hxs = 0 this gives the first minimum of the mutual information.
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Correlation dimension for different delays
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Temporal correlations — the Theiler correction

For finite data temporal correlations might lead to a based estimate of the
correlation sum. Theiler correction: remove W temporal neighbours from
the correlation sum

Cle) = 77— W(N W_1Z Z O(e — [|xi — x;l)

i=1 j=i+W+1
Space-time separation plot: plots cumulative distribution for distances ¢
conditioned on the temporal differences.
Space-time separation plot (stp) for the Lorenz system (m=3,d=18)
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EEG — spurious dimension due to temporal correlations
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Prediction and Modeling

Xnp+1 = F(xn+1)
which reduces to
Xpt1 = F(Xny -« oy Xn—m+1)
in the case of delay embedding.
Local methods: Basic idea: Looking for similar events in the past and
using their future for prediction.
Local constant (/zo-run): Using the average as prediction.

Local linear (/fo-run): Fitting a linear model for similar
events, i.e. neighbors in phase space.

Global models: Parameterizing the function F and fitting the parameters.
Polynomials (polynom)

Radial basis functions (rbf) — related to neural networks
(not included in TISEAN)
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Prediction
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Polynomial fit used 4th order polynomials.

Relative forecast errors:

Ifo

poly
Izo

rbf

1.12e-04
8.28e-04
1.25e-02
4.03e-02
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