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Abstract

A global existence theorem is given for the periodic solutions of a class of scalar
delay-differential equations satisfying a restorative condition. Properties concerning
the period and the amplitude of the slowly oscillating periodic solutions are estab-
lished. The results are applied to a physiological reflex model exhibiting asymmetry
of response. It is shown that the model predicts periodic behavior for sufficiently
large values of the delay. Furthermore, the two sources of nonlinearity in the model
are shown to be responsible for different aspects of dynamics: The presence of the
response asymmetry affects the local dynamics in the vicinity of an equilibrium,
while the global behavior is mostly determined by the feedback in the reflex path.

Keywords: Delay-differential equation; Periodic solution; Reflex dynamics; Pupil
light reflex; Response asymmetry.

1 Introduction

The scalar delay-differential equation
(t) = h(z(t),z(t — 1)), xz€R,7>0, (1)

arises, among other places, in the modelling of physiological phenomena involving a time
delay 7. For instance, the equation

#(t) = —ax(t) + f(x(t — 7)), (2)

where « is a positive rate constant, has been used as a model for respiration, production
of blood cells, cardiac arrhythmias, and the retina of the Limulus, and is treated in [1]
and [2]. A more general form

#(t) = g(z(t)) + f(x(t — 7)) (3)

has been used in population models [3]. On the other hand, there are situations where a
natural phenomenon can be modeled by (1) but cannot be reduced to the special cases
(2) or (3). Among the examples are the reflex models exhibiting asymmetry of response,
like the human pupil light reflex.



With z denoting the pupil area or the muscle activity of the iris, (2) has been used
as a model for the pupil light reflex. In this case, the function f represents the feedback
action in the reflex mechanism and the time delay 7 is due to finite axonal conduction
and neural processing times. Equation (2) is then a dynamical description of the way
the pupil responds to varying levels of illumination and darkness [4]. An interesting
case is the asymmetric reflex response, where « takes on different values depending
on the direction of movement. For the majority of individuals, the constriction of the
pupil occurs much faster than its dilation, and the observed values of « for constriction
and dilation can differ by a factor of five [5]. A general approach to such problems is
to allow « to be a function of the derivative &, which results in an implicitly-defined
differential-delay equation

#(t) = —a(@(t) z(t) + flzt — 7)), = =0. (4)

Such equations have been treated in [6], and it was shown that the presence of asymmetry
has important consequences for the stability of equilibria, depending on the functional
form of . Also shown was that under suitable assumptions (4) can be put into the form
(1), although the resulting h in general cannot be written down explicitly in terms of its
arguments. Therefore, it is desirable to consider (1) for a general function h, assuming
only a few essential conditions whose validity can be assessed in the case of the reflex
model (4).

The aim of this paper is twofold. First, we generalize the known facts about (2)
and (3) to give a general existence result for the periodic solutions of (1) under suitable
assumptions on h, and determine some properties of these periodic solutions. Second,
we apply the results to models of reflex asymmetries in the form (4) to draw conclusions
about oscillatory behavior in reflex systems. For the symmetric reflex model (i.e., a
constant «), the existence and some properties of the periodic solutions follow from the
much studied equation (2). However, the asymmetric reflex is a more realistic model in
most cases, and clinical studies show the possibility of periodic oscillations [7]. Therefore,
it has practical importance to determine if the asymmetric model also admits periodic
solutions, and if it does, how the presence of the asymmetry affects the properties of
these solutions.

Using the delay 7 as a bifurcation parameter, one can obtain a local periodic solu-
tion as the equilibrium point of (1) loses its stability through a Hopf bifurcation. For
more global results, fixed-point theorems on function spaces are used, in which case the
assumption of the negative-feedback condition

xf(x) <0 forx#0 (5)

in (2) plays an essential role. The basic conclusion is the existence of a continuum of
periodic solutions, bifurcating from the Hopf point and existing for each value of the
delay 7 for which the origin is unstable. To derive similar results for Equation (1), an
analogous property needs to be determined for functions of two variables. The restorative
condition defined in Section 2 proves to be an appropriate assumption on the function
h, allowing many results of [1] and [2] to carry over to Equation (1) in a more or less
straightforward way. In fact, some of the proofs apply with only minor modifications
and are not repeated here. Some others, however, have subtle differences, and demand
that technical details be worked out carefully. In any case, we have made an effort
to keep the notation as close as possible to that of [1] and [2], in order to emphasize



the parallelism of the development. After the existence and the properties of periodic
solutions are established in Sections 4 and 5, we discuss the implications of the results
for asymmetric reflex model (4) in Section 6.

2 The restorative condition

It will be convenient to rescale the time in (1) so that the delay is normalized to 1. This
leads to an equation of the form

#(t) = Mi(z(t),2(t —1)), zeR,\A>0, (6)

where A = 7 appears as a parameter. In addition to (6), we will occasionally refer to
the initial value problem

(t)=M(z(t),z(t—1) t>1, €R, A>0 .
z(t)=p(t) 0<t<l. (7)

It will be the standing assumption that for any ¢ € C[0,1] and A > 0, there is a unique
solution z(t) satisfying (7). This is typically satisfied for a Lipschitz-continuous h and
for ¢ belonging to a bounded invariant domain in the phase space C[0, 1], but we shall
not explicitly prescribe such conditions. To emphasize the dependence of the solution
z(t) on ¢ and A, the notation z(t; A, ¢) will sometimes be used.

The function h shall be required to satisfy three sets of conditions. First, it is assumed
that the origin is an equilibrium point, where h has some differentiability properties:

(H1) The function h : R?> — R is continuous; h(0,0) = 0; h is differentiable at (0,0)
and

Y _pir0,0) >0, DY _Dyn(0,0) >0,

with D > C.

Clearly, the choice of the origin does not present a loss of generality since it can be
achieved by a coordinate translation. The condition D > C is a necessary one for the
equilibrium point to be repelling (see Proposition 1 below). One can expect sustained
oscillations if there is a mechanism to push the repelled solutions back towards the
origin. This is the intuitive idea behind the following restorative condition:

(H2) For all z,y € R,

(i) (h(z,y) —h(z,0))y <0 ify#0, and
(ii) (A(z,y) —h(0,y))z <0 ifx #0.

Together with the assumption that h(0,0) = 0, the restorative condition implies that
h is negative (resp., positive) when both its arguments are positive (resp., negative).
Hence it can be thought as a generalized negative-feedback property. Notice that it also
implies h(u,u) = 0 if and only if u = 0, so (6) has a unique equilibrium. Finally, the
following bounds are assumed on h:

(H3) There exist positive constants €2, £y, and P such that



(1) |h(z,y)| < Qx| + Qoly| for all z,y € R, and
(ii) A(0,y) < P for ally € R.

Note that the bound (i) in (H3) is satisfied on any compact set by the assumption in
(H1) of the differentiability of h at the origin; hence, it only needs to be checked as

1z, y)|| — oo
In the next section the stability of the origin is investigated through the linear

equation, and in Section 4 the restorative condition is summoned to prove the existence
of periodic solutions.
3 The linear equation
If the function h satisfies (H1), then (6) can be linearized about the origin to obtain
z(t) = =ACx(t) — ADz(t — 1),
which has the characteristic equation
A(E,N) =&+ AC + ADexp[—¢] = 0. (8)

Let wy be the unique solution of
y W a0
0= \2

2
Wm =wo+2mm and A, = wo t smm m € Z. (9)

VD?_C?
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and let

Then we have the following result.

Proposition 1 If A\ > 0 and C > D > 0, then all solutions § of (8) satisfy Re€ < 0. If
D > C > 0, then there exists a sequence

Ao <A1 <0< <A <.

given by the formulas (9), such that if X # 0, then the characteristic equation (8) has a
solution with real part zero iff A = Ay, for some m. If 0 < A < Ay , then all solutions
€ of (8) satisfy Re& < 0. If X = Ay, then (8) has a pair of complex conjugate roots
& = fiwn # 0; these are simple roots, and there are no other roots with zero real part.
For X\ near A, there is a unique pair &y, (N) , &m (X)) of complex conjugate roots near
+iwm,. The function &, (\) depends analytically on X, satisfies &y (Am) = iwy, and its
derivative satisfies

sgn(Am) - Re &), (A\m) > 0.

The proof of Proposition 1 is a direct application of Propositions A.1 and A.2 of [2]
to (8).

Corollary 2 Let D > C > 0 and A > X\g , where \g is given by (9). Then the charac-
teristic equation (8) has a solution & satisfying Re& > 0 and Im¢ € (w/2, 7).



Proof. Let S ={( € C: Re¢ > 0 and Im¢ € (w/2,7)}. By Proposition 1, if X is
greater than and close to Ao , then (8) has a solution in S. In fact, if A(£*, A*) = 0 for
any A* > 0 and &* satisfying Re& > 0, then

8A * * * * * *

875(6 A)=1—=XNDexp[-£|=14+NC+E #0;
hence, by the implicit function theorem there exists a continuous curve (), defined on
an open neighborhood of A*, such that A(v(A),\) = 0. Furthermore, noting that (8)
cannot have a solution with imaginary part equal to 7/2 or 7, and using Proposition 1,
one sees that for A > Ao, (8) does not have a solution on the boundary of S. Hence for
A > Ao, 7(A) is confined to the set S. To prove the corollary, it is enough to show that
7 is defined and continuous on (Ao, o0). Let (A, A) be an interval on which v is defined
and continuous. If X is finite, then for A € (\g, ), the solution & = () to (8) satisfies

€] < AC + AD |exp[—¢]| < A(C + D);

therefore y((Ao, A)) lies in a compact subset of the complex plane. Then a sequence
{An} C (Ao, A) can be found such that A\,, — A and y(\,;) — ¢ for some complex number

g. Continuity of A then implies that A(g,\) = 0, which in turn implies that ¢ € S.
Defining v()\) = ¢q and using the fact that OA/9¢ is nonzero at the point (y(X), \), it
is seen that v can be extended to an open interval containing X. This proves that v is
defined and continuous on (A, o), proving the corollary. m

Next is a lemma to be used later which compares h to its linearization on a certain

subset of the plane.

Lemma 3 Let r > 0, and denote S, := {(x,y) € R? : 2y > 0 and ||(z,y)|| < 7} (where
||| is the Euclidean norm). Assume (H1) and (H2) hold. Then there exists k > 0 such
that

|h(z,y)| > k|Cx + Dy| for all (x,y) € S, (10)

where C' and D are as in (H1). Conversely, for any k € (0,1), there exists r > 0 such
that (10) holds.

Proof. Fix r > 0. Suppose that (10) is not satisfied for any & > 0. Then there
exists sequences {(zn,y)} in Sy and &, — 0 as n — oo such that

|h(xn, yn)| < en|Cxp + Dyp|, n=1,2,... (11)

Since S, is compact, it can be assumed that (x,,y,) — (x,y) € S,. Letting n — oo gives
|h(z,y)| <0, which implies (x,y) = (0,0). By passing to a subsequence if necessary, one
can assume that x, and y, have the same sign for all n, which we take to be positive
for definiteness, so that h(z,,y,) is negative, and (11) becomes

hxn,yn) > en(—Cxy — Dyp), n=1,2,... (12)

Now note that the mapping (x,%) — C|z| + D|y| defines a norm on R2. By differentia-
bility of h at the origin

h(xn,yn) = —Czp — Dy, + 0( ||(xn ) yn)” ) )



Substituting into (12), dividing both sides by C|x,| + D|yy| and rearranging gives

Cant+Dyn  _ o (@nya) )
C |$n| + D \ynl - C |1'n‘ +D |yn|

(1—¢ep)

As n — o0, the left hand side of this inequality goes to 1 while the right hand side goes
to 0, leading to the contradiction 1 < 0. This proves the first assertion of the lemma.

Similarly, take & € (0,1). If (10) is not satisfied for any » > 0, then a sequence
{(zn,yn)} converging to zero can be found such that x, and y, have the same sign for
all n and

|h(2n, yn)| < k|Cxp + Dyyl.
Again for definiteness assume that x,, y, are positive for all n. This implies

h(xnyyn) _ _C«Tn - Dyn + O(H(meyn)H) > k_an - Dyn
Cxp + Dyn Cxp + Dyy Cxy + Dy,

or, after rearranging,

o ([[(zn, yn)Il)

1-—k).
Cz, + Dy, > )

Letting n — oo gives the contradiction 0 > 1 — k. m

4 Ejective fixed points and periodic solutions

We recall some definitions. If f : X — X is a continuous function on a topological space
X, then a fixed point = of f is called attractive if there exists an open neighborhood U
of = such that for every open neighborhood V' of z, there exists an integer n = n(V)
such that f*(y) € V for all k > n and y € U. The fixed point z is called ejective if
there is an open neighborhood W of x such that for every y € W — {x} there exists an
integer n = n(y) such that f(y) ¢ W . Finally, a subset of a Banach space is said to
be infinite dimensional if it is not contained in any finite dimensional subspace.

A theorem due to F. E. Browder [8] states that if ¥ : K — K is continuous and
compact, where K is a closed, bounded, convex, infinite-dimensional subset of a Banach
space, then ¥ has a fixed point which is not ejective. The existence of periodic solutions
of (6) will be proved by finding a suitable subset K of the Banach space C[0,1] and
defining a function ¥ on this set using the solutions of (7) corresponding to initial
functions taken from K. An element of K mapped by the solution operator into itself
at a later time corresponds to a periodic solution, although possibly a constant one.
The trivial solution is the only equilibrium for (6), and it will be shown that when it
is unstable it is an ejective fixed point for the map ¥ that will be defined. Browder’s
theorem will then imply the existence of a nonconstant periodic solution. This approach
was used in [1] to prove the existence of periodic solutions of (2).

For a fixed positive value of A, define the sets

K ={y € C[0,1] : ¢(0) = 0 and ¥(t) > 0 for t € [0,1]}, (13)

Ky = {¢ € K : exp[A\Q1t]1(t) is nondecreasing on [0, 1]}, (14)



where €25 is as in the hypotheses (H3). Note the following property of K: For any ¢ €
K, ¥(s) = 0 implies that ¢ (t) = 0 for all ¢t € [0, s]. It is also easy to check that K is
a closed, convex, infinite-dimensional subset of the Banach space C[0, 1] with the sup
norm || ||. The next lemma will help define a suitable compact map on a bounded subset
of K -

Lemma 4 Suppose the function h satisfies the hypotheses (H1)-(H3). Let \ satisfy
A > 1/D, with D as in (H1), let  be a nonzero element of the set Ky defined in (14),
and x(t) = z(t; \, ) be the corresponding solution of (7). Then the following hold:

(1) z has denumerably many zeros z1 < z2 < ...
(ii) z1 > 1, and zp31 — 2 > 1 for k=1,2,3,...
(iii) #(z2k—1) <0, &(22k) >0 for k=1,2,3,...

(iv) The function exp[AQit] - z(t) is nonincreasing on the intervals (zox—1, 22k—1 + 1)
and nondecreasing on the intervals (zop, zor + 1), k=1,2,3,...

(v) For every M > 0 there exists a constant Cys such that from ||¢|| < M follows
z2 S CM

(vi) If P is as in (H3), then ||p|| < AP implies that x(t; X, p) < AP fort > 0.
Remark 5 If (H1)-(H3) hold and X\ > X\g, where Ao is given by (9), then

T 1
A> ————— > —
2vD?2—-C? D

hence the conditions of the lemma are fulfilled when the equilibrium point is unstable.

Proof of Lemma 4. Let M > 0, A > 1/D, and ¢ be a nonzero element of K such
that ||p|] < M. Since AD > 1, there exists k € (0, 1) such that kAD > 1, and by Lemma
3 there exists r > 0 such that |h(z,y)| > k|Cx + Dy| whenever (x,y) € S, , where S,
is as defined in the same lemma. By choosing a smaller r if necessary, we can assume
that » < M. Note that (1) > 0, and by (H2), (¢) < 0 for ¢t > 1 as long as z(t) stays
positive. We will prove that z(¢) eventually becomes negative. Let

t1 =1inf{t > 2:z(t) <r}.
If (2) < r then t; = 2. Now assume z(2) > r. Define d by
—d =max{h(z,y) :r < z,y < M}.
If t > 2, as long as z(t) > r we have
z(t) = A(z(t),z(t — 1)) < —A\d
so that x(t) < M — Ad(t — 2). Hence t; is finite and

M — r

<
<2+ —3




Define z; = inf{t > 1 : 2(t) < 0}. Suppose z; > t; + 1. Then z(t) > 0if t; <t <t; +1.
Also for t € [t1 + 1,t1 + 2], we have r > z(t — 1) > x(t; + 1) since z(t) is decreasing on
this interval; hence as long as z(t) > 0, we have

z(t) < —kXN(Cx(t) + Dx(t — 1)) < — kADz(t — 1) < — kADx(t1 + 1),
implying
x(t) <z(ti+1)-[1 —(t— t1 —1)kAD]
for t € [t1 +1,t1 4+ 2]. Since kAD > 1, the right-hand-side of the last inequality becomes
negative for ¢t = t1 + 2. It then follows that

M —r

A

If 21 > 2, then #(z1) = h(0,2(21 — 1)) < 0 by the definition of z; and property (H2).
To show that the same inequality also holds for z; < 2, we argue by contradiction.
Suppose that z; < 2 but @(z1) = 0, i.e. h(0,2(z; — 1)) = 0. This implies by (H2) that
x(z1—1) = p(z1 — 1) = 0, which in turn implies that ¢(t) = 0 for all ¢ € [0, z; — 1], since
¢ belongs to K. Using the hypothesis (H3) we obtain for t € [1, z1],

21 <t1+2<4+

0> h(x(t),z(t — 1)) = h(z(t),0) = =|z(t)] = —z(D),
ie., (t) > —AQz(t). But then we have
z(z1) = exp[-A (21 — 1)] - 2(1) >0

which contradicts the definition of z;. Hence #(z1) < 0.

Having shown that x() takes on negative values in a neighborhood of zi, it is not
hard to see that x(t) stays negative throughout the interval (21, 21 + 1). First note that
the fact

#(z1) = h(0,2(z1 — 1)) <0

implies by (H2) that x(z; — 1) > 0, which, by the definition of 21, in turn implies that
x(t—1) > 0 for all ¢ in (21,21 +1). Now if 2(s) = 0 for some s in this interval, we would
have

#(s) = h(0,z(s — 1)) <0,

i.e. z(t), being a C' function, would be strictly decreasing in a neighborhood of s.
This contradiction proves that z(t) is negative on (z1,21 + 1). Now consider the time
derivative of the function exp[AQ;t] - z(t) for ¢ € [z1, 21 + 1]. Using (H2) and (H3)(i) we
get

2 fexplAt] - 2(1) = AexplAt] - ()

+h
< Aexp[AQt] - (Qx(t) + h
< AQq exp[AQqt] - (z(t) +

Therefore, exp[AQt] - z(t) is nonincreasing on [z1, 21 + 1].



Also on this interval we have

x(t):A/th(:v(s),x(s—l))dsZA/th(O,x(s—l))dsz—)\Ml

where —M1 = min{h(0,y) : 0 <y < M}. Let 2o = inf{t > z; : x(¢) > 0}. We know
that zo > 21+ 1 and z(t) > 0 for ¢t € [z1 + 1, 22].We show that 29 is finite. Choose a
positive number 7 such that 7y < min{r, A\AM;}. Let

to =1inf{t > z1 + 1: 2(t) > —r1}.

If (21 + 1) > —r1, then set t3 = 21 + 1. On the other hand, suppose z(z; + 1) < —7y.
Ift > 21+ 1, as long as z(t) < —r; we have @(t) > Ad; where

dy := min{h(z,y) : =AM} < z,y < —ri}.
Hence,
x(t) > =AMy + My (t — 21 — 1)

implying that ¢o is finite and

My —1rq

to < 1
2 < z1+1+4 Y7

Now suppose z3 > to + 1. Then z(t) < 0 for t € [ty,ta + 1]. Also, for t € [ta + 1,t2 + 2]
the fact that z(t — 1) is nondecreasing implies z(t — 1) < x(t2 + 1); therefore, as long as
z(t) <0,

(t) > =Ak(Cx(t) + Dx(t — 1)) > =AkDz(t — 1) > =AkD x(ty + 1),
implying
.%'(t) > Hf(tg + 1) . [1 — (t — 19 — l)k/\D]

Note that the right-hand-side of the last inequality becomes positive for t = to + 2.
Hence,
AM71 — 7 M—T+)\M1_T1

<t 2<3 <7
29 {tg+2<5+2z+ L <7+ d v

Also, since x(t) is negative on (21,21 + 1) and 23 > 21 + 1, we have z(z2 — 1) < 0, which
implies that #(z2) > 0. An argument similar to the one in the previous paragraph shows
that the function exp[At] - z(¢) is nondecreasing on [z2,z2 + 1]. Then the function
©1(t) := x(22 + t) defined on [0, 1] belongs to the set K, and the whole argument can
be repeated to complete the proof of parts (i)- (v).

To prove (vi), let ¢ be an element of K such that ||¢||< AP and let x(t) be the
corresponding solution of (7). On the interval [1, z1] x(¢) is nonincreasing and on (z1, z2)
it is negative; therefore z(t) < AP on [1, z3]. For t € [22, 29 + 1] we have

(1) < A0, z(t — 1)) < AP

which implies that x(¢) < AP on this interval. Repeating the argument establishes (vi).
|



Let A > 0, K be given by (14), and P be as in (H3). Let K, be the set defined by
Ky ={p € Ey:|lp]| < AP}
Under the assumptions of Lemma 4, we can define a map ¥y: K, — K by:

UA(@)(t) = 2(z2 + A 0)

U,(0) = 0 (15)

The fact that ¥, maps K into itself follows from parts (iv) and (vi) of Lemma 4. It
is also not hard to show that ¥, is continuous and compact. This follows from the fact
that a nonzero solution x(¢; \, ¢) has simple zeros (part (iii) of the lemma), the numbers
z9 are uniformly bounded for all solutions (part(v) of the lemma), on bounded intervals
the solution depends uniformly continuously on the initial function, and the derivatives
of the solutions are uniformly bounded. We next show that for A > Ao, 0 is an ejective
fixed point of V).

Lemma 6 . Suppose the conditions (H1)- (H3) are satisfied and let X > Ao, where Ao
is given by (9). Then 0 is an ejective fized point of V.

Proof. . We first claim that there exists a constant a > 0 such that for every ¢ €
Ky — {0} and every positive zero z of z(t; \, @),

sup |z(t; A, ¢)| > a. (16)
t>z

We give the value of a as follows: Define the positive number 7' by

T = min 1 7exp[—)\(21]
N 2’ 4)\(@1 + Qg) ’

where the €2; are as in the hypotheses (H3). By Corollary 2 the characteristic equation
(8) has a solution § = p + iw with g > 0 and 7/2 < w < m; choose ¢ satisfying

0<e< %TDsinw cexp|—(u + AQ21)],
where D is as in (H1). Define the function R by
R(z,y) = h(z,y) + Cz + Dy.

Since h is differentiable at the origin, the quotient |R(x,y)|/||(x,y)|| approaches zero as
||(z,y)|| — 0; hence, finally, choose a positive a such that

[R(z, y)| < ell(x, y)[| when [|(z,y)]| < a,

where ||-|| denotes the sup norm on R2.
To prove (16), let ¢ be a nonzero element of Ky, and denote z(t) = z(t; A, ¢).
Suppose that (16) is false, i.e. there exists a zero z > 0 such that

sup [z(t)| =6 < a.
t>z

10



Then there exists an extremum m € [zp, 2z, + 1] for some n and |z(m)| > /2. For
definiteness assume that m is a maximum and n is even. Now integrating by parts gives
the identity

| senl-g

nt1+T

(e 9]

—2(zn+1+T)exp[—E(zn +1+T)] + € x(t) exp[—£&t] dt (17)
Zn+14+T

Using the delay-differential equation (6), the quantity on the left-hand-side of (17) can
also be written as

-\C x (t)exp [—&t] dt — AD x(t—1)exp[—&t] dt +/ R* (t) exp[—¢&t] dt
Zn+1+T Zn+1+T Zn+14+T

where we have defined R*(t) := AR(z(t),z(t — 1)). Substituting into (17), multiplying
through by exp[¢(z, + 1 + T')], and using the characteristic equation to substitute

£+ AC = —\Dexp|—£],

one obtains

z2n+14+T
—z(z,+14T)+ AD x(t)exp[—&(t—z, —T)] dt =
Zn+T
/00 R*(t)exp[—€(t— 2z, —1—T)] dt (18)
Zn+14+T

To reach a contradiction, we first find an upper bound on the absolute value of the
right-hand-side of (18)

/ R*(t)exp[—£(t— 2z, — 1 —=T)] dt’ < &b lexp [-€ (t — 2z, — 1 = T)]| dt
Zn+14+T zZn+14+T
= \ed exp[—p(t— 2, —1=T)] dt = edp™ . (19)
Zn+14+T

We then find a lower bound on the absolute value of the left-hand-side of (18). Clearly,
this value will be at least as big as the absolute value of its imaginary part, which is
equal to

Zn+14+T
AD x(t)exp[—p(t—2z,—T)] -sinw(t —z, —T) dt
n+T
Zn+14+T
> \D z(t)exp[—p(t—2z,—T)] -sinw (t — 2z, — T) dt, (20)
Zn+1

where we noted that the integrand is nonnegative since 7/2 < w < m and n is assumed

to be even, and used the fact that 0 < 7' < 1. Now by Lemma (4), on the interval

[2n, zn, + 1] the function exp[AQ;t] - z(t) is nondecreasing; therefore,

x(zn + 1) > x(m) exp[AQi(z, + 1 —m)] > %(5 exp[—A].
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Using this inequality and the assumptions (H2), the magnitude of x(¢) can be estimated
on the interval [z, + 1,2, + 1 + T:

z(t) = +/t+1 (s)ds > x(1) = Ao(2 + Qo) (t —1T)

*eXp )\Ql — )\(Ql—i-Qg)( )>

(
<exp [—AQ] — A(Qq + Q)T )
§ex

(V4
=

p[—AQ],

by the definition of T'. Hence, (20) is bounded from below by the quantity

1 Zn+1+T
75 exp[—AQ] - AD exp|—p(t—z, —T)] -sinw(t—z, —T) dt
zZn+1

—

ZT6 exp[—AQq] - exp[—p] - sinw.

Combining with (19), we arrive at the inequality
1 ) -1
ZTD exp[—(AQy — p)] - sinw <ep™ ",

which contradicts our choice of €. This completes the proof of (16).
Now choose numbers m,, € [z, 2, + 1] such that

o (o) = max [o(0).

By (H3) and Lemma 4(ii), on intervals [z, + 1, z,+1], (%) is nonincreasing if n is even
and nondecreasing if n is odd. Hence we can actually choose m,, € [z, 2z, +1]. Equation
(16) that we have just proved implies that for some positive number a,

|z(mn)| = a/2 (21)

for infinitely many integers n. To prove ejectivity, we need to show the existence of a
positive b such that

x(map) > b (22)

for infinitely many integers n. We do this by using the fact that for any n, the values
x(my) and xz(myp41) are “comparable”. Indeed, choose a positive b satisfying

a
<
bs 2200

and suppose that x(mag,) < b for all large n. Then for ¢ € [z2,41, 22n+1 + 1] we have

(t) = A(z(t),z(t — 1)) > Mh(0,z(t — 1))
—Alz(t —1)] = =AQox(t — 1) > —AQab;

12



hence,
l‘(mszrl) > —Ab > —a/2

for all large n. But this contradicts (21). Hence (22) holds for infinitely many integers
n, and the proof of the lemma is completed. m

The previous lemma, combined with our discussion of the map ¥y : Ky — Ky and
Browder’s theorem on the existence of non-ejective fixed points, immediately implies
the following theorem.

Theorem 7 Assume that the function h satisfies the hypotheses (H1)-(H3), and let Ao
be given by (9). Then for any A > Ao, equation (6) has a nonconstant periodic solution.

5 Slowly oscillating periodic solutions

The periodic solutions whose existence is established by Theorem 7 have the property
that their successive zeros are separated by a distance greater than the delay appearing
in the delay-differential equation (6), and they repeat themselves after two consecutive
zeros. This follows from the fact that such solutions were obtained as the nontrivial
fixed points of the map ¥ : Ky — K, as defined by equation (15), and from part (ii)
of Lemma 4 and Remark 5. Such solutions are called slowly oscillating, whose definition
we recall:

Definition 8 . A periodic solution x(t) of equation (6) is called a slowly oscillating
periodic solution (SOPS) if there exist numbers ¢ > 1 and ¢ > q+ 1 such that

z(0) =0,

x(t) >0 for 0 <t <gq,
z(t) <0 for g <t<q,
and z(t + q) = z(t) for allt.

Of course, the continuity of x(¢) implies in this definition that z(q¢) = z(q) = 0.
The relationship between SOPS and the set K , or more generally the set K given by
equation (14), is actually stronger than we have noted above. Indeed, let h satisfy the
conditions (H1)-(H3) and z(t) be a SOPS of equation (6) for some A > 0. By uniqueness
of the solutions of (7), x(t) is uniquely determined by its values on the interval [0, 1].
For t € [0,1], note that z(¢) > 0 and z(t — 1) = z(t — 1 + q) < 0. Using the conditions
(H2)7

% (exp Az (t)) > AQ: expAQ A (E) + A expAQHA((#), 0)
> Aexp[At] (Qz(t) — O |z(t)]) = 0;

hence, if ¢ € C|0, 1] denotes the restriction of x(t) to the interval [0, 1], then ¢ € K.
We now present in a series of lemmas some general characteristics of slowly oscillating

periodic solutions of equation (6), where the function h will be assumed to satisfy several
of the hypotheses (H1)-(H3).

13



Lemma 9 Let h : R? — R be a continuous function satisfying h(0,0) = 0 and the
conditions (H2), and let z(t) be a SOPS of equation (6) for some positive X. Then x(t)
assumes its mazimum on the interval [0,1] and its minimum on the interval [q, q + 1].

Proof. From (H2) and the definition of a SOPS it follows that x(¢) is nonincreasing
on the interval [1,¢| and nondecreasing on the interval [¢ + 1,3]. =

Lemma 10 Let h be as in Lemma 9, suppose in addition that it satisfies condition (i)
of (H3), and let Qmax = max{Qy,Qo}, where Qp, are as in (H3)(i). If x(t) is a SOPS
of (6) for some A >0, then A > (2Qax) L.

Proof. Let M; = max{xz(t) : t € R} and M_ = —min{xz(t) : t € R}. For
t € [q,q + 1], we have
t t
o @ < A [ () (s D) ds < M [ (2 (5] + fo (s~ 1)) ds
q q
< )\Qmax(M— + M+)7
which, by Lemma 9 implies that
M < Mpax (M- + My). (23)
Similarly, considering z(t) for ¢ € [0, 1] and using periodicity gives
My < AQumax(M_ + M),
Adding these two inequalities gives
(M_ + My) < 2XQuax(M_ + M).
Since (M_ + M) is positive, this implies 2AQax > 1. =

Lemma 11 Suppose that the function h satisfies the hypotheses (H1) and (H2), let
r >0, and define Z, = {(x,y) € R? : ||(z,y)|| < r and h(z,y) = 0}. Then there exists
a positive constant I' = T'(r) such that

|z| <Tly| for all (x,y) € Z,. (24)

Proof. By the hypotheses (H2) and the fact that h(0,0) = 0, it follows that if
(x,0) € Z, then necessarily x = 0. Hence for y = 0, (24) holds for any choice of I'. On
the other hand, since Z, is bounded, (24) can be satisfied for any fixed nonzero y if T" is
chosen large enough. Therefore, if (24) is false, there exist a sequence of points (x,, yn)
in Z, which are distinct from zero, and a sequence of numbers I';, — oo , such that

|zn| > 'y |yn| for all n. (25)

Using the compactness of the set Z, and passing to a subsequence if necessary, we
observe that (,,y,) — (x,y) for some (x,y) € Z,. Letting n — oo in (25) shows that
y = 0, which implies as before that z = 0. The conditions (H2) also imply that for each
n, xn and y, have opposite signs. Without loss of generality, we assume that x, have
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the same sign for all n, and for definiteness we assume this sign to be positive, so that
(25) reads

Tn > —Lnyn. (26)
We will show that (26) contradicts the hypotheses (H1). Indeed, (H1) implies that

h(@n,yn) + Cn + Dyn = o(||(zn, yn)|])-

Using the fact that h(zp,y,) = 0, dividing both sides by C|z,| + D|yy|, noting that the
function mapping (x,y) to C|z| + D|y| defines a norm on R?, and letting n — oo so
that (z,,,yn) — (0,0), we see that

Cxy + Dyj

—————— > 0as n — oo.
Clxy| + Dlyn|

However, using (26) and the fact that z,, are positive and y,, are negative for all n, we
reach the contradiction

Cz, + Dy, Cx,, — DF;lxn B Ccr,, —D

> = —1lasn — oo.
Clzn| + Dlya| = Cz, + DTz, CT,+D

Lemma 12 Suppose that the function h satisfies the hypotheses (H1), (H2), and (H3)(i),
and let 7 > 0. Then there exists a constant Q, > 0 such that if z(t) is a SOPS of (6)
with max; |z ()| < r, then the minimal period q of z(t) satisfies ¢ < Q. The constant
Q, depends only on r and h and not on X .

Proof. Let z(t) satisfy the assumptions of the lemma, and let M} = max{x(¢t) : ¢ €
R} and M_ = —min{x(t) : t € R}. By Lemma 3, there exists a number k, such that

i (t)] > k| Ca(t) + Da(t — 1)

when z(t) and z(t — 1) have the same sign. For 1 <t < ¢, (t) < 0, as was shown in
the proof of Lemma 9. Therefore on this interval

%[exp[)\Ck:T(t—l)] x(t)] = ACk, exp[ACk, (t—1)] z(t) + exp[NCk, (t —1)] ©(¢t)

<AexpA\Ck,(t—1)][Ckrx(t) — Ckyx(t) —Dk.x(t—1)] <0.
Hence,
exp[ANCk,(t—1D] z(t) <z(1) < My.
Thus,
z(t) < exp[-ACky (t—1)] My < exp [— (20max) " C iy (£ — 1)] M, ifl1<t<q
where we have used Lemma 10 to substitute A > (2Qmax)_1. This implies that

0<a(t) <expl-d(g—2)|M; ifq-1<t<g (27)
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where § = Ck, (20max) ' Now let p € [g, ] be a point where z(t) achieves its minimum.
Lemma 9 implies actually that p € [g, ¢ + 1]. Since h(z(p),z(p — 1)) = 0, by Lemma 11

z(p)| < Tlz(p = 1)

for some positive constant I' depending on the value of r but not on A\. Combining with
(27), we obtain

M- = |2(p)| < Texp|—8(q — 2)]M,. (28)
A similar argument results in the estimates
0>a(t) > —exp[-0(g—qg—2)]M- ifg-1<t<q
and
M, < Texp[-6(q—q—2)|M-_.
Combining the last inequality with (28) gives
M, <T?exp[—6(q — 4)] M.
Since M, > 0, we must have I'? exp[—3(g — 4)] > 1, which implies

4Qmax - log T

§<Q,=4
I= Q=4+ —Fp

Lemma 13 Suppose that the function h satisfies the hypotheses (H1), (H2), and (H3)(i).
Let J C (0,00) be any compact set such that \g ¢ J, where \g is defined in (9). Then
there exists k = k(J) > 0 such that if z(t) is a SOPS of (6) for some X\ € J, then
max |z (t)] > k.

This lemma is proved in the same way as Lemma 1.6 in [2].

6 Periodic behavior in asymmetric reflex dynamics

We now consider the asymmetric reflex model (4). Rescaling the time as before, one
obtains

z(t) = AN[—a(@(t)/N) z@t)+ f(z(t—1))], >0, A>0. (29)
The functions o and f are assumed to satisfy the following conditions:

(A) The function a : R — R is continuous and nondecreasing, «(0) = 1, and the
derivative o/(0) exists. Furthermore, there exist constants ag and «a, such that

0<ag<a(u) <a. foralueR.

(F) The function f : Ry — Ry is continuous and nonincreasing. At its unique fixed
point z*, f is differentiable and f’(2*) < —1.
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(We will use the notation R to mean [0, 00), and R% to mean R} x R..) Note that
the fixed point z* of f is an equilibrium solution of (29), and x* is positive unless f = 0.
Also, the monotonicity of f together with f/(z*) < —1 implies a negative-feedback
condition with respect to the point x*:

(f(z) —x)(x —2%) <0 forall z* € Ry, x # ™. (30)

The results of this section continue to hold if the assumption of monotonicity is replaced
with the more general condition (30); nevertheless, work with a monotone f for reasons
of simplicity and physical motivation. Finally note that the statement a(0) = 1 in (A) is
nothing more than a normalization convention; it can be achieved by suitably rescaling
a, f, and the time.

As an implicit differential equation, it is not obvious if solutions to (29) exist at all,
or if initial-value problems have unique solutions. It is reassuring that such questions
turn out to have a positive answer.

Lemma 14 Suppose (A) and (F) hold and X > 0.

(i) Let ¢ : [0,1] — Ry be continuous. Then there is a unique solution x(t) satisfying
(29) for t > 1 such that z|jp 1 = . Furthermore, z(t) is bounded, nonnegative, and
continuously differentiable for all t > 1.

(ii) Let I C Ry be a compact interval such that f(I) C I, ¢ :[0,1] — I a continuous
function, and x the unique solution of (29) satisfying x| = . Then x(t) belongs
to I for allt > 1. If in addition p(1) € int(I), where “int* denotes interior, then the
corresponding solution x(t) belongs to int(I) for all t > 1.

Remark 15 The conditions (F) guarantee the existence of an interval I having the
property f(I) C I, as in statement (ii) of Lemma 14. In fact, any interval of the form
[0, c], where ¢ > f(0), has this property by the monotonicity of f.

The proof of Lemma 14 was given in [6] and is based on the observation that, under
the assumptions (A) and (F), the implicit equation (29) can be written in the form

&(t) = Ah(z(t),z(t — 1)), x>0, A >0, (31)

for some unique and continuous function h. Indeed, for given nonnegative x and v,
h = h(z,y) is the unique solution of the equation

h=—a(h)z+ f(y). (32)

It is in general not possible to write down an explicit description for h, but it can be
compared to the simpler function

ho(z,y) = —x + f(y), (33)

which would be obtained in the case of constant «;, i.e., the absence of asymmetry.

Lemma 16 Assume that the conditions (A) and (F) hold and let h and ho be defined
by (32) and (33), respectively. Then the following hold.

(i) The functions h(z,y) and ho(x,y) have the same sign everywhere on R2.

(”) |h($7y)| < ’hO(gj)y)’ fOT’ all T,y € R+'

(iii) For each compact interval I C Ry, there exists a constant Q € (0,1] such that

|h(z,y)| > Qlho(z,y)| Vz,y el
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Proof. By the uniqueness of h and the assumption that «(0) = 1, it is easy to see
that h(x,y) = 0 if and only if ho(z,y) = 0. Now suppose ho(z,y) > 0 but h(z,y) < 0
for some z,y € Ry. Then f(y) > x and a(h(z,y)) < 1 since « is nondecreasing. But
this leads to the contradiction

h(.’IJ,y) - —a(h(m,y))x + f(y) >—z+z=0.
Therefore h(x,y) > 0. Conversely, if h(z,y) > 0, we have a(h(x,y)) > 1 so that
ho(z,y) = =z + f(y) = a(h(z, y))z + f(y) = h(z,y) > 0,

which proves (i). The last statement also shows that ho(x,y) > h(x,y) whenever it
is (and hence both are) positive. Similarly, we have ho(x,y) < h(z,y) whenever they
are negative. This proves (ii). To show (iii), fix # € R4 and consider the function
g : R — R defined by

g(h) = h+ za(h).

Observe that g is strictly increasing, g(0) = z, g is differentiable at h = 0 with ¢’(0) =
1+xa/(0), and as |h| — oo its graph approaches a straight line with unit slope. Therefore
there exists a positive constant Q! such that

lg(h) —z| < Q7 '|n| for all h € R. (34)

The value of Q! increases with increasing x, since ¢’(0) does, but in a compact interval
I, it may be chosen to satisfy equation (34) for all z in I. Now suppose f(y) > x. Then
part (i) of the lemma implies that the solution h of the equation

h+za(h) = f(y) (35)

is positive. Since the left side of this equality is g(h), we also have g(h) > z; so (34) can
be written as

g(h) =z < Q™ 'h,
implying
Q 'h+a > g(h) = h+za(h) = f(y).
Hence,
h 2 Q(—z + f(y)) = Qho(z,y)

whenever h is a positive solution of (35). Similarly, a negative solution h of equation
(35) gives h < Qhg(z,y). Therefore,

iz, y)] = @ |ho(z, )]

for all 2,y in a compact subinterval I of Ry. That @ < 1 follows from part (ii). m
To allow the application of the results of the previous sections to (31), the following
properties of h are essential (cf. conditions (H1)-(H3) in Section 2).
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Lemma 17 (i) The function h : RL — R is continuous; h(z*,z*) = 0; the partial
derivatives of h exist at (z*,x*) and satisfy Doh(z*,x2*) < Dih(z*,z*) < 0.

(ii) For any y € Ry, the function h(-,y) : Ry — R is strictly decreasing. Further-
more, for all (z,y) € R%,

(h(z,y) = h(z,2%)) - (y —2%) <0 if y # a7, (36)
(i1i) There exist positive constants @ and P such that for all z,y € [—z*, 00)
h(z* +z, 2" +y)| < |z| + Qlyl, (37)
and
h(z", 2" +y)| < P (38)

Proof. The continuity of A was proved in [6]. The fact that h(z*,z*) = 0 follows
from (32) by the assumptions (A) and (F). Implicit differentiation of (32) gives

Dih(z*,z*) = —(1 + z*a/(0))7Y,  Doh(z*,z*) = f'(z*) (1 + z*a/(0))71; (39)

thus 0 > Dyh(x*, z*) > Doh(x*,2*), which completes the proof of (i).

Part (ii) is proved by contradiction: To prove the first statement, let 1 < z2 and
assume h(z1,y) > h(z2,y). By the monotonicity of «, one has a(h(z1,y)) > a(h(z2,y)),
and using (32),

0 < h(z1,y) — h(x2,y) = —z10(h(21,Y)) + 220(N(22,9))
< (w2 — z1)a(h(22,y)) > 0.

This contradiction shows h(z1,y) < h(ze,y). Similarly, suppose (36) is false for some
x,y € Ry. For definiteness, assume y > z* and h(z,y) > h(z,z*). Arguing as before,

0 < h(z,y) — Wz, z%) = zla(h(z, 2%)) — alh(z,y)] + f(y) — (")
< [fly) = f(z") = fly) —2" <0.

This contradiction shows that h(x,y) < h(z,z*). The case when y < z* is proved
similarly.

To prove (37), note that the boundedness, and differentiability at z*, of f implies
the existence of a €2 such that

[f(&" +y) — 2" < Qly]

whenever (z* +y) € R4. Using this inequality and statement (ii) of Lemma 16,
h(z* +z,2" +y)| < | = @ +a)+ f@" +y)| < | -2+ |f@" +y) — 27| < || + Qlyl.
Similarly,

|h(z® 2" +y)| < | —a" + fla"+y)| <27 +St;13!f($)l =P,
x>

since f is bounded. This establishes (38) and completes the proof of the lemma. m

19



The function h is defined only on R%r, but it can be continuously extended to the
whole plane. Although such an extension will not be unique, statement (i) of Lemma
14 implies that, as far as the dynamics of equation (29) are concerned, it is immaterial

how h is defined outside of Ri. One particularly simple way to extend h could be to
define

h(z,y) = h(max{0,z* + x}, max{0, z* + y}).

Using Lemma 17 it is easily seen that h satisfies conditions (H1)-(H3) of Section 2.
In terms of £ = x — z* one can then write (29) or the equivalent equation (31) as
z = M(Z(t),z(t — 1)),for which Theorem 7 is applicable. We will state this result in
a slightly more detailed form, taking advantage of the additional properties of (29) as
given in Lemma 14.

To this end, we introduce some notation. We use z* to denote the fixed point of f
as well as the constant function mapping [0, 1] to z*, depending on the context. Let

K'={y+2":vye K}, Ki={¢p+az":¢¢eK,}

where K and K are defined in (13) and (14). Now suppose A is a positive number,
¢ is an element of K3 different from z*, and x(t; A, ) is the solution of (29) satisfying
r|jp,1) = ¢. Let g(\, ¢) be the second zero of x(t;\,¢) — 2* in the interval (1,00), if
such exists. This definition is unambiguous since the argument used to prove part (iii)
of Lemma 4 shows that x(¢; A, ¢) — 2* can only have simple zeros. For each A > 0, we
will define a map W3 : K — K3 in much the same way as given by (15), but we will
allow for the case that g(A, ¢) does not exist. Hence if (A, ) is defined, let

(W) (1) = z(t+q(\¢),Ap) for0<t<l.
If g(X, ) is undefined, then set (V3¢p) (t) = 2* for 0 <t < 1. Finally let
N = {A ) €(0,00) x K*: p € Ky —{2"} and ¥} (p) = ¢} . (40)
We then have the following result.

Theorem 18 Suppose the conditions (A) and (F) hold, and let I = [A, B] be an interval
such that f(I) C I and A < x* < B. Let the set X be defined by (40) and let Ny be given
by (9). Then the following hold.

(i) There exists 6 > 0 such that if (A, ) € 3, then A > 0 and ||¢| < B.

(ii) The closure of ¥ in (0,00) x K* is ¥ = X U {\g,z*}.

(iii) Let X9 C % be the maximal connected component of . containing (Ao, x*). Then
Yo is an unbounded subset of (0,00) x K*.

(iv) For each A\ > Ao there exists a periodic solution x(t) of (29) such that (X, p) € X,
where p = x }[071] , and A < z(t) < B for all t. Furthermore, x(t) is slowly oscillating
in the sense that x(t) — x* satisfies Definition 8.

This result was proved in [2] for the scalar delay equation
() = A=z () + f(x(t-1))]

under suitable assumptions on the function f including the negative-feedback condition
(5). Since we already have available Lemmas 6, 10, 12, and 13, the same proof given in
[2] works also in our case, and will not be repeated here.
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It has thus been established that the model (29) for reflex dynamics admits periodic
solutions. It is seen that the bounds on the amplitude of oscillations given in statements
(i) and (iv) of Theorem 18 depend only on the properties of f and not on «, as long as «
satisfies the conditions (A). Hence the presence of the asymmetry (i.e., if v is constant
or not, or its precise shape) has no effect these bounds. The parameter that is critically
dependent on « is the bifurcation value A\g given by (9). Comparison with (39) shows
that Ao increases with increasing values of o/(0); thus increasing the steepness of « at
the origin tends to stabilize the equilibrium solution. Note that this does not preclude
the existence of periodic solutions since a SOPS may exist for values of A which are less
than A\g (see Figure 1). In fact, as Lemma 10 and equation (37) show, the lower bound
on A for the existence of a SOPS, given in part (i) of the theorem, depends only on f.

A
Il =x"ll

A 4

Figure 1: A global continuum of periodic solutions bifurcating from the equilibrium
solution.

The properties of the periodic solutions of (29) are thus seen to depend mostly on
the feedback function f. Since the stability of the equilibrium is greatly affected by the
asymmetry of the reflex, it is conjectured that the two effects can be experimentally
isolated. Hence, the asymmetry is perhaps best investigated through the equilibrium
solution, while the study of periodic behavior could be more valuable for analyzing the
feedback action in the reflex.

7 Conclusion

The global existence as well as some properties of slowly oscillating periodic solutions
of a general scalar differential equation with a single delay is established under the
assumption of a restorative condition. It is anticipated that the results are applicable to
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a large class of first-order biological or population models involving delays, since a form of
restorative condition is inherent in many such systems. As a particular application, the
existence of periodic solutions is proved in a model for asymmetric reflex dynamics. It is
seen that the presence of asymmetry tends to stabilize the equilibrium solution, while not
affecting the various bounds on the periodic solutions. It appears that the asymmetry
affects local behavior, while the restorative condition, which manifests itself mainly at
the feedback function, affects the global. This suggests that it may be possible to isolate
the two mechanisms in experimental settings so that they are studied separately.
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