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ABSTRACT. As was shown in [7], for the validity of the classic strong maxi-
mum principle for elliptic partial differential equations it is sufficient that the
coefficients matrix a?/(x) be positive semi-definite. Recently, in [10], a gen-
eralisation of this maximum principle was derived for operators in divergence
form, requiring a¥ € L(Q) to be strictly elliptic. In this note we demon-
strate that the strict ellipticity condition on a* (z) is essential and cannot be
weakened.

1. INTRODUCTION

The weak maximum principle for classical solutions of second order linear el-
liptic partial differential equations also holds true if the coefficients matrix is non-
negative, see [7, Section 3.1] and the short review below. In this article we show
that the corresponding weak maximum principle for weak (sub-)solutions of ellip-
tic partial differential equations in divergence form does not allow a generalisation
to non-negative coefficients matrices. We do so by constructing a counter exam-
ple which arises in the context of some non-convex variational problems describing
microstructures in crystals.

First we fix the notations and briefly review some weak maximum principles
being related to our result. Our counter example involves the highest order term of
general second-order linear elliptic partial differential equation only. Therefore we
restrict the presentation of the weak maximum principles to the highest order term
in second-order linear elliptic partial differential equations. We refer to [7, 3, 9] for
the treatment of more general cases.

Let Q C R" be a bounded domain, f(z)€ LP(Q) and a™ (z) € L®(Q),1 <i,j <n
such that a* = a’* and uniformly for almost every = € Q

(1.1) Ad S (aij(l‘))lgid'gn S AId,

where Id denotes the identity matrix in R"*™ and 0 < A < A are two real numbers.
In case of A > 0, this ensures the strict ellipticity of the partial differential equation

(1.2) a"(z2)0iu(z) = f(z) in Q
as well as the related partial differential equation in divergence form
(1.3) —0;(a" (z)0ju(z)) = f(z) in Q.
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Here and in the following, the summation convention of repeated indices is applied.
As Q is bounded, we may assume throughout that there exists an open ball B;(0)
with radius d > 0 around the origin such that

QcC Bd(O)

Weak maximum principle for classical solutions of (1.2).
Theorem 1.1. Let u € C%(Q) N CY(Q) be such that
a'(x)di;u(x) >0 (<0) inQ

and the coefficients matriz fulfils (1.1) with A > 0. Then the mazimum (minimum)
of u in § is achieved on 0N, that is

supu = supu (infu = inf u).
Qp as%o (Q 09 )

Proof. See, e.g., [7, Section 3.1]. O
Theorem 1.1 can be put in divergence form provided that additionally a¥(x) €

C1(), see [7, Section 3.6].

Weak maximum principle for strong subsolutions and viscosity solutions.

Let u € H?P(Q) solve

(1.4) —a" (z)0;u(z) = f(xr) in Q.

A strong subsolution uwe H*P(() is a function for which (1.4) holds with '>’; i.e.

—a" (z)0;u(x) > f(x) in Q.

For a function f, let f* := max{f,0} and f~ := max{—f,0} = —min{f,0}.
We now recall the Alexandrov'-Bakelman-Pucci maximum principle. For a proof
in the case of strong solutions see [7], Section 9.1, and [3] in the case of viscosity
solutions.

Theorem 1.2 (Alexandrov-Bakelman-Pucci maximum principle). Let f € LP(2)
and u € H*P(Q) be a strong subsolution of (1.4) and the coefficients matriz fulfils
(1.1) with A > 0. If p > n, there exists a constant C' depending only on A\, A, p and
n such that

1/p
supu < suput 4+ Cd* " / (fHPdx ,
Q o0 {y=Ty}NQ

where ¢ := u — supyq ut and Ty, is the concave envelope of 1) in Baq(0).

For X C R™ and a function f : X — R, the concave hull of f in X is the smallest
concave function on the convexification of X minorised by f on X.

Remark 1.3. The following sufficient conditions guarantee the existence of a sub-
solution u € H>2(Q). If 92 € C1! and if a function ¢ € H12(2) exists such that
U— @€ Hg’z(Q), this condition follows from an improved version of Theorem 8.12
in [7]. Conversely, if Q is a convex domain, the H%2(Q)-regularity of u follows from
Theorem 2.3.2.9 in [8].

IIn the literature one also finds the transliteration Alexandroff of ’AntekcaHapoB’.
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Theorem 1.2 is a classical result. Our focus lies on equations in the divergence
form (1.3).

Weak maximum principle for weak subsolutions of (1.3).
A weak subsolution of (1.3) is a function u € H12(Q) for which

(1.5) / 0 (2)du(x)dh0(z) do < / F@)o(z) de
Q Q

holds for all v € C(Q).

Remark 1.4. For the integrand on the left of (1.5) to be the weak formulation of

the left hand side of (1.3), it is necessary that the divergence theorem holds for 2,
which we therefore assume tacitly in the following.

We state the following analogue of Theorem 1.2 for the problem (1.3). It is
shown in [10].

Theorem 1.5 (Weak maximum principle for operators in divergence form). Let
(1.1) hold for 0 < A < A, let f € LP(Q) withp > § ifn>4 orp=2ifn=1,2,3,
and let u € H>2(Q) be a weak subsolution of (1.8). Then there exists a constant C
depending only on A, n and p such that

1/p
supuSsupqu—FCdQ;(/ (f+)pda:> ,
Q 99 Y=Y, }NQ

where 1 := u — supg ut and
Yy € Ky = {w € Hy*(B2q(0)) ' w > Y a.e in Q}

is uniquely determined (see [10, Lemma 1.2]).

We mention a similar formulation of Theorem 1.5 with a different right hand
side, i.e.

supu < suput 4+ Cr27r Il fllze (),
Q o0

see [10, Theorem 3.1] and [11], [7] for a proof. Our argument in the proof of
Theorem 2.1, showing the failure of Theorem 1.5 when locally A = 0 applies for
this altered formulation, too.

In contrast to Theorem 1.2, Yy is not the concave envelope of 1, but defined as
the solution of the related obstacle problem

Find u € Ky such that J(u) = inf J(w),

wEK,
where
J(w) := / a" 9wd;w dz
B3a(0)
for w € Hy?(B24(0)) and the set K, defined by
Ky = {w € Hy*(Ba(0)) | w > ¢ a.e. in Q}
with arbitrary ¢ € Hé’Q(Q), 1 < 0 on 0.
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As is shown in [10, Lemma 1.2|, there exists a unique function Y, € K, with
the property
J(Yy) = inf J(w).

weKy

2. THE ASSUMPTION A > 0 IN THEOREM 1.5 IS CRUCIAL

We shall prove by a counter example in space dimensions n < 3 that the as-
sumption A > 0 in Theorem 1.5 is essential and may not be replaced by A > 0.
We expect that our result holds for arbitrary space dimensions n. In general, The-
orem 1.5 does not hold for elliptic operators which are not strictly elliptic. In
particular, Theorem 1.5 is violated when the set

{z e Q] a’(z) =0}

has positive measure.

For this counter example we take resort to specific elastic energy functionals and
make use of the explicit formulas for the relaxation of these functionals found in [4]
for space dimensions n = 2,3. For n = 1 we newly derive the explicit formula of
the relaxed elastic energy in the appendix. Subsequently we introduce our example
and illuminate the physical background.

The steady state of elastically stressed solids can be characterised as the min-
imiser of an elastic energy functional in the vector-valued variable v € H%2({;R™)
that represents the deformation of the material with respect to the chosen ref-
erence state. Due to the inherent rotational symmetry (frame indifference), the
Euler-Lagrange equation leads to an elliptic partial differential equation in the (lin-
earised) strain ¢ = e(u) := § (Vu + V'u), which defines a symmetric n x n-matrix.
Let A:B :=tr(A'B) denote the scalar product between symmetric n X n matrices
A, B. For the construction of the counter example we consider a solid consisting of
two homogeneous constituents with different mechanical properties, as studied for
instance in [1, 4]. For constituent k € {1,2}, the elastic energy density is given by

(2.1) Wi (8) == lak (e—ef): (E—¢el) +wp, R

2 sym
and ay, 5{, wy > 0 are material parameters which denote the elasticity tensor, the
transformation strain tensor and the value of the local minima, respectively.
The material can form microstructure which is described by a function d : 2 —
{0,1} which gives the spatial distribution of the two phases. In consequence, the
energy on the micro scale reads

(2.2) W(d, &) := dW,(8) + (1 — d)W(&).

As introduced and explained in [4], the relaxation of the effective elastic energy
functional for d € [0,1] and £ € R2X™ is given by

Sym
(2.3) W((L&) = inf inf ][ W(d
< =d u‘ag =Eex
de{0,1}
where (d) := fQ ydz = IQ\ fQ z)dz. The infimum over d is the result of

homogemsatlon subJect to the constralnt that the volume fraction of the selected
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phase is preset by d, see [6, Chapter 10]. This infimum is taken over functions d
with bounded variation in €2 and values O or 1 a.e.,

(2.4) d e BV(Q; {0,1}),

ensuring W > 0. Due to (2.4), the definition (2.3) is meaningful only for d € [0, 1].
The second infimum in (2.3) is taken over functions @ € H'2(£); R"), where the
condition s = ez has to be read as @(x) = ex for a.e. x € 0Q.

Now we can show the main result which states that the assumption A > 0 in
Theorem 1.5 is essential and cannot be relaxed to A > 0.

Theorem 2.1. Let n < 3 and let (1.1) hold for 0 < X < A. Ifu € H'2(Q) is a
weak subsolution of (1.3) for f € L?(Q), the conclusion of Theorem 1.5 does not
hold true.

Proof. The minimisation problem (2.3) gives rise to an elliptic partial differential
equation in divergence form (1.3) with coefficients in L>°(2), see Eqn. (2.5) below,
where due to (2.4) the ellipticity condition (1.1) holds with A = 0. We will show
that the extension of Theorem 1.5 to 0 < \ contradicts the results in [4].

Using the above definitions, for given dy € [0, 1], eg € R2X"™ and with the abbre-

> s ~ sym
viation d; = d, d = (1 — d) it holds

W(do,e0) := inf  inf ][ AW, (e(@)) + (1 — d)Wa(e(w)) dz
(dy=do U“|oo=¢€o0T
de{o,1} Q
= 1nf inf ][ Z dk ak i) —er) : (e(@) —ef ) da.
( do u\BQ Eox
dc{0.1)

We look at the minimisation problem in @, i.e. for fixed d we consider

][ Jk% @) —el):(e(a) —ef)da
o k=

which we need to minimise over all & € HY2?(Q; R") with @(z) = ggz, z € Q. The
optimal uep¢ is a solution of

2
(2.5) /Z e(Uopt) — 1) :e(¢)dx =0 forall ¢ € Hslyfn(ﬂ R™).

This yields the Euler-Lagrange equation

2 2
div( Z czkaks(u)> = Z am{VcZk, in Q,
(2.6) k=1 k=1
u(z) = o, x €09,

which is a system of elliptic partial differential equations in divergence form with
coefficients in L°°(£2) that locally degenerate.
Next we want to apply Theorem 1.5 to this system of partial differential equa-

tions. To this end, we choose ef' = ¢ = 0 and make the assumptions (Vu)! = Vu
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and ai € Rsg, k = 1,2. This ensures that the system (2.6) decouples and that the
right hand side is zero. Then (2.6) reads

div(zz:dkakVuj) =0 in Q,

(2.7) Pt

1<j<n.
uj(z) = (e0x);, =€ 0Q,

For each j, this corresponds to (1.3) with f =0 and a¥(z) = Zi=1 di ()

If Theorem 1.5 extended to 0 < A, it would hold (uept); (%) = (g0x); in Q for a
weak subsolution (uept); € H?(2) of (2.7). Then also (2.5) would be fulfiled (as
can be seen after partial integration) with e(uopt) = Vueps = o in Q. So we would
obtain

W(do,so) = 1nf ][ de—so godz

de{o 1}
2 ag
= 2750 go Inf ][ dk dx

(dy=do
k=1 def{o,1} ©

(2.8) = d0W1(€0) + (1 - do)WQ(Eo).

Identity (2.8) is in contradiction to the explicit formulas of W(do,ao) forn =2,3
in [4] and for n = 1 derived in the appendix. For illustration, if n = 2, we have

(2.9)  W(do,eo0) = doWi(e}) + (1 — do)Waled) + 5*do(1 — do) det(e} — &}),
where 5* € R and ¢}, € R{57, defined in the appendix, depend in a complicated

sym
nonlinear way on dy, €9 and «ay, see the appendix for details. The formulas (2.8)

and (2.9) coincide if and only if €} =g, kK = 1,2. From &} = &5 we learn
(g — a1)eg = (el —aiel) =0

for all e9 € R, which yields a; = az. These conditions state that there is
no dependence on the microstructure. Concluding, (2.8) and (2.9) are different in
general.

Similarly, if n = 1, we obtain in the appendix equality of (2.8) (with dy replaced
by d and ¢y replaced by e) and (2.13) if and only if e; = e, k = 1,2, which yields
the constraint a; = as. Hence, the two formulas for W are different in general.
The same conclusion can be drawn for n = 3, taking resort to the explicit formula
of W(dmso) in [4]. Hence the conclusion of Theorem 1.5 does not hold in general
when @'/ (z) degenerates. O

APPENDIX

In this appendix we derive the explicit formula for ﬁ/\(d, ) if n = 1. First we
recall the definitions of the regimes in 2D. Let the constant v* > 0 specify the
range of feasible (3, see [2], and let ¢(8,d,e) = —det(e5 — 7). As explained
thoroughly in [2], Regime 0, where there is no dependence on the microstructure, is
characterised by ¢ = 0; Regime I, where there are two optimal laminates of rank I,
is defined by (0, d,e) > 0; Regime III, where two optimal microstructures of rank
IT exist, is defined by ¢(~v*,d,e) < 0; and finally Regime II, where there is a unique
microstructure of rank I, is characterised by ¢(0,d,¢) < 0 and ¢(~v*,d, &) > 0.
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We start from the explicit formula (2.9) in two dimensions and consider situations
where the input data like applied macroscopic strain or the eigenstrains can be
projected to a one-dimensional manifold. In the following we pick data constant
in the y-direction such that e = diag(e,0), eI = diag(ef,0), e = diag(ed, 0) with
e,el el € R. Moreover, we require that the stress aye is a diagonal matrix of the
form diag(-,0). This allows us to assume that Cy 12 = C212 = 0, where we use a
scaled version of the Voigt notation, see e.g. [1], and restrict ourselves to a cubic
material.

Under these assumptions, we will check below that €], €5 are also contained in
the selected one-dimensional submanifold of R2.

Using this fact and the notations and definitions in [1] and recalling ¢(3,d, e) =
—det (g3 — €7), we first prove that Regime II is of no relevance in 1D. Indeed, in
order to compute f;; for Regime II in 1D, we check that

(e7 —&3)(d,e) =0

& (ag — Qe — (1 — d)(aze —ane] ) = (1 — BQ)e + d(azey — ane])
< (012 — 041)8 = (0126‘; — 0&16?).

For a; = as we are in Regime 0. Otherwise we obtain
(2.10) e = (ag — a1) Haged —agel).

By formula (2.10) only ¢ is determined, the other two parameters 8 = ;5 and d
are still free. Thus Regime II does not occur. Furthermore, since rank-II-laminates
cannot occur in 1D, Regime III does not play a role in this case. Hence (* is
identically zero in one dimension.

With * = 0, taking resort to the Voigt notation (see the appendix of [2]), we
show that for £k = 1,2

£i(d. ) = diag(ef, 0)

with
Carie — (1 —d)(Cor1ed — Cy1vel)
2.11 ej(d,e) = : : : ,
(211) 1(d:e) dCi11+ (1 —d)Conn
Ciie+d(Copred — Crael)
2.12 es(d,e) = : : :
( ) 2(d:€) dCi1+ (1 —d)Conn
Indeed,

a = diag(dCi 11 + (1-d)Cs,11,dCh 11 + (1—-d)Ca11,2dCh a4 + 2(1—d)Co 44),

T T T T
oy —1&€7 = (0271162 — 0171161 ,O, 0)

and
Ck,ll 0 0 (& Ck,lle
OLE = 0 Cr.11 0 0| = 0
0 0 2C%,44 0 0
Finally, use
ei(d,e) = 1[a26 -(1- d)(agsg - alslT)},

o
a Yaje + d(azed — arel)).
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From (2.9) we now obtain the formula in 1D

(2.13)W(d,e) = dWi(e}) + (1—d)Wa(e3)
Ciai( 7\ 2 Con1 [ \2
9 (el(d,e)—el) +(1-d) 5 (eg(d,e)—62>
2
dC1,11 ((1_2d)0171161T + (6_(1_d)(€1T+€g))02711)
2 (dOLll + (1—d>02711)2

2
Can1 (01,11(6—d(elT+e§)) + (2d_1)c2,11€g)
2 (dC1a1 + (1-d)Co,11)?

= d

+(1—d)
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