ON DIFFUSION INDUCED SEGREGATION
IN TIME-DEPENDENT DOMAINS

THOMAS BLESGEN*

Abstract. This article is concerned with the derivation and analysis of a model for diffusion
induced segregation phenomena in the physically relevant case that the domain representing the
crystal grows in time. A mathematical model is formulated where the phase parameter is a function of
bounded variation and the equations are completed with the Gibbs-Thomson law. Based on suitable
a-priori bounds, methods from geometric measure theory are applied to derive suitable compactness
properties which allow to show the existence of weak solutions in three space dimensions.
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1. Introduction. Diffusion induced segregation (DIS) processes represent a par-
ticular class of phase change problems in solids that has been widely studied in min-
eralogy and crystallography. Typical of DIS, the segregation only starts after the
concentration of one selected component that diffuses into the single crystal from
outside exceeds a certain threshold. DIS phenomena are very interesting for geolog-
ical applications as the segregation is irreversible and rock samples with DIS can be
regarded as a natural geological clock. One prominent application is the attempt to
estimate the time scale for magma ascending from the mantle of the earth by the
investigation of specimen with the so-called chalcopyrite disease within sphalerite.
Mineralogical experiments on this particular example were first carried out in [5] and
[6] under isothermal conditions. These articles explain conclusively the rearrangement
of the lattice as well as the qualitative mechanism responsible for DIS.

A collection of experiments revealing DIS phenomena is available in [5] and [6],
and the results are compared with geological observations of DIS.

In order to get a better understanding of chalcopyrite disease within sphalerite, a
first phase-field model based on partial differential equations with a modified Allen-
Cahn equation was developed in [7]. More advanced simulations on the related ternary
system of sphalerite, chalcopyrite and cubanite are done in [8]. A general existence
and uniqueness result for the mathematical formulation derived in [7] is contained in
[9]. More sophisticated numerical simulations can be found in [10], where ab-initio
methods are used on a large scale to approximately compute the physical free energies.
The results of the ab-initio computations are validated with quantum mechanical and
molecular dynamics calculations. In particular, the results in [10] provide quantitative
predictions.

As is explained in [7], the mathematical model developed in earlier articles ne-
glects the attachment of sulphur ions which lead to a growth of the crystal during
the experiments. Instead, the domain €2 representing the crystal was assumed time-
independent.

In this article we will close this gap. In the model presented in Section 2, boundary
conditions on the chemical potential are assumed which are close to the physical reality
and which allow the domain to grow. These boundary conditions are connected to
a generalized Gibbs-Thomson law. The rest of the paper is devoted to the proof of
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existence of weak solutions. We follow the ansatz in [2] which is classical by now. In
Section 4, a time discrete scheme is introduced.

We apply methods from geometric measure theory to show suitable a-priori bounds
and to establish the compactness in space and time of the time-discrete solution. The
central argument is Lemma 7.7. In the subset of large discrete-interface velocities its
proof is based on the construction of a Besicovitch-type covering that fails for space
dimensions n > 3. In the set of a small discrete-interface velocity the proof relies on
Bernstein’s theorem which is known to hold for space dimensions n < 8. The other key
argument in the proof is Lemma 6.4 which requires n > 3, see the essential estimate
(6.11). Due to these restrictions, the main lemmata are formulated for n = 3.

We mention that the employed techniques and results are related to the Stefan
problem and the Mullins-Sekerka flow, see in particular the articles [17], [18], [27], [28]
and [24], and also can be transferred to applications in shape optimisation problems.

For h > 0 time discrete solutions are constructed in Section 4 and it is shown in
Theorem 7.4 that for a subsequence Yy, (the characteristic function of a set Qf) and
a function y € L*(Qr, {0,1})

Xh — X in Ll(QT)
as h \, 0. Unfortunately, this does not imply that
IVxu| = Vx| in rea(Qr).

Therefore we require the following technical assumption (8.1),

(8.1) / V] — / Vx| ash\O,
Qr

Qr

which is needed to prevent a loss of area when passing to the limit. Condition (8.1) is
not new. In connection to the Stefan problem with Gibbs-Thomson law it was stated
before in [18]. The condition (8.1) can also be found in [1].
In general, (8.1) does not hold and is violated because of the following concentra-
tion or oscillation effects at the reduced boundary.
1. Several parts of the boundary 0*Q}f meet in the limit.
2. Oscillations of the boundary reduce the area in the limit.
One possible way to avoid the condition (8.1) is to construct varifold solutions. For a
two-phase flow described by the Navier-Stokes equations this has been done in [21].
Finally we remark that for the investigated mathematical system we cannot expect
the uniqueness of solutions. The reason is the same as for the Stefan-problem with
Gibbs-Thomson law, see [17] for a proof.

2. Derivation of the Model. Let 2 C R™ be a box chosen large enough such
that for times 0 < ¢t < T with given stop time T > 0 a time-dependent set of =
QL (t) C R™ is contained in Q. For the proof of existence of weak solutions we will set
n = 3. We assume that € is a bounded domain with Lipschitz boundary. We call the
set QL (t) the inner domain as it represents the growing crystal at time ¢ surrounded
by a second copper rich mineral. This second phase occupies Q! := Q\ Q! which we
call the outer domain.

We introduce the two space-time cylinders Qr := Q x (0,7, Q4 := Q! () x (0,T),
and by 6 > 0 we denote the constant temperature.
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We introduce for 1 < i < 4 functions n; : Q7 — N which determine the number
of lattice positions in (7 occupied by species ¢. The n; are related to the species by

ni...F3T ng . Fe*t ng...Zn®T, ng...Cu'l.

Similarly, by n, we denote the number of vacant lattice positions.

We point out that even though the crystal grows due to the attachment of sulphur
ions, the mathematical model does not require a variable for the sulphur concentration.
This is because the attachment of S2~ is a consequence of the oxidation of Fe leading
to Shottky defects in the crystal. This is explained in detail in [9].

We introduce the vector m = (my, ..., mas), where

Uz (xa t)
4 ’
D j=1 (@) + ny (2, t)
is the number density of the i-th constituent in 7. We assume that we have a perfect
crystal without impurities such that no further constituents need to be considered.

The variable ms specifies the electron density. The condition of electric neutrality
leads to the formula

1<i<4

m(x,t) ==

(2.1) ms = 3mq + 2mso + 2ms3 + my — 2.

The coefficients of m; in (2.1) refer to the positive ionisation of the i-th constituent
and 2 is subtracted in the formula due to the attachment of S~ ions.
In QIT the free energy density is given by

fr(m) = kge{gmilnmi—l— (1 _Zmi) In (1 _Zmi)}

=1 i=1

4 4 4
i=1

i=1 j=1

The matrix A := (a;j)1<i,j<4 is symmetric and positive definite with constant coef-
ficients, (3; are positive enthalpic constants and kg denotes the Boltzmann constant.
The first term ), m; Inm; in (2.2) is the entropic contribution to the free energy as
it counts all possible configurations with given vector m. The second summand with
coeflicients o;; = oj; measures the elastic energy, i.e. «;;m;m; is the contribution
due to the interaction of ion ¢ with ion j, see [7] for further details.

For the free energy of the outer phase and for given small § > 0 we make the
ansatz

4
(2.3) fH(m):kBH[Zmilnmi—(ln(5+1)2mi]
i=1 i=1
The chemical potential of the i-th constituent fulfills for 1 < i < 4, see (2.13) below,

_Of1 _Ofr

B 67711 o 6ml

(2.4) i (m) in Qf, i (m) in Q.

Ansatz (2.3) is chosen such that p; = kpfIn(m;/d) and p; is positive in Q! for m; > &
and i =1, 2.
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The oxidation process Fe?*+e~ < Fe? in QL is formally modelled as a reaction.
The reaction vector r! in Q! is given by, see [15] for a general explanation,

(2.5) rl = (r{,—r{,0,0), ri =7ri(m) = kima — kams

with positive reaction rates ki, kso.

The conservation of mass leads to the formulation dym; = —div(J;) + ri(m).
Onsager’s postulate, [19], [20], states that the thermodynamic flux J is linearly related
to the thermodynamic force. In our case the thermodynamic forces are the negative
chemical potential gradients, and we obtain the phenomenological equations, see [16]
p-137,

4
(2.6) Ji=—=> LyVp;, 1<i<4,
j=1

with a mobility tensor L = (L;j)1<; j<m that may depend on p. The Onsager reci-
procity law, [19], [20], [16], states that L has to be symmetric which we assume in the
following. To simplify the existence theory we will further assume that L is positive
definite.

The coefficients of L depend on the domain as L = LY in Qf and L = L in Q7.
The diffusion rates measured for Cut and Zn?* are of the same order and are about
1000 times larger than the diffusivities of Fe3t and Fe?*. Mathematically, we look at
an idealised situation where we set ij] := 0 for ¢ # j (this means no cross diffusion)
and LI LIl ~ ¢ and LI LIl ~ é For small € > 0 this gives rise to the boundary
conditions on 90!

4
(2.7) - Z ij(,u)v,ujﬁ = m,v fori=1,2,
j=1

(2.8) i = @i for i = 3,4.

The parameter v denotes the speed with which the interface moves outward, 77 is the
unit outer normal to Qf and Y1, Yo are two given constants invariant in time and
space.

We have the diffusion equations

4
(2.9) Oimi = div( Y L Vi) +ri(m) i @,
j=1
(2.10) Oym; = div (LfiIV,ui) ) in Q1.

Experimentally it is observed that the outer domain only contains a very small amount
of Fe3t, Fe?t except in a small strip near /. To ensure this condition for the
mathematical system if the free boundary 90! N 9N moves inward, i.e. if v < 0, we
make the ansatz

1
(211) TII(M) = _;(M17M27070)a

where 7 > 0 is a small constant related to the thickness of the Fe-containing strip
close to Q.
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The model is formulated for small positive parameters v, é and €, but we will show
in Sections 5 and 7 that the existence theory remains valid in the limit v, d,¢ \, 0,
see in particular the assumptions (A1l)-(A4) below on the time-discrete problem.

We postulate that the set Qf := Qf(t = 0) has finite perimeter. For the charac-
teristic function x(-,0) : © — {0,1} of Qf(t = 0) this means

[ 19t =001 = [t = 0o < oc.
Q

The condition [|x||pv(q) < oo means that x is a function of bounded variation in €,
see [29], [30]. The symbol H2(Q) C L?(Q2) denotes the Sobolev space of functions
with first weak derivatives in the Hilbert space L?((2).

We consider a physical system with surface tension, so the total free energy F' is
given by

212 Feem = [19x+ [ o [ (i + 0= 0siw)
Q ont Q

Here, ff(p), fi;(1) are the Legendre-Fenchel transforms of fr(u), frr(x) defined by

fi(p) = Sip{u -m — fr(m)}, fri(p) = sip{u -m — frr(m)},

In these definitions, - denotes the inner product, i.e. u-m = Z?:l wiym;. If there can
be no ambiguity, we drop - and simply write pum in this article.

The use of f; and f}; exploits duality properties of the problem and allows to
formulate the free energy F' as a function of u and not of m. The Legendre-Fenchel
transformation is a frequently used tool in mechanics and originates from convex
analysis. A general reference to the Legendre-Fenchel transformation are [23] and [3].
In the context of diffusion problems, the ansatz (2.12) goes back to [4].

The mathematical description of the system is completed with the condition

(2.13) F(x, 1) — min,

where p is fixed and fulfills the constraints (2.9), (2.10) and the minimum is sought
for x € BV(;{0,1}). When restricting to smooth deformations of 9Q!(t), the sta-
tionarity of F' with respect to characteristic functions x € BV (€;{0,1}) for fixed p
leads to the Gibbs-Thomson law

(2.14) H+v=f;(p) — f1 (1),

and H is the mean curvature of the interface Q7 (¢). Below, (2.14) is replaced by the
weaker condition (W2) that requires less regularity on x.
The vector m is obtained from p by the splitting

(2.15) m=xms+ (1 —x)myr,

where the mass vector my in the inner domain Q'(¢) and the mass vector m;; in the
outer domain are determined implicitly by

_on
B=om
The free energy densities f; and f;; are strictly convex functions, so (2.16) is mean-

ingful. The decomposition (2.15), (2.16) is essential for the further understanding of
this article.

(2.16) %f a

(my) in QF(t), u:—m(mu) in Q\ Q(¢).
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In summary, we are concerned with the free energy minimisation (2.13) under the
constraints

(2.17) 9y (xm) = div(xL! (1) V) + xrt(m) in Q,¢ >0,
(2.18) 9((1 —x)m) = div((L = )L (1) Vi) + (L = x)r' () in Q>0

with 71, rl given by (2.5), (2.11), where m(t) fulfills (2.15), (2.16), and equipped
with the initial conditions

(2.19) x(,0)=x0 inQ,
(2.20) w(+,0) = o in Q.
The equation (2.20) also determines m(t = 0) with (2.16). Motivated by (2.7) and

)
(2.8) the functions of initial data yo € BV (2) and puo € H'2(2) must fulfill the
compatibility conditions
(2.21) por = po2 =0  in {x €N ‘ dist(z, Q1 (t = 0)) > \/E},
(2.22) tos =3, pos =14 inQ\QI(=0),

where 13, 14 € HY2(Q\ QL(t = 0)). As the free energy in the outer phase depends
on the parameter § > 0, we demand that for a constant C' independent of §

(2.23) / frr(m(t=0)) <C uniformly in 6 > 0.
Q\QI (t=0)
The system is subject to the boundary conditions (2.7), (2.8) and

(2.24) pi=0 fori=1,2 on 090 x (0,7,
(2.25) Wi =; fori=34 on 002 x (0,T).

For later use we want to introduce some notations. Let

/j/N = (N17M2)7 /’LD = (/1/3’/1/4)~

The vector m is decomposed in m”, mP accordingly.

We define f IL}’*(mN , 1) as the partial Legendre-Fenchel transformation of fr(m)
with respect to m, that is

D,
17 1P 1= sup {uPmP = frr((m™,mP)) .
m
Due to the form of fr; we may write
£D % D,x
Ii1 (vaﬂD) = frr (UD) - fzj\ll(mN)a
where we introduced the functions
2

2
i=1

=1
D ,x
fir (WP = sup {quD — fﬁ(mD)},

m

4
D D = ;11 il-
FP(mP) : IfBH(iz_;mzl m)
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As a prerequisite to the existence theory we remark the validity of the second law
of thermodynamics, which in the isothermal setting reads

d
°F <0.
o (o m) <

For a direct proof of this inequality see [9]. So it holds

0 [ [xtfutm) = mp) + (1= )(fr(m) ~ me)] = 0, [ (9 +0u [ o

Q Q ol
220+ [ (L + @=L )Tk = [ G m) + (L= 0r ()
Q Q
We remark that in (2.26) it holds
(2.27) —/Qr,u = /Q(X’I“I + (1 —x)rHu >o.

Physically, - fQ ru is the production of entropy due to chemical reactions.
In order to show (2.27), we compute with (2.5)

4

(2.28) = ol =r{(p2 — ) = qr(r{, ma) + g7 (1", ma),
=1

where

qr(rf,mo) = k30|:(k1m2 —rH)n (1 - /ﬁTTlIrL2> + rﬂ,

g (u,ma) == kyma [uz — 1+ kBQ(eXp (Mlk;é@) — 1)}

The function ¢} denotes as above the Legendre-Fenchel transform of g;. We can check
elementary that the functions ¢; and ¢} are non-negative which proves (2.27).
Motivated by Equation (2.11) we define for further use (see (2.26) and (4.3) below)
1
* (oNy._ _ Lt N2
arr(p™) 27\# .

With (2.28) we have found a general formulation for the reaction terms based
on duality. We remark that Condition (2.27) can also be derived from an Arrhenius
ansatz for the reaction rates, see [9], [11].

Integrating (2.26) with respect to time we get the a-priori estimate

sup |Vx(t)] + / (LY (1) + (1= X)L (1)) Val? — / ot (m) + (1 — ) ()
te(0,T)

T Qr
w[ [ o< [(xhtm+ 0= 05uom)e=1)+ [mo)e - [mm)
0 801(t) ) Q Q
(229) ~ [ (xtutm) + (= gua(m)) ¢ = 0)

Q

Since frr(t = 0) is bounded due to Estimate (2.23) we get the boundedness of the
right hand side of (2.29). As L, LI are positive definite, we obtain estimates for the
functions x, p and velocity v. These estimates will be improved later.
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3. Weak solutions. We want to shortly specify the class of solutions we are
looking for. We call the triple (m, u, x) a weak solution of the system (2.17)-(2.25)
if (2.13) holds, m = m(u) is given by (2.15), (2.16), and if (u, x) solve the following
weak formulations (W1)-(W3):

(W1) For all £ € CL([0,T] x Q; R?) with £(T) = 0 it holds

~ [mane == [t vave+ [rrime+ [xie=0m(e=oje=0).
Q

Qr Qrp Qr

- / (1— )mdyé = — / (1— )L () V Ve + / (1 — ) (e

Qr Qr Qr
+ /(1 —x({t=0))m(t =0)¢(t =0).
Q

(W2) For all ¢ € C*([0,T] x Q; R?) with ¢ =0 on dQ x (0,T) it holds

[ (e - Tve LYo+ [ ucvx= [ sinm - 1 )evx

QT QT QT

(W3) For all £ € CH([0,T] x Q; R) with & =0 on 92 x (0,T) and &(T) = 0 it holds

[+ [xopgo == [ oo

Qr Q Qr
In [18], further explanations can be found concerning (W2) and (W3).

4. Time discrete scheme. For fixed h > 0 we consider in 2 the time-discrete
scheme

X(Om(t) = x(t = Bym(t — ) = hdiv[x(t — B)L (u(t — k) Va(t)]

(4.1) +x(t = h)hr! (m(t)),
(1= x@)m(t) = (1= x(t = h))m(t — h) = hdiv[(1 = x(t = h)L" (u(t = h))Vu(t)]
(4.2) +(1 = x(t = h)hr' (u(t)).

This is an implicit time discretisation except for the coefficients L’ (), L' (1) and x
that are treated explicitly. Also we wrote u(t) shortly for p(x(t)) and set x(t) := xo,
m(t) :==m(t =0) for —h <t <0.

For given x(t — h), u(t — h), let the discrete free energy functional be given by

Fu(x(t), ult))= / Vx(t)] + / st 090 (+ — / mit —h

QI () AQL (t—h)

+ / (X017 () + (1 = X(0) f71(u(8))]

Q

+h/ (t=B)E (Ot =)+ (1= x (=) L Gl (1)) | [ V()2

Q
(4.3) +/X h)hai (u™ (t), ma(t)) — /(1 = X(t = h)har (1" (1))
Q

Q
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Here we used the notation AAB := (A\ B)U (B \ A) for the symmetrised difference
of two sets A and B.

We construct the time-discrete solution x5, € L>(0,T; BV (£2;{0,1})) in the fol-
lowing way. Let T' = hN. At time ¢t = 0, Q/(¢ = 0) and yg are given. For discrete
time values t = kh, k = 1,..., N, the function x,(¢) with up(t) = pp(xn(t)) fulfilling
the constraints (4.1), (4.2) iteratively solves the energy minimisation problem

(4.4) Fpn(xn(t), pp) — min

in the class BV (Q;{0,1}). The discrete mapping my, is computed from xp, pp with
the help of (2.15), (2.16). We continue yp, to arbitrary ¢ € (0,7 by setting

xn(t) == xn(kh) for t € ((k — 1)h, kh].

We introduce the discrete velocity of the interface by
1 I
(4.5) vp(x) == Edlst(a:,ﬁﬂ (t—h)).

The following lemma is a modification of an argument which was used (but not proved)
in [18].

LEMMA 4.1 (Weak mean curvature equation). The minimum (xn, tn) of Fh
satisfies the weak mean curvature equation

[ (vt w2 1V [ 000V = [ (Firton () =1 n00) ) Ve
Q Q Q

for all ¢ € CL(Q; R3).
Proof. We compute the first variation of I}, with respect to deformations of Q7 (¢),
i.e. we compute

d
£Fh(Xh 0 Cs ftn(Xn © Cs))‘

s=0

for all ¢ € C§(2; R3) with (o(z) = @, 9s¢s(z) = ((¢s(x)). With xp, := xn(t) we obtain

] (v w2l [Tt [ (67 o)~ Firon () ) Ve
Q Q

Q
= */mhchr/mh(f*h)Mc
Q Q

+h /div [(xn(t =) L Oen (=) + (L= xn(t—=R) L (i Cen (= 1)) ) W an ()

Q
[ (e = et )+ (0= xn e = W) )
Q

where fi¢ := pr(xn(C(¢s))). As the right hand side is zero, the lemma is proved. 0
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5. A priori estimates. In this section we show a-priori estimates for the time-
discrete solution. Together with the compactness results they are the main ingredients
for the existence proof.

Generically, we denote by C' various constants that may change from estimate to
estimate.

LEMMA 5.1 (A-priori estimates for the time-discrete solution).

(i) The following a-priori estimate holds:

T

1 . 1
swp [ Val+ oy [ [ dseonie-m) - o [a- e m) P
te(0,T) Y

Q 0 QI(H)AQI (t—h) Qr

[ (e = WL Gun (e = 1)) + (1 = (e = D Gncnt = 1) 9 G
Qr

6:1) = [ (unuCm 1) s ) ) =) [ (s o (1) i (mi)) (0).
Q Q

(i1) For the chemical potential and the time derivative of m it holds:

(5.2) / it — W) Van(®)? < C,
Qr
(5.3) / (1= Xt — )|V () < C=,
Qr
(5.4) / (1— xu(t — W) VEP () < s,
Qr
(5.5) / (1= xu(t — W) () < O,
Qr
(5.6) / Ird Il o < C-
Qr

Proof. (i) Due to the minimality of (xp, un) with respect to Fy, we have

(5.7) Fr(xn(t), pn(t)) < Fa(X,un(x))  for all Y € BV(Q;{0,1}).
When choosing X := xp(t — h) in (5.7) we find

/|Vxh(t)| + %dist(-, 0t —h)) + /mh(t — M) pn(xn(t))

Q QI (t)AQI (t—h) Q

—/ {thl(mh(t)) + (1= xn(®) frr(mn(t)) — mh(t)uh(Xh(t))]

Q

[ [ (= RYL o (e 0)-+ (1= 00 (=)L et ) | e (6
Q

+h/xh(t = h)a; (py (xn (1)), mn 2 () — h/(l = Xu(t = h)air (k' (xa(?)))
Q Q
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< [ 193t =11~ [ [xalt = 0 im(e = 1)+ (1 = xale = W) frsmae — 1)
Q Q

+h/ {Xh(t*h)LI(ﬂh(Xh(t*h)))Jr(1*Xh(t*h))L”(uh(Xh(t*h))) |V (x (E =) 2
Q

+h/xh(t—h)q}‘(uiv(xh(t—h)%mh,z(t—h)) - h/(1—xh(t—h))Q?z(MhN(xh(t—h)))~
Q Q

We rewrite this and first observe that g7, ¢ > 0, ¢7; < 0. Additionally,

- / X (®) Fr(mn (£)) — X (t — B) fr(mn(t — )

(L= xn@®) frr(ma(t)) — (1 = xn(t = h)) frr(mn(t — h))

D (®) (F1ma(0) = F1ma (=) ) + =) (L1 (ma (8) = Frs(mn (=)

RO xn (8) (f1mn(t = B)) = fro(mn(t = b))

D\ D\ D\ 2

The second integral on the right is non-negative due to (4.4). The first integral on the
right, from the definition of the chemical potential u, can be estimated from above by

—/Hh(Xh(t))mh(f —h).

Q

With this result, Fp,(xn(t), pn(t)) < Fr(xn(t — h), pr(xn(t — h))) finally becomes

1 . 1
o [1val+qs [ distone—m)+ o [0 - m) P
Q QI (t)AQI(t—h) Q

4 [ (e = W nen = 1))+ (1= e = )L G Gene = ) [V () P
Q

(5.8) < 3?(/th1(mh)) +/(1 —Xh)fn(mh))-

Integration in time proves (i).

(ii) This follows directly from (i) and (4.1), (4.2). O

6. A density lemma. Now we show a density lemma that establishes a strong
geometric property of the sets Q7 (t).
LEMMA 6.1. For any p € HY2(Q;R*) it holds

I £7r() = f1 ()l ary < Ifrllzeeo,myxre) + 111l Loe((0.7) xR -

Proof. Directly from the definitions of f; and f;; we see

fir(pw) — f1(p) = S}%p{m = frr(m)} — S}%p{m cp— fr(m)} < fr(m) — frr(m).
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The analogous estimate of f () — f; (1) gives

171 () = f7 (Wl < [ frllnee + [ frrllnee

which proves the lemma. 0

We recall the following results from geometric measure theory. For a proof see
for instance [29], [13].

THEOREM 6.2 (Trace Operator in BV). Let Q C R™ be an open bounded set and
OQ Lipschitz. Then there exists a trace operator tr : BV (Q) — LY(99,dH"™1) such
that for given f € BV (Q)

/fdiwp = —/(,0 -Vf+ /tr flo-m)dH™ ! for all o € C*(R™,R™),

Q Q [5}9]

where T is the unit outer normal to 0. Furthermore

lim (g_" / |f(y) — tr f(x)\dy) =0 for dH"™' — almost all z € 0Q.
o0
B, (z)NQ2

If £ CcC Qis an open set with Lipschitz boundary, then fjr € BV(E) and
fioE € BV(Q \ E) have traces on dE. In the sequel we write fz := tr(f|g) and
fi= tr(f‘Q\E). We remark for later use the equality

(6.1) 15z = et = [,

OF OF

Finally, by xg we denote the characteristic function of a set F.
THEOREM 6.3 (Isoperimetric Inequalities). Let & C R™ be a bounded set with
Xa € BV (R™). Then it holds

R'ﬂ R'VL
(& ﬁ n
(6.3) min ( XQ ( / XQ> } < C(n) / [Vxal for all By(x) C R",
By () By (x) By ()

where vy, = nwj and wy, := L™(B1(0)) are dimensional constants.

Now we show the following geometric property of the sets QF (t):

LEMMA 6.4 (Density Lemma). Let k1 := 55 and let x,(t) be a minimiser of
the functional Fy,(xn(t), pn(xn(t))). Then for all x € 0N (t) and for all ¢ > 0 which
satisfy

(6.4) 0 < —= s

203 ([ f1lles + 1zl + h7H[dist(-, O (¢ = h)) [ Lo 1 1y a0 (t-1)))
it holds
(6.5) w1 <wglo™ / Xn(t) <1— k1.

By (z)
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Proof. (i) Estimate from below.

Let 2 € 99 (t) and ¢ > 0 be given which satisfies (6.4). Recall that xqr(;) = xn(t) and
recall the notions X:, X, introduced after Theorem 6.2. Consider generally {2 C R".
First we show that Q! () N B,(x) consists of only one radial component, i.e.
(6.6) / X, dH" ! + / XpdH"™ >0  forall0 <7 <o

OBy (x) OB, (z)

Assume (6.6) does not hold for a radius 7 € (0, ). We use (5.7) with X := xqr )\ B, (2)
and find

. 1, ..
[0l = [1951< [ Fldistle, 0907 = 1)1 0000

Q Q B, (x)

[ (Sl Oa®) = 57 6O ®) )10

By(x)
(6.7) < / C1(h)xn (1),
By(z)
where led by Lemma 6.1 we introduced the constant
C1(h) = [Ifrllee + 1 frrllpe + b7 |dist(-, 01 (t = )| o< (1 )y a2t (1-n))-

Now we use the equalities

/|VXQI(t)ﬂB,.(z)|: / IVxarwl + / XardH"

R B, (x) OB (x)
/ VX )5, @) = / Vx| + / Xapr @™
R R\ B, (z) OBy (x)

and the isoperimetric inequality (6.2) to conclude

[ ctrxon= [xaol= [ Wxael- [ e
) R

B, (z R"\ B, (z) OB, (z)
= [ Wwol- [ e
B, (x) OB, (x)
_ + n—1 - n—1
—/|VXQI(t)ﬁBT(a:)|_ / XQI(t)dH - / XQI(t)dH
R” OB, (z) OB, (z)
> ’Vn( / XQI(t)) t— / ng(t)dH"_l - / X&I(t)d'}‘ln_l.
B, (z) OB, (x) OB, (z)

Since we assumed that (6.6) is false the last two boundary integrals on the right can
be estimated from below by zero and we end up with

mzam( [ o) <amwie
B, (x)
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This is a contradiction to (6.4), so (6.6) is proved.
A similar technique is now used for proving the bound from below in (6.5). This
time we use in (5.7) the comparison function

X = XQI(t)\(B§+U(:E)\Bg (z))

50

with 0 < o < £. Let

V(o) = £"(21(t) N (By 1 (2) \ By ())):

With this choice of ¥ Equation (5.7) yields

(6.8) / Vx| - / V] < CL )V (o).

Q Q

Similar to above we have the identities

/|VXQI(t)ﬁ(B%+G(w)\B%_d(z))‘ = / |VXQI(t)| + / Xéf(t)dHn_l
R™ B§+a(m)\B§—a(‘r) 8B%+U(r)

+ / N dH"

83570(.’16)
/\VXQI<t)\<B%+U(x)\B%,c,m)\ = / Vxarol+ / Xy @
R R\(By ., (D\By_,(@) 0By, @)

+ / XarndH"

9By, ()

With these two equalities and (6.8) we compute with (6.2)

Cr(MV(0) > 1V (o)™ — / XarpdH" ™" = / Xy (o @H" ™!
8B%+O_(ZL’) 83%76(13)
(69) — / Xgl(t)danl _ / X;)I(t)dHnil
aB%+a(fL‘) 83570(36)
n— d
(6.10) =7, V()" — 2V (o).

The last equality holds for almost all 0 < o < £.
From the definition of V(¢) and the upper bound (6.4) on ¢ we directly find

. Vo
V(o) Swnd” < oG

implying at once

Ci(h) < — I
W= e
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Using the last inequality in (6.10) finally shows the crucial estimate

d Yn n—1 Yn n—1 Yn M — 2 n—1
. —_— > —_— n —_— — n = — n .
(6.11) dUV(U) V(o) V(o) 5 7 1V(U)

We integrate (6.11) from 0 < o < . We see directly
54
| Voo =vier-vor= [ .
0 g
By()
For n = 3 the integration of (6.11) therefore yields
w
/ Xn(t) > 4—5’93 = mwz0’,
By (x)

which proves the lower bound in (6.5).
(ii) The upper bound in (6.5) can be derived in the same way as in (i) by replacing
QL (t) by its complement. Obviously,

/|VXQI(t)| :/|VXR"\QI(15)"
Q Q

Now we consider minimisers ¥ (t) of Fj,(¥, fi(X)), where the functional F}, is defined
as F, in (4.3) but with x being replaced by 1 — x and 1 — x being replaced by x.
Then we redo the proof of (i), now for the functional Fj,. We obtain

w;lgf" / xn(t) <1—ky.
Be(w)

This shows the bound from above in (6.5) and ends the proof. |
COROLLARY 6.5. Let xp := xqi(t) be a minimiser of the functional Fy(x, pu(x))

and let kg := 2% Then for any o > 0 and any pair (z,y) with x € 0QL(t), y € B,(x)
and
1.,
(6.12) [ f1llzee + Il frrllLoe < Edlst(yﬁﬁl(t —h))
it holds
Ko <wzlo™® / xn(t)  ifxeQI(t)\ QN (t - h),
By (z)
wyto™ / Xn(t) <1— ko if v € QI (t—nh)\ QL(t).

By ()

The assertion remains valid if the assumption x € 00 (t) is replaced by x € €.
Proof. The proof is again similar to the proof of Lemma 6.4. Let ¢ > 0 satisfy
(6.12). First we consider the case x € Q!(t) \ Q!(¢t — h) and show that (6.6) holds.
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First consider generally Q C R™. We exploit (5.7) with x := XOT O\ B, (2)° Assuming
that (6.6) is violated for a radius r € (0, ¢) we obtain analogous to (6.7)

(6.13) [vwol- [1vd1< [ ctnats <o
) Q B/ (x)
where we have according to (6.12)
1.
Co(h,y) = | frllLe + || frrllLe — Edlst(yaaQI(t —h)) <0.

From (6.13) and (6.2) we conclude

n—1

Vn( / XQI(t)) ! <0,

By()
a contradiction.
The analogue to (6.9) is
n—1 — n— - n—
V(o) = / (Xar o) + Xy ) 1" = / (o) + Xy ) M <0
0By, (@) 0By _, ()

and from that we can proceed as in the proof of Lemma 6.4.

The other case z € Qf(t — h) \ QL(¢) is treated alike by considering the functional
F on the complementary set (Qf(¢))C. 0

COROLLARY 6.6. Under the assumptions of Corollary 6.5 there exists a constant
C independent of h such that for all o >0

(6.14) [ ul=ce
Be(w)

Proof. The proof is analogous to Corollary 6.5. Let € QI (¢)\ Qf(t —h). We use

(5.7) with x := ar\a—n: With Condition (6.12) we find
/ |VXQI(f)| < / X;;I(t)dH27
By () 0B, ()
therefore

/ Vxar (] < H2(OB,(x)) < Cc.
Be(z)

The other case z € Qf(t — h) \ Q1 (¢) can be proved in the same way. 0

The model (2.17)-(2.25) was formulated for small positive parameters v, 6 and
€. As will become clear in the sequel, the existence theory remains valid if v = v(h),
0 = d(h) and € = e(h) are functions that tend to 0 as h \, 0. The convergence of
the discrete solution to the limit problem can be ensured provided the following three
conditions are met:



DIS IN TIME-DEPENDENT DOMAINS 17

The functions §(h) > 0 and £(h) > 0 fulfill
(A1) limp o hz In(8 (h)) =0,
(A2)  limpo(8(R)e™" (h) =0,
(A?)) limh\o(h4€ 4(h)) 0
(A4) limp o(h3e~1) = 0.
Now we can formulate an estimate on the discrete velocity of the interface.
LEMMA 6.7 (L°°-bound on the discrete velocity). For any h > 0 there exists a
positive constant C' independent of h such that

1 1
S dist(-, 0Q(t — h H Ch—3
Hh ist( ( ) Lo (QI (£)AQI (t—h)) <
uniformly in time.
Proof. Without loss of generality we restrict to the case x € QI(t) \ Q/(t — h).
The other case z € Qf(t — h) \ QI (t) is treated correspondingly.
The proof is done by contradiction. Assume that there exists a x € 9Q(t) such
that

1
(6.15) - dist(z, O (t—h))>1h"2  forallleN.
We use again (5.7) with X := xqr )\ B, PRORS find
5 n
N 1

/|vx| —/\VXQI(M > / Laist(, 00 (1 — )

Q Q QONBy ()
(6.16) = [ (s + Mol Jxarco:

The left hand side of (6.16) can be estimated from above,

/|VXQI(t)\B%\/E(x)| —/|VXQI(t)| =- / IVxarm| + / Xeyr 1y @H"™ !
Q Q

< H" (0B, /() = n(%@)nﬂwn.

By Assumption (6.15) the last estimate applied to (6.16) yields

éh_% / xar) < n(é\/ﬁ)nilwn + (HfIHLoc + ||fHHL°°) (é\/ﬁ)n

From Assumption (A1), it follows that Condition (6.12) is fulfilled. For n = 3 we
apply Corollary 6.5 and find

() =5+ (e i) ()

This is a contradiction for sufficiently large . 0
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LEMMA 6.8 (Improved density lemma). Let xp,(t) be a minimiser of the functional
Fy,(Xn, pn(xn)). Then there exists a constant C independent of h such that for all
0> 0 with o < CVh

(6.17) k1 <wslo? / Xn(t) <1—k1 for all x € Q' (t).
By()

Proof. This follows directly from Lemma 6.4 and Lemma 6.7. O

7. Compactness properties of the discrete solution. We proceed with com-
pactness properties of the time-discrete solution xp,.

LEMMA 7.1 (Compactness in space). For every unit vector e € R® it holds
uniformly in h

(7.1) i [ o+ se.8) = (. 1)] = 0
s\,0
Qr

Proof. The claim follows from the a-priori estimate (5.1) after observing that

[ixe+se=xi<s 19y
Q

Q

for arbitrary functions x € BV (Q). d
LeMMA 7.2 (Compactness of xp, in time I). There ezists a constant C' such that
the discrete solution xp satisfies

T—1
/ /\Xh(:c,t+7')th(:c,t)| <ecr for any 7 > 0.

Proof. First we consider the case 7 = kh for k € N. Writing the integrand as a
telescopic sum we see

T ‘X}L(l‘,t+7')*)(h(l’,t)‘
/ /
0o Q

o k

/Zm 1) —xn (a4 (1= 1))

=1

k
/Zh " (@, t+1h)| //|8 Xn(z, 1)

0o O =

IN

T

/
/

=

Consequently the proof is finished if we can show that

(72) [10:7a - S04 (HR) A (5~ )] <
k=1

Qr

for a constant C' which is independent of h. In order to prove (7.2) we notice
QLOAQ (t—h) C {w e QL (H)AQ! (t - h) ’ dist(z, 9Q(t — h)) > clh}

U{x e QL)AL (t — h) ‘dist(x, AQ(t — h)) < clh}
= El(t) U Eg(t),
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where ¢; is a small positive constant. It remains to shows that the sets Fj(t), Ea(t)
for t =lh and 1 <1 < N are bounded. For F;(t) we have as a consequence of the
free energy inequality (2.26)

1

B ()] < / dist (-, (t — 1))
201
QI(t)AQI(t—h)

< hath[/ (thl(mh) + (1 — Xh)fu(mh)ﬂ (t).
Q

Discrete integration in time gives
N
S 1B < [ (udilmn) + (1= x0) fualme) ) (¢ = T)
=1 S

—/ (thl(mh) + (1 - Xh)fII(mh))(t =0)<C.

Q

In order to show that F(t) is bounded, we cover Es(t) with a family B of balls with
radius 2c;h and center points x € 9Q!(t — h). The Besicovitch-Covering-Lemma
assures that the covering can be chosen such that any point in Es(t) is contained in
at most M different balls in B, where M € N is a fixed number.

With the help of the Density-Lemma 6.8 we see that there exists a constant ¢ > 0
such that

2 2
(7-3)/ Xal (Aol (i—h) < w30 < czomin {( / XQI(tfh)) % ( / X]RL"\QI(tfh)) ’ }
B(=) B, () By(z)

The right hand side of (7.3) can be bounded with the help of the isoperimetric in-
equality (6.3) which proves

/XQI(t)AQI(t—h)SCQQ / IVXar—n)l-
BQ(‘T) Be(w)

This estimate holds for each ball B € B and the union over all elements of B yields

|Ea(h)| < cres Mh / VX (et -
Q

After summation we get

N N
S 1B < Y- cah [ 19xar@-am| <€
=1 =1

The generalisation to arbitrary 7 € (0,7) is straightforward. O
LEMMA 7.3 (Compactness of xj in time IT). The discrete solution xy, fulfills

/ Ixn (@t +7) — xu(x, 1) < Cr3
Q

forallh <7 <T—t.
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Proof. Assume that 7 = kh and t = mh for k,m € N. As in Lemma 7.2 we
conclude

k—1

[ xatat+m) = a0l < [ b, 4 1)8) = o, (m o+ )
Q Q =0
k—1
= ST 19 ((m + 1+ DR)AQ ((m + Dh)).
=0

Therefore it is enough to prove

E
—

(NI

Q1 ((m + 1+ 1)h)AQ (m + 1)h)| < Cr2.
l

Il
=]

Here we consider the decomposition
QlOAQ (t—h) C {x e QI (H)AQ! (t—h) ’dist(x,@Q(t—h)) > %h}
U{x e QL) AQ (t—h) ‘ dist(z, 9t —h)) < %h’}

where co is the constant of (7.3). The proof follows like in Lemma 7.2 where we can
invoke Lemma 6.8 with o = %h%. We obtain

o
=

[N

1 ((m + 1+ DR)AQ ((m + 1)h)| < e2h® < CT3.
l

Il
o

The generalisation to arbitrary 7 and ¢ is straightforward. O
THEOREM 7.4 (Compactness of xp). There exists a subsequence of xn and a
function x € L*(Qr,{0,1}) such that

For almost allt € (0,T) the function x(t) is in BV (Q) and is a characteristic function
of a set QI (t) C Q. Additionally, we have the convergence of the Radon measures

Vxn — Vx in rca(dr).

Proof. This is a direct consequence of the compactness properties established in
Lemma 7.1 and Lemma 7.2. O

LeMMA 7.5 (Estimate of the discrete velocity I). There exists a constant C' such
that for sufficiently large speed s

lon|| Vx| < Cs™h.
{lvn|>s}NQr
Proof. We restrict the proof to the case z € QI(t) \ Q! (¢t — h), the other case
z € QI (t—h)\ Q(¢) can be proved accordingly.
Let t = kh with k € N. For given s > 0 we fix [ € N and consider those z € 90! (t)
with z € 9Q1(t) N {2!s < |up,| < 21H1s).
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We cover the set
a0 (t) N {z €0 ‘ ols < o (z,1)] < 2”15}

with a family of balls B € Bj, each ball having a center = € 9QL(¢) and a radius
By construction it holds

1
o] > / (215~ Lsh)
(Ql(t)\ﬂ’(t*h))ﬂB%(r) (Q’(t)\ﬂ’(t*h))ﬁB%(I)

> / C2ls

(@ O\Q (t=h))NB s ()

= C2ls = C2's Xn ().

QI (t)NB ps (x) B
2
With Corollary 6.5 this implies the estimate

lon| > C2's*h3.
(@IO\Q (t=h))NB s ()

With |vp,| < 2/+1s and Corollary 6.6 we find the upper estimate

/ [on|[Vxa| < / 25| Vx| < C21H1 5302,
B (2) B s ()
2 2
Consequently
lon|[Vxn| < Ch~1s~1 / (o]

B%(I) (Qf(t)\QI(tfh))ﬁB%(w)

for every ball B € B;. When taking the union of all balls in B; we arrive at

21

hs

5 -

lon||[Vxn| < Cs™th™! / |vp]-

{2ts<|vp|<2MH 15} {(@'=3)s<|unl< @+ +3)s}N(Q! (1) AQ! (t—h))
Summation over all [ € N yields
/ |on][Vxn| < Ch™1s™! / |vn|
{Jon|>s}NQI(t) QI () AQ! (t—h)

and after integration in time

[onl [V x| < Ch~ s~ / / o] < O,

{lvn|>s}nQr 0 QI(t)AQI(t—h)

The last inequality follows from the a-priori estimate (5.1) in Lemma 5.1. |
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LEMMA 7.6 (Estimate on the discrete velocity IT). There exists a constant C' such
that

/U,QL|VX;L| <C.
Qr

Proof. We only need to prove the assertion if |vy,| > s for some s > 0 chosen large.
As in Lemma 7.5 let t = kh for k =1,...,N and x € 9Q!(t) N {2's < |vp| < 2!F1s}
for fixed [ € N. Again we restrict the proof to the case z € Q!(t) \ Q! (¢t — h).

We cover the set 9N () N {2!s < |vy| < 2!*1s} by a family of balls B € B; each
with radius 2! ~'sh and center points x € 90 (). As in Lemma 7.5 we find

|vg| > / C2ls > 024 3p3s%.
(QIO\QL(t=h))NByi—1 () QLN (t=h))NByi—1, ()

On the other hand,

V2| Vxa| < C(211s)2 (20 1sh)? = 0241 -Cp2st,
BQZflsh(r)

A comparison yields

vi|Vxn| < Ch™t / [vp]-
Byi-1,4,(x) (QIO\Q! (t=h))NByi—1, ()

Now we can proceed as in Lemma 7.5. ]
LEMMA 7.7 (Error in the discrete velocity). For all test functions ¢ € C§(Qr ; R)
it holds

. 1 . I —h _
i [ (Zdist(, 097 (t — )|Vl — 0 "3 )€ = 0
Qr

Proof. The principle of the proof is taken from [18], see also [26] and [25].

We subdivide the proof into two parts, the first part studies the region where the
discrete velocity is high. We will show the Lemma for Q C R3, the following proof
fails for space dimensions n > 4.

We cover the set QL (£)AQL(t — h) by a family B(t) of balls, each with radius hz
and with center x € QI (t)AQ!(t — h). Let

B:=B(h)UB(2h) U...UB(N).

(i) By By C B we denote that subfamily of B with the property that for every ball B
in B; there exists a z € BN (QL(#)AQ(t — h)) with

(7.4) dist(z, Q1 (t — b)) > his.

Again it is enough to consider the case x € Q1 (t) \ Q! (t — h). We fix a ball B in B;.
With Corollary 6.5 and (7.4) we obtain

|~

h™1
2

o

|Uh| > C

B%hg/ls (@)N(Q()\Q! (t—h))

() =ent
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This implies

1
/ 107 "yl < © &< Ch* <Ch™ % / EN
B g (=) B g (=) By po/16 (2)N(Q (N (E—h))
(7.5) <ch™i lun]-
By i (2)N(QT ()\Q (t—h))
The last estimate (7.5) holds because
B%hg/ls (Z) C B2\/E($)

A further bound can be obtained from Lemma 6.7 and Corollary 6.6,

[N

ol Vx| < Ch™2(h2)2 < Ch
B 5 (z)
(7.6) <Ch i / [un]-
By, i (@)N(QE()\QL (t—h))

When combining the estimates (7.5) and (7.6) we obtain after taking the union of all
balls B € B; and after integration in time

T

(7.7) // 107 xn] + [on ]|Vl <C’h“/ / lon| < Ch.
0

0 By QI ()\QI (t—h)

The last inequality in (7.7) is a consequence of the a-priori estimate on v, found in
Lemma 5.1. With (7.7) the Lemma is shown for the regions with fast discrete velocity
v, and x € QL () \ QL (t — h).

(if) Now we discuss the regions in Q with small discrete velocity. Let By := B\ Bj.
By construction,

(7.8) dist(z, 0Q1 (t — h)) < hTs

for any ball B € By and any z € B. Let g := 2%

For t = kh, 1 < k < N we consider the subcover By(t) of By(t) with balls of
radius h? = h32 and center z € 90 (). Also, let By := UN_ By (Kkh).

The following strong assumption is sufficient to proof part (ii):
For every ball B € By there exists a v € 52 such that

(7.9) max {01 = vl 5, 2 = () | < wlh),

where vy, v5 denote the unit outer normals to Q! (t) and Qf(t — h), respectively. The
function w(h) converges uniformly to 0 in every ball B € B,.

It is evident that (7.9) implies the assertion of the lemma. Indeed, (7.9) is a very
strong condition as it controls the variation of the normals, thus we obtain directly

‘/athh—vh\VXM‘ Sw(h)/|3fh><h\
B B
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for all balls B € By. Taking the union over all balls in By (t) and discrete integration

in time yields for a test function ¢ € C°(Qr; R)

T

/ (3thh - vh|VXh|)§
0 Ba(t)

< [€ll e () [ 107 ] < Cu(h).
Qr

The last estimate follows from the bound on Hat_hXhHLl(QT) provided in Lemma 7.2.
So it remains to proof (7.9). We will use Bernstein’s theorem, see [14], [13], and
[12] for n = 8.
Assume that (7.9) does not hold. Then there exists a subsequence of balls By,s ()
such that for all v the norms [[vgr ) — V|| (B), [[Var—n) — V|lz=(B) do not converge
to 0. We blow up the balls B 7 (z,) with a factor h~# and shift them, such that

we obtain a sequence of balls with radius h2=P and center at 0. These scaled and
translated balls will be denoted by Qf(t) The characteristic functions to Qﬁ (t) are
minimisers of the scaled functional Fj, given by (4.3). The compactness of BV ()
with respect to L'-convergence implies that we can find a subsequence of Xaf (1) and

a subsequence of x s (t—h) (denoted both as the original sequence) such that
h

Xﬁ(t) = Xgﬁ(t) — X1y XQﬁ(t,h) — Xz, in Llloc(R?))

for two sets 77, 75. Since the velocity term in the rescaled functional is scaled by a
factor h??, we find due to Lemma 6.7

1
h2P / st (-, 90N’ (t — h)) < Ch*h~2h P = ChP~ 3.
QP (1) A08 (t—h)

This shows that the velocity term in the rescaled functional converges to 0 for A\, 0.

Due to (5.8), this also holds for the other terms in the scaled functional except for

the area term [ |ng|. This implies that the sets 77, 73 are area-minimising in R3.
h

Bernstein’s theorem thus yields that 7; are half-spaces.
From the bound on the discrete velocity (7.8) we learn

dist(-, 090 (t—h)) <hTh™® =0  on By s(zn) N (ALt — h)).
This gives 773 = 7o =: 7 and 0 € 07. Without loss of generality we may assume
T={2eR3| 23 <0}

implying v = (0,0, 1) for the normal to the minimising set 7.
Let ¢ > 0 be fixed. Our construction implies

}lli\‘nb 0 ? / vy — V|2‘VX§| =0 uniformly for z € B1(0) N 595(15).
By(2)

Now we apply the Excess-decay-lemma, see for instance [29]. It states

fl}{% lv1(z) —v| =0 uniformly for z € B1(0) N 395(75).

The same statement holds for v5 and Q’S(t — h). Thus, after rescaling with factor h¥,
this gives a contradiction and (7.9) is proved. |
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8. Convergence of the discrete solution. We still have to verify that the
discrete solutions converge to the solution of the continuous equations. We will prove
this in a series of lemmata.

From Theorem 7.4 it does not follow that

IVxu| = Vx| in rea(Qr).
For the proofs of this section we therefore make the following assumption
(.1) [al= [1vd asno
QT QT

where x is the function of Theorem 7.4.

First we show the existence of a velocity v that satisfies (W3).

LemMA 8.1 (Existence of a limit velocity). Let x be the characteristic function
specified in Theorem 7.4. Then there exists a velocity function v which satisfies

v e LY(0,T); LM(Q; |[Vx(1)])

such that (W3) is fulfilled.
Proof. Discrete integration by parts yields

(82) /éat_hthL ;L/im(gé: —/th)thf
Qp Q0

Qr

for all £ € C>(Q x [0, T]; R) with £(T) = 0.
As was shown in Lemma 7.2 there exists a constant C' independent of A such that

/ 10; "xn| < C.
Qr
Therefore there exists a subsequence of 0, "y with
o "xn — v in rca(r).
With Lemma 7.7 we find at once
(8.3) vp|Vxn| = v in rea(Qr).

We prove now that v is absolutely continuous with respect to the measure |Vy].
Let E C Qp with |[Vx(F)| = 0. From our assumption (8.1) we infer that there exists
a function g : R — R with g(h) \, 0 as A ™\, 0 such that

IVxa(E)| < g(h).
Due to Lemma 7.5 it follows
Jlwlval= [ wlvals [ v
E

{lvn|<s}NE {lvn|>s}NE
< sg(h) +Cs™t.



26 T. BLESGEN

The right hand side of this estimate can be made arbitrarily small for small h, thus

li = 0.
tim [ on[ V3
E

This shows that v(E) = 0 and proves the absolute continuity of v. The existence of
ve LY0,T); LY(Q; |Vx(t)]) satisfying

(8.4) v =0|Vy|

follows now from the Radon-Nikodym theorem.

The measures v, | Vx| and v|Vx| are absolutely continuous in time, furthermore
we can approximate £ in (8.2) by functions with compact support. Passing to the
limit h N\, 0 gives (W3). ad

LEMMA 8.2 (Convergence of the advection term in the weak curvature equation).
Let x be the characteristic function specified in Theorem 7.4 and v be the function
specified in Lemma 8.1. Then it holds

lim / on(Vxn = / w(Vx
Qr

Qr

for all ¢ € C*([0,T] x ; R?) with ¢ =0 on 9Q x (0,T).
Proof. As |Vx| is a Radon measure there exists for any ¢ > 0 a vector-valued
mapping g. € C°(Qr; R3), |g:| < 1 such that

/\Vxl— /gst<5-

Qr Qr
Consequently,
(8.5) }{i\mo(/lvxh\ - /gaVXh) :/|VX|_/95VX<5~
Qr Qr Qr Qr
With the notations
Uy = 2 L Vx
[Vxal’ Vx|

we find
/ (v — 9:)2| Vx| = / (1— 290 + )|V = / (2 2. + &% — DVl
QT QT QT

<2 /(1 — ggl/h)|vxh|.
Qr

This estimate in combination with (8.5) yields

8.6 li - g:)° 2.
(56) lim [ (o~ 9.7V < 22
QT
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This result together with Holder’s inequality and the boundedness of ( fQT [Vxa|)2
implies

1
li — Ye < i ( — Ye 2 )2 < %
tim [ = g1V < € fim ([ 1 921)” < O22)
QT QT
In the same way we compute with Lemma 7.6 and Holder’s inequality

tim [ fonllg- = IVl < ([ fonP19xl)” ([ - 9219

Qr Qr Qr
(8.7) < 0(28)%.

1
2

Now we are prepared to show the assertion of the lemma. We see

/ onCunlVxal — vC| V]

Qr

[ o - ucvy| =

Qr

<

+

/ 0Cge| Vx| — vCv|Vx]

Qr

/ onCrn|Vxnl — vCg Vx|
Qr
= 11(6, h) + IQ(&).

We estimate I; and I> independently. For the first integral we have

/ onCelV x| — 0o Vx|

Qr

(88)  L(eh) < / fonllCllvn — 9211V xa] +

Qr

Estimate (8.7) confirms the convergence of the first integral in (8.8), the properties
(8.3) and (8.4) lead to the convergence of the second integral, so

lim lim 1 (e, h) < lim Ce? = 0.
N0 h\,0 e\.0

For the integral I5(e) we get directly
Ix(e) < w(e)

for a function w(e) that tends to 0 as € tends to 0. In conclusion we have found

=0

/ (VX — 0CV Y

Qr

lim
A0

and the proof is finished. 0
LEMMA 8.3 (Convergence of the weak curvature term). Let x be the characteristic
function specified in Theorem 7.4. Then it holds

%%/thCVHVxH = /VVCV|Vx|
QT QT

for all ¢ € C*([0,T] x ; R?) with ¢ =0 on 9Q x (0,T).
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Proof. For € > 0 and the family ¢g. of mappings introduced in Lemma 8.2 one has

/VhVCVh|VXh|—/VVCV|VX| < /VhVCVh|VXh|—/geVCQs|VXh|
Qr Qr Qr Qr
+ /geVCgslvxhl— /gsVCQEIVX\
QT QT
+ / 0eVCge Vx| — / VeIV,

Qr Qr

With the help of (8.6) and (8.1) we see that the right hand side of this estimate
converges to 0 as h \, 0 and € Y\ 0. ]

Tt is well known that Condition (8.1) together with the convergence of x;, — x in
L' (Qr) as stated in Theorem 7.4 implies the convergence of the mean curvature term.
This is a consequence of the Lemma of Reshetnyak, which we state for the reader’s
convenience.

LEMMA 8.4 (Lemma of Reshetnyak). Let pp be a sequence of vector-valued
measures in 0 C R™ with

Wy — 1 in rca(); R™)
and
[1n|(€2) = [l ().
Then for all bounded continuous functions in S"~1 x Q it holds
[ u , N
f(7h7')|uh| Af(if)‘,l” in rca(2; R™),
|ken |l

where ﬁ 1s defined by the Radon-Nikodym theorem.

Proof. The proof is similar to the proof of Lemma 8.3, see [22]. a

Now we discuss the convergence of the discrete chemical potentials.

LEMMA 8.5 (Convergence of ). There exists a function uP € L?(0,T; H%?(12))
and a subsequence ,uhD such that for h ™\, 0

py =P i L2(0,T; H?(Q))
and
(I=x)up=0—=x)p for almost every (z,t) € Qr.

We recall that ¢ are the boundary conditions on u” given by (2.25).
Proof. Due to the a-priori estimates we have for a constant C' independent of h

[wupr<e.
Qr

Together with the boundary conditions for u,? and the Poincaré inequality this yields

HIU’I?HLZ(O,T;HL?(Q)) <C.
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The second assertion of the lemma follows directly from the a-priori estimate which
ensures

/(1—xh(t—h))|w,?2—>o for h\, 0.
Qr

This proves the lemma. ]
LEMMA 8.6 (Convergence of 4 ). There exists a function u™ € L2(0, T} HY3(Q))
and a subsequence uhN such that for h ™\, 0

ph = uin LA0,T; L2 (),
with
1—x)uN =0 for almost every (z,t) € Qr.

Proof. For any h > 0 let & = «(h) > 0 be a small real number with a(h) \, 0 as
h ™\, 0. We define the mapping ,uhN’o‘ by

[ | if pup #0,

N
o R(TERT
4 0 else.

For this truncated chemical potential we compute with the chain rule

/(1 —n(t — )T = / (1= xu(t — )| Vuo)d
Qr Qrn{|uy *|>a}
< / (1= xu(t = W)V (") F)Fa—?

Qr{|u | >a}

5 _ o3 o3
RS Y B e M H Tk

Qr{|ul[>a)

< 2o (/(1_Xh<t—h))wﬁ“ﬁ)i(/(1—><h(t—h))luiv’“|§)i,

QT SZT

oojeo

oolwe

where Holder’s inequality was used to get the last line.
We apply the a-priori estimates (5.3) and (5.5) and obtain

&l

/(1 ot = W)V < Camte iyt <O
Qr

Here we chose a(h) such that a‘gs_%w% is bounded uniformly in h. So we have

found

/ Vun |3 < C.

Qr
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With the boundary conditions for ,uflv this ensures the existence of a subsequence,
again denoted by uhN’a, and the existence of a function p™N-® € L2(0,T; HY2(Q))
with

= e in L2(0,T5 HY3(9)).
Also we can pick a subsequence a(h) with
phe— N in L2(0,T5 HY3(Q))

for a suitable uN € L2(0,T; H2(Q)).
Finally, by definition of ,u,JZV’O‘, we have for every a > 0 and every h > 0

Ca.

N N,«
e =1 oo s 8 ) =

By construction it thus holds for h X\, 0
ph = pN i L2(0,T; L3 ().

The second claim of the lemma is again a consequence of the a-priori estimate (5.5)
which shows as y(h) N\, 0 for h \, 0

/<1—xh<t—h>>|u£7|2~o as b\, 0.
Qr

This ends the proof. ]
LEMMA 8.7. Let x be the characteristic function specified in Theorem 7.4. Then
it holds

i [ figu)cva = [ K
QT QT

for all ¢ € C([0,T] x Q; R3) with ( =0 on 9Q x (0,T), where K := fﬁ’*(ga).i
Proof. We reformulate the left hand side. For a test function ¢ € C1([0,T]xQ; R?)
with ¢ =0 on 992 x (0,T") we compute

/ 1 ()¢ xn = / (1= xa) £ (uP)div(C) + / (1= x)mPVuPC
Qr

QT QT

4 / (1= ) 3 (u)div(C) + / (1— x)m Vbl
QT QT
= Il+12+13+14.

Using the convexity of fIDI’* and Lemma 8.5 we have for I
i [ (1) £ R )div(Q) = [ (L= 05 (odiv(0).

R\.0
QT QT

So it remains to show that I, — 0 as h \, 0 for k£ = 2,3,4. For I this results from

B 2C [ bt = 1) =l VaPlicl+ [ (0= xale = B)ITRPIC
Qr Qr



DIS IN TIME-DEPENDENT DOMAINS 31

and the a-priori estimates and Lemma 7.2 yield as desired |I2| \, 0 as h \, 0.
From p = % in Q\ QF we get

ml = exp(ulN)d fori=1,2

and consequently

2 MN‘
Ity = k0o Y exp (25 ).
i=1

Lemma 8.6 therefore implies |I3| N\, 0 as §(h) \, 0.
Finally,

|I4| =C S 06571,

[ 80— ) expla) v
Qp

where we use again the a-priori estimates and Holder’s inequality. With Assump-
tion (A2) we obtain |I3] \, 0 as h \, 0 and the lemma is proved. =~ 0O

LEMMA 8.8. Let x be the characteristic function specified in Theorem 7.4. Then
it holds

lim / F7 )V xn = / F1 )¢V X
Qr Qr

for all ¢ € C([0,T] x Q; R3) with { =0 on 9Q x (0,T), where p = (u™¥, uP).
Proof. We reformulate the left hand side. For a test function ¢ € C1([0,T]xQ; R?)
with ¢ =0 on 992 x (0,T") we compute

(8.9) / £ (un)CVxn = — / o fF () div(e) — / R e
Qr

QT QT

From the convexity of f; together with Lemma 8.5 and Lemma 8.6 it follows directly

tim [ ) div(€) = [ nfi (0 w2 c)
Qp

Qp

The proof is finished if we can show the convergence of the second integral on the
right hand side in (8.9) for A\, 0, but this is quite involved.
We use the definition

mP = my if B <|mp| <1-5,
h 0 else.

to reformulate the second integral on the right in (8.9). Since %—f(p) is locally a

Lipschitz function, we have for arbitrary vectors py, o

off off
L ) = L )] < Ol —
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where C' depends on pq, pe and C — oo for py, pe — oo. So we can estimate

[ alvmitt < [t =wivmtE + [ o= xale - 0| v
QT

QT QT

<O(/Xh(t— )\th\) +C’ /\Xh—xht— /\th\ %

Qr
< O int +1).

Due to Assumption (A3) the right hand side converges to 0 as h \ 0.
For functions ¢, € C*(B1(0); R™) we introduce mollifiers ¢, and ¢, by setting

Po(w) := 0 p(x/0) and ¢y (t) := 0~ *(t/0). 1t holds supppy C B,(0), suppyy C
B, (0). We consider sequences (g,0) with 029071 — 0. Then we have the estimate

/\<th§>w9*wa—th§| s/\(thfwg*wa—(wiwa

QT QT
4 / 1) * 0 — xum?|
Qr
< Co o7 Af Ocnmi)ll 2o 1200 +Co( [ IV (xamy)|+1
~ 0oz t \XnTy )l L2(0,T; H-1:2(Q)) 0 Xhmy, .

Qr
Taking (5.6) into account we arrive at
1

/Kthi’)wg*wg— xnml| < Clot o™ + o),

which holds uniformly in h. It follows that there exists a subsequence of Xhmg
(denoted as the original sequence) and a function I' € L'(Q7) such that

(8.10) xpmp — T in LY(Qp).
Additionally,

Ixnmn — Tz < llxpmn — Xhmh||L1 Qr) T ||Xhmh IR [FRT

and the right side of this estimate converges to 0 for h \, 0. With (8.10) this ensures
the strong convergence of a subsequence x,my, in L*(Q7). Furthermore we know that
there exists a subsequence of myj, such that for any 1 < p < 0o

mp — m in LP(Qr) for h ™\, 0.
This yields xpmp — xm in LP(Qr) and finally
(8.11) XrMp — XM in LP(Qr) for b\ 0.
Next we will show that

XaVunC = xXVu¢  in L2(0,T; L ().
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We use again the mapping ,uflv’a from the proof of Lemma 8.6. We define the mapping
N
Hh, o by

. N, N .
;LV = mln{a7 |/’Lh al}ﬁﬁ lf N;]y 7& 03
0 else.

From the definition of ﬂ;IX o, we find

/ Xt — YV ¢

Qr

(8.12) < Ca / IV (n(t — R)O)| < Ca.
Qr

<o / 1 ol [¥ Cen (= BC)|
Qr

Since a(h) \, 0 as h \, 0, we have for h \ 0 the convergence
/ Xn(t = h)V i ¢ — / XVu¢
QT QT
which leads with (8.12) to
(8.13) / xn(t —h)VuN ¢ — /XVMNC for h ™\ 0.
QT QT
From the a-priori estimates we can deduce
xn(t —h)Vuy = A in L2(0,T; L*(Q)),
therefore
(8.14) /Xh(t —h)Vul¢ — /A( for b\, 0.
QT QT
From (8.13) and (8.14) we obtain

/(XWN —AN)¢=0 forall ¢ € C*[0,T] x Q; R?) with ¢ = 0 on 9Q x (0,T).

Qr

Consequently,
VN = A for almost every (z,t) € Qr.
So we have shown
Xt —h)Vul ¢ —xVuN¢  in L2(0,T; L*(2))  for h \, 0.
Fix an arbitrary g € L?(0,T; L°(Q)). We rewrite the integrand in the form

/ XV Cg = /(Xh — xn(t = h))Vup Cg + / Xn(t = h) Vi Cg.
Qr Qr Qr
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With Lemma 7.3 and Hélder’s inequality we can find the estimate

Joaxa-mviico| < o [ xn-xa-m0)* ( [ 1) hollzor:socan
Q Qr

Qr
1 _
< Chse Y gllL2 0,1 Lo ()

With Assumption (A4) this yields
(8.15) Xa V¢ = xVuN¢  in L2(0,T; L3(Q))  for b\, 0.

The statements (8.11) and (8.15) combined give

/Xhthvﬂng — /XmNVuNC for h ™\ 0.
Qr Qr

The proof of convergence for the Dirichlet data is analogous. Now we can pass to the
limit A \, 0 in (8.9). |
The following theorem is now a direct consequence of the lemmata shown above.
THEOREM 8.9 (Existence of weak solutions). Let  C R3 be an open bounded
set with Lipschitz boundary and let the no-loss of area condition (8.1) hold. Let
Xo € BV(Q), po € HY2(Q). Then there exists (m, u, x,v) with

x € L>(0,T; BV(; {0,1})), supp x(t) CC Q for all0 <t <T,

v € L0, T; LY (R [Vx (1)),

p= N uP),  pN e L20,T; HY3(Q), pP e L*(0,T; HY*(Q)),
A—x)pN =0, 1-x)pP=>0-x) for almost all (z,t) € Qr,

such that (m, u,x) is a weak solution in the sense of Section 3.
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