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ON THE COMPETITION OF ELASTIC ENERGY ANDSURFACE ENERGY IN DISCRETE NUMERICALSCHEMEST. BlesgenMax-Plan
k-Institute for Mathemati
s in the S
ien
es, Inselstra�e 22-26,D-04103 Leipzig, GermanyAbstra
t:The �-limit of 
ertain dis
rete free energy fun
tionals related to the numeri
alapproximation of Ginzburg-Landau models is analysed when the distan
e h be-tween neighbouring points tends to zero. The main fo
us lies on 
ases wherethere is 
ompetition between surfa
e energy and elasti
 energy. Two dis
rete ap-proximation s
hemes are 
ompared, one of them shows a surfa
e energy in the�-limit. Finally, numeri
al solutions for the sharp interfa
e Cahn-Hilliard modelwith linear elasti
ity are investigated. It is demonstrated how the vis
osity of thenumeri
al s
heme introdu
es an arti�
al surfa
e energy that leads to unphysi
alsolutions.AMS 
lassi�
ation 
ode 82C26, 74N20, 74S201 Introdu
tionThis arti
le is 
on
erned with the behaviour of 
ertain dis
rete s
hemes wherethere is 
ompetition between surfa
e energy and elasti
 energy. Often, the surfa
eenergy will not appear in the limit, but sometimes if the ratio between surfa
eenergy and elasti
 energy is suitable this may be the 
ase. We will 
ompare twodis
rete approximation s
hemes that are related to dis
rete energy fun
tionalsHh1 , Hh2 . These s
hemes 
ompute the free energy of double well potentials anddis
retise the deformation gradientru with a step size h > 0. In the �rst example,ru is approximated by a two point sten
il, and no surfa
e energy appears forh& 0. If three or more points are used in the approximation of the deformationgradient, this may be di�erent. The se
ond fun
tional Hh2 is one simple examplewhi
h produ
es a surfa
e energy in the limit.The 
hoi
e on Hh1 , Hh2 is motivated by the approximation of the free energy inphysi
al systems where phase transitions take pla
e and are espe
ially relatedto phenomena like 
rystal growth, [2℄, segregation pro
esses, [7℄, polymers andparti
ular e�e
ts in 
uid me
hani
s as 
avitation, [4℄.As a pra
ti
al example, we will 
onsider the Cahn-Hilliard model with linearelasti
ity where two phases are assumed to o

upy a bounded domain 
 � RDwith Lips
hitz boundary. If 
 is a given 
onstant where p
 is the thi
kness of the



2 T. Blesgentransition layer between two phases, the 
orresponding free energy has the formF(%; u) := Z
 �W (%(x)) + 
2 jr%(x)j2 +Q(%(x); u(x))� dx: (1)Here % : 
 � (0; T0) ! R+ de�nes the density of one 
omponent of the alloy,u : 
 ! RD the deformation applied to the solid, T0 > 0 is a 
hosen stop time,Q(%; u) � 0 the elasti
 energy density and W � 0 a double well potential. W hastwo spatially separated minima %1; %2, for instan
e W (%) := (% � %1)2(% � %2)2.The 
omplete 
ontext of the Cahn-Hilliard model with linear elasti
ity will beoutlined in Se
tion 6. The vis
osity of the numeri
al s
heme impli
itly introdu
esan arti�
ial surfa
e energy that regularises the solution and leads in 
omputationsfor the sharp interfa
e model to unphysi
al solutions.This work is organised in the following way. In Se
tion 2, a one-dimensional layerof n atoms is 
onsidered and a dis
rete energy fun
tional Gh is introdu
ed thatdes
ribes the elasti
 energy of the 
hain and a

ounts for intera
tions of nearestand se
ond nearest neighbours.After shortly re
apitulating the notion of �-
onvergen
e in Se
tion 3, the �-limith& 0 of Gh is identi�ed in Se
tion 4. In [5℄, [6℄ related results are shown in L1(
)with di�erent growth 
onditions on the energy, [1℄ treats general Lp with p <1but assumes periodi
ity 
onditions that arise naturally in homogenisation.The results of Se
tion 4 are the foundations of the analysis in later se
tions but
an be used independently for the understanding of one-dimensional 
hains. Asan appli
ation, in Se
tion 5 the two dis
rete fun
tionals Hh1 , Hh2 mentioned aboveare dis
ussed and the behaviour of these two fun
tionals is 
ompared when h& 0.In Se
tion 6, the Cahn-Hilliard model with linear elasti
ity in 
ase of two phasesis reviewed. Mainly, this se
tion is devoted to the interpretation of the numeri
alsolution for the 
ase that 
 is set to 0. With the knowledge of Se
tion 4, we 
anprove that the surfa
e energy inherent in the approximation s
heme leads to anunphysi
al solution. We end up with a dis
ussion of the results.2 The dis
rete systemWe 
onsider a one-dimensional equally spa
ed monatomi
 layer that we identifywith a domain 
 := (0; L) � R of given length L > 0.We suppose that the undeformed referen
e 
on�guration is given by a dis
retesystem of n+ 1 atoms with equal distan
e lo
ated at points Rhi , whereRhi := ih; 0 � i � n:Here, the equality h := L=n de�nes the number n whi
h is to be understood inthe sense n = n(h). The limit h& 0 
orresponds to n!1. We allow only thoseh su
h that n 2 N. By bRi, 0 � i � n, we denote the position of the i-th atomafter the deformation. Finally, by uhi , 0 � i � n, we denote the displa
ement ofatom i, i.e. uhi = bRhi �Rhi ; 0 � i � n:For given deformation uh, we introdu
e the notation�huhi := uhi � uhi�1h ;



Competition of Elasti
 and Surfa
e Energy 3whi
h is one 
ommon way of writing the forward di�eren
e quotient. To simplifythe notation, we extend uh and formally set uh�1 := uh0 su
h that �huh0 = 0.In a �rst step, we will 
onsider dis
rete fun
tionals of the formGh(fuhi g0�i�n) := nXi=1 �Q1(�huhi ) +Q2(�huhi�1 + �huhi )�; (2)for given fun
tionals Q1; Q2 : Lp(0; L) ! R with 1 < p < 1. The term Q1des
ribes intera
tions of nearest neighbours of atoms, Q2 a

ounts for intera
tionsof se
ond-nearest neighbours, see [10℄.We make the following assumptions on the growth of the energy fun
tionsQ1; Q2:(A1) There exist positive 
onstants 
1; 
2, C1; C2, su
h that
1jujp � 
2 � Q1(u) � C1jujp + C2 8u 2 Lp(0; L):(A2) There exist positive 
onstants 
3; 
4, C3; C4, su
h that
3jujp � 
4 � Q2(u) � C3jujp + C4 8u 2 Lp(0; L):Finally, in order to rewrite the dis
rete sum as an integral, we de�ne the res
alingeGh(uh) := hGh(uh): (3)3 The 
on
ept of �-
onvergen
eLet 
 � RD be an open set with Lips
hitz boundary. A family (Eh)h>0 of fun
-tionals de�ned on L1(
) with values in R[f1g is said to �-
onverge for h& 0 toa fun
tional E for a 
hosen argument u 2 L1(
), if the following two 
onditionsare satis�ed:(i) For all sequen
es (uh)h>0 � L1(
) with limh&0 R
 juh � uj = 0 one hasE(u) � lim infh&0 Eh(uh):(ii) There exists a sequen
e (uh)h>0 � L1(
) su
h that limh&0 R
 juh�uj = 0 andE(u) � lim suph&0 Eh(uh):The following theorem explains why the 
on
ept of �-
onvergen
e is so importantfor the analysis of variational problems.Theorem 1 (Minimimum property of the �-limit)Let uh be a minimiser of Eh in L1(
) and uh ! u in L1(
) as h & 0. If Ehadditionally �-
onverges for �xed u 2 L1(
) to E as h& 0, then u is a minimumof E in L1(
) and limh&0Eh(uh) = E(u):The quite simple proof of Theorem 1 is found in [3℄. The 
on
ept of �-
onvergen
egoes ba
k to early works by de Giorgi, see [8℄, [9℄. A 
omprehensive dis
ussionof �-
onvergen
e is found in the monograph [3℄, where �-
onvergen
e is referredto as epi-
onvergen
e. One advantage of the 
on
ept of �-
onvergen
e lies in thefa
t that it is invariant under 
ontinuous perturbations.



4 T. Blesgen4 The �-limit of the elasti
 energy fun
tionalIn order to study the �-limit of eGh as h& 0, it is suitable to analyse the behaviourof eGh not only as a mapping depending on a set of dis
rete points, but as amapping of fun
tions. To this end we follow the work of Braides, Dal Maso andGarroni, [5℄, and introdu
e for h > 0 the spa
e Ah of 
ontinuous fun
tions on(0; L) whi
h are aÆne linear on every interval [Rhi ; Rhi+1℄, 0 � i � n� 1.There is a one-to-one 
orresponden
e between (uhi )1�i�n and its representationin the spa
e Ah. Due to uh�1 = uh0 , this representation 
an be extended to a
onstant fun
tion in (�h; 0℄. By ruh 2 Ah we denote the derivative of uh de�nedby ruhj(Rhi ;Rhi+1) = �huh for 1 � i � n� 1 and ruh � 0 on (�h; 0℄.After 
ontinuation of �huh to ruh, we 
an restate the dis
rete sum of eGh as a
ontinuous fun
tional,eGh(uh) :=�R L0 Q1(ruh(x))+Q2(ruh(x� h)+ruh(x)) dx if u 2 H1;p(0; L);+1 else. (4)We 
an show:Theorem 2 (�-limit of the elasti
 energy fun
tional)Assume that the Assumptions (A1) and (A2) hold for Q1, Q2. Then the fun
tionaleGh �-
onverges for h& 0 to a fun
tional eG : Lp(0; L)! R de�ned byeG(u) := � R L0 V ��(ru(x)) dx if u 2 H1;p(0; L);+1 else.Here, V (u) := Q1(u) +Q2(u), whereQ1(u) := 12 minnQ1(u1) +Q1(u2) j u1 + u2 = 2uo;and V �� denotes the 
onvexi�
ation of the fun
tion V .The 
onvexi�
ation V �� of a fun
tion V is de�ned as the greatest 
onvex fun
tionless than V , see [14℄. The appearan
e of V �� in the �-limit is not surprising, butis in a

ordan
e with well-known results by L. Modi
a, [13℄.Proof:(a) Proof of the lim inf-inequality:Let a sequen
e (uh)h>0 � Lp(0; L) be given with uh ! u in Lp(0; L). We have toshow that eG(u) � lim infh&0 eGh(uh): (5)Obviously, (5) holds if lim infh&0 eGh(uh) = +1. Hen
e we may assume thatlim infh&0 eGh(uh) <1 (6)or uh 2 Ah for h > 0.



Competition of Elasti
 and Surfa
e Energy 5Then we �ndeGh(uh) = Z L0 Q1(ruh(x)) +Q2(ruh(x� h) +ruh(x)) dx� (
1 + 
3)Z L0 jruh(x)jp � (
2 + 
4)L: (7)The last is due to Assumptions (A1) and (A2). From (6) and (7) it followssuph>0 kruhkLp(0;L) <1 and be
ause of p <1 we obtain uh * u in H1;p(0; L)for h& 0 and in parti
ular u 2 H1;p(0; L).Now we want to �nd a sharper estimate from below on eGh. From the de�nitionswe �nd eGh(uh) = Z L0 Q1(ruh(x)) +Q2(ruh(x� h) +ruh(x)) dx= nXi=1 hQ1(�huhi ) + nXi=2 hQ2(�huhi�1 + �huhi ):In order to treat the se
ond term, we use the following tri
k, whi
h is a de
om-position in even and odd indi
es and well known in literature. We seeeGh(uh) = nXi=1 hQ1(�huhi ) + nXi=2 hQ2(�huhi�1 + �huhi )= nXi=2i even h2 (Q1(�huhi�1) +Q1(�huhi )) + nXi=2i even hQ2(�huhi�1 + �huhi )+ nXi=3i odd h2 (Q1(�huhi�1) +Q1(�huhi )) + nXi=3i oddhQ2(�huhi�1 + �huhi )+h2Q1(�huh1) + h2Q1(�huhn):By Assumption (A1) we haveh2Q1(�huh1) + h2Q1(�huhn) � �
2hwhi
h yieldseGh(uh) � nXi=2i even h�Q1��huhi�1 + �huhi2 �+Q2(�huhi�1 + �huhi )�+ nXi=3i oddh�Q1��huhi�1 + �huhi2 �+Q2(�huhi�1 + �huhi )�+O(h)= nXi=2 hV ��huhi�1 + �huhi2 �+O(h)= Z Lh V �ruh(x� h) +ruh(x)2 � dx+O(h)and 
onsequentlyeGh(uh) � Z Lh V ���ruh(x� h) +ruh(x)2 � dx+O(h):



6 T. BlesgenNow, let fx0; x1; : : : ; xmg be a de
omposition of (0; L). Introdu
ing the symbollh := min0�i�mfxi j xi � hg+ 1 we seeeGh(uh) � mXi=lh Z xixi�1 V ���ruh(x� h) +ruh(x)2 � dx+O(h)� mXi=lh(xi � xi�1)V ���12 Z xixi�1� ruh(x� h) dx+ 12 Z xixi�1� ruh(x) dx�+O(h): (8)Here we used Jensen's inequalityZS '(u(x)) dx � '� ZS u(x) dx�whi
h holds for any 
onvex real valued fun
tion '.From elementary estimates we obtain�����Z xixi�1� ruh(x� h) dx� Z xixi�1� ruh(x) dx������ 1jxi � xi�1j  �����Z xi�1xi�1�h� ruh(x) dx� Z xixi�1� ruh(x) dx�����!� 1jxi � xi�1 j Z xi�1xi�1�h� jruh(x)j dx + Z xixi�1� jruh(x)j dx!� 1jxi � xi�1jhp0kruhkLp(0;L); (9)where in the last line H�older's inequality is used and p0 = pp�1 is the dual exponentto p.As the right hand side of (9) tends to 0 as h& 0, we �ndZ xixi�1� ruh(x� h) dx! Z xixi�1� ruh(x) dx! Z xixi�1� ru(x) dx:For suÆ
iently small h we furthermore have lh = 2.From (8) it follows after applying the limes inferior as h tends to 0 and be
auseof the 
ontinuity of V ��:lim infh&0 eGh(uh) � mXi=2(xi � xi�1)V ���Z xixi�1� ru(x) dx�� Z Lx1 V ��� mXi=2 Z xixi�1� ru(x) dxX(xi�1;xi)(x)� dx:Now we let m ! 1 and we postulate that x1 = x1(m) ! 0 as m ! 1. Thisyields lim infh&0 eGh(uh) � Z L0 V ��(ru(x)) dx:Here we used the fa
t that a

ording to Assumptions (A1) and (A2)V �� � (
1 + 
3)jxjp � (
2 + 
4):



Competition of Elasti
 and Surfa
e Energy 7(b) It remains to show property (ii) in the de�nition of �-
onvergen
e.Let u 2 Lp(0; L) be given. Then we have to show the existen
e of a se-quen
e (uh)h>0 � Lp(0; L) su
h that uh ! u in Lp(0; L) as h & 0 andlim suph&0 eGh(uh) � eG(u).Without loss of generality we may assume u 2 H1;p(0; L). Otherwise we 
hooseuh := u for all h > 0 and there is nothing to show.In the following we treat the three 
ases:(b1) u is aÆne linear, i.e. u(x) = ax+ b; (b2) u is pie
ewise aÆne;(b3) u is an arbitrary fun
tion in H1;p(0; L).For the proof of (b2) we will exploit (b1) and for the proof of (b3) statement(b2). We start with the �rst assertion.(b1) u is aÆne linear, i.e. u(x) = ax+ b.Let n = km for some m; k 2 N. By de�nition we haveeGh(uh) = Z L0 Q1(ruh(x)) +Q2(ruh(x� h) +ruh(x)) dx:For the 
onstru
tion we will 
hoose funtions uh whi
h are periodi
 in any subin-terval of (0; L) with length mh. With this property we �ndeGh(uh) = k�1Xi=0 "Z Rh(i+1)mRhim Q1(ruh(x)) dx+Z Rh(i+1)mRhim+1 Q2(ruh(x� h) +ruh(x)) dx#= k"Z Rhm0 Q1(ruh(x)) dx+Z Rh2mRhm Q2(ruh(x� h) +ruh(x)) dx#: (10)By 
onvexity of V �� and Carath�eodory's theorem, see for instan
e [14℄, we knowthat there exists a real number � with 0 < � < 1 su
h thatV ��(a) = �V (p+) + (1� �)V (p�) (11)and a = ru = �p+ + (1� �)p� (12)for suitable p+; p� 2 R.For given � we introdu
e the sets
h+ := 
 \ [k�1i=0 (Rhim; Rhim+b�m
℄;
h� := 
 \ [k�1i=0 (Rhim+b�m
; Rh(i+1)m℄su
h that 
 = 
h+ [ 
h�. Here, the Gau� bra
ket b�
 : R ! N is de�ned byb�
 := maxfk 2 N j k � �g:



8 T. BlesgenWe have by de�nition of VV (p�) = Q1(p�) +Q2(2p�) = 12�Q1(p�1 ) +Q1(p�2 )�+Q2(2p�)and p+ = p+1 + p+22 ; p� = p�1 + p�22for 
ertain real numbers p+1 ; p+2 ; p�1 ; p�2 .We 
hoose uh(x) = ah(x)x+ b whereah(x) = 8>>>><>>>>: p+1 if x 2 
h+ \ [k�1i=0 [m=2�1j=0 (Rhim+2j ; Rhim+2j+1℄;p+2 if x 2 
h+ \ [k�1i=0 [m=2�1j=0 (Rhim+2j+1; Rhim+2j+2℄;p�1 if x 2 
h� \ [k�1i=0 [m=2�1j=0 (Rhim+2j ; Rhim+2j+1℄;p�2 if x 2 
h� \ [k�1i=0 [m=2�1j=0 (Rhim+2j+1; Rhim+2j+2℄:With this setting, Eq. (10) readseGh(uh) = kh(b�m
h12�Q1(p+1 ) +Q1(p+2 )�+Q2(2p+)i+(m� b�m
)h12�Q1(p�1 ) +Q1(p�2 )�+Q2(2p�)i) (13)= Lmhb�m
V (p+) + (m� b�m
)V (p�)i:For m!1 we have b�m
=m! �. ConsequentlyeGh(uh)! Z L0 V ��(ru(x)) dx = eG(u); as n!1:We still have to show that uh ! u in Lp(0; L). If we formally set Q1(v) := v andQ2(v) :� 0 in the derivation of Eq. (13), we obtain the equalityZ L0 ruh(x) dx = Lhb�m
m p+ + �1� b�m
m �p�iand in the limit m!1 as abovelimh&0Z L0 ruh(x) dx = L(�p+ + (1� �)p�) = La= Z L0 ru(x) dx; (14)where Eq. (12) was used. Eq. (14) infers uh ! u in Lq(0; L) for any 1 � q � 1.(b2) u is pie
ewise aÆne and 
ontinuous.The proof follows easily by a de
omposition of (0; L) in those subintervals inwhi
h u is 
ontinuous and applying Case (b1).(b3) u is an arbitrary fun
tion in H1;p(0; L).



Competition of Elasti
 and Surfa
e Energy 9Let (zh)h>0 be a sequen
e in Ah with zh ! u in H1;p(0; L) as h& 0. A

ordingto (b2) we 
an �nd for every h > 0 a sequen
e (~zhj )j2N of fun
tions in Ah su
hthat ~zhj ! zh in Lp(0; L) as j !1 andlim supj!1 eGj(~zhj ) � eG(zh):Consequently lim suph&0 lim supj!1 eGj(~zhj ) � lim suph&0 eG(zh) = eG(u):Now 
hoose uh := ~zh1=h. The fun
tions uh ful�l uh ! u in Lp(0; L) andlim suph&0 eGh(uh) � eG(u): �5 Appli
ation to two dis
rete free energy fun
tionalsIn this se
tion we will apply the results of Se
tion 4 to two dis
rete fun
tionals thatapproximate the free energy of a physi
al system. Even though both fun
tionalslook similar, the se
ond may generate a surfa
e energy as h& 0.Let l1 < l2 be two given numbers (l1, l2 are ve
tors if D > 1). As before, h andn are related by the formula h = L=n. LetHh1 (fuhi g0�i�n) := nXi=1 h��uhi � uhi�1h � l1�2�uhi � uhi�1h � l2�2 (15)for a parameter 0 � � � 1. As before, Hh1 is extended to a fun
tional Hh1 onfun
tions in Ah.Theorem 3 (�-limit of Hh1)The fun
tional Hh1 �-
onverges for h & 0 to a fun
tional H1 : Lp(0; L) ! R.Depending on the value of � the fun
tional H1 
an be 
hara
terised as follows.(a) � = 1 : H1(u) = � R L0 V ��(ru(x)) dx if u 2 H1;p(0; L);+1 elseand V (v) := (v � l1)2(v � l2)2.(b) 0 � � < 1 :H1(u) = � 0 if u 2 H1;p(0; L) and l1 � ru(x) � l2 for a.e. x 2 
;+1 else.Proof:(a) The proof is a dire
t 
onsequen
e of Theorem 2. We simply have to set Q2 :� 0and Q1(v) := (v � l1)2(v � l2)2.(b) It is evident that Hh1(u) =1 if u =2 H1;p(0; L) or if ru =2 [l1; l2℄ � R. Be
auseof lim infh&0Hh1(uh) � 0, it remains to �nd a 're
overy sequen
e' (uh)h>0 �



10 T. BlesgenH1;p(0; L) su
h that limh&0 R L0 juh�uj = 0 and lim suph&0Hh1 (uh) = 0. As in theproof of Theorem 2 we may assume w.l.o.g. u(x) = ax+ b. Due to l1 � ru � l2there exists a � 2 [0; 1℄ with a = ru = �l1 + (1 � �)l2. With Carath�eodory'stheorem, exa
tly as in Eqs. (11) and (12) (sin
e p+ = l1, p� = l2), we �nd0 = �V (l1) + (1� �)V (l2) = V ��(ru):Let L=h = km and approximate u by fun
tions uh(x) = ah(x)x + b whi
h areperiodi
 in any subinterval of (0; L) with length mh. We 
hooseah(x) = � l1 if x 2 
h+;l2 if x 2 
h�:This yieldsHh1 (uh) = Z L0 h��1V (ruh(x)) dx = k�1Xi=0 Z Rhim0 h��1V (ruh(x)) dx= k Z Rhm0 h��1V (ruh(x)) dx= kh�nb�m
V (l1) + (1� b�m
)V (l2)o = 0sin
e V (l1) = V (l2) = 0. �Next we 
onsider the fun
tionalHh2 (fuhi g0�i�n) = 14 n�1Xi=1 h� 2Yj=1" uhi � uhi�1h � lj!2+ uhi+1 � uhih � lj!2 # (16)and extend it to Hh2 a
ting on Ah.Theorem 4 (�-limit of Hh2)The fun
tional Hh2 �-
onverges for h & 0 to a fun
tional H2 : Lp(0; L) ! R.Depending on the value of � the fun
tional H2 
an be 
hara
terised as follows.(a) � = 1 : H2(u) = � R L0 ( ~V )��(ru(x)) dx if u 2 H1;p(0; L);+1 elseand ~V (v) := (v � l1)2(v � l2)2.(b) 0 < � < 1 :H2(u) = � 0; if u 2 H1;p(0; L) and ru(x) = l1 or ru(x) = l2 a.e. x 2 
;+1 else.(
) � = 0 :H2(u) = � (l2 � l1)4j if u 2 H1;p(0; L) and ru(x) 2 fl1; l2g a.e. x 2 
;+1 else.Here, j 2 N denotes the number of jumps of ru in (0; L).



Competition of Elasti
 and Surfa
e Energy 11Noti
e that Hh2(uh) = Z L0 h��1V (�huh(x); �huh(x+ h)): (17)Hen
e, V depends on two arguments and the earlier proofs 
annot be immediatelyreused.Proof:(a) The proof is very similar to Theorem 2.(b) We observe that if V is de�ned by (16), (17), then V = 0 i� �huh 2 fl1; l2g.Due to the fa
tor h��1 this is a ne
essary 
ondition for the �-limit to be �nite.(
) From the result in (b) we know thatHh2(u) is in�nite wheneverru(x) =2 fl1; l2gfor a.e. x 2 
. Hen
e the sum (16) 
ounts with a fa
tor (l2� l1)4 how many timesruh(x) jumps between l1 and l2. �Eq. (16) with � = 0 de�nes a simple fun
tional where a surfa
e energy o

ursin the �-limit. As the proofs of Theorem 3 show, a surfa
e energy 
an only beexpe
ted if at least three points in the numeri
al sten
il (uhi�1, uhi and uhi+1 forHh2 ) are evaluated.6 Results on the Cahn-Hilliard system with elasti
ityIn 
ontinuation of the analysis of the last se
tions we will now investigate amore pra
ti
al example and study the behaviour of a numeri
al algorithm for theCahn-Hilliard equation that shows an interplay between surfa
e energy and elasti
energy. The Cahn-Hilliard model with linear elasti
ity des
ribes the spinodalde
omposition of a binary alloy in a homogeneous medium lo
ated in a boundeddomain 
 � RD with Lips
hitz boundary under isothermal 
onditions. A reviewof the model 
an be found in [11℄, numeri
al 
omputations in two spa
e dimensionsfor binary alloys are done in [16℄.If %h > 0 denotes the density of a 
hosen 
onstituant of the two-phase alloy andif uh : RD ! RD denotes the deformation, the free energy of the system readsFh(%h; uh) = Z
 �W (%h(x)) + 
2 jr%h(x)j2 + V (%h(x); uh(x))� dx: (18)The supers
ript h indi
ates that the solution (%h; uh) is 
omputed for a givenregular triangulation of 
 with maximal distan
e h of two neighbouring verti
es.The fun
tionalW (%) � 0 de�nes a double-well potential with two minima %1 6= %2.Frequently used expressions for W areW (%) := �h% ln %+ (1� %) ln(1� %)i� �%22 ; (19)W (%) := 14 %2(1� %)2: (20)In (19), the 
onstant � > 0 depends on temperature T (kept 
onstant in thismodel) and the Boltzmann 
onstant, � > 0 on the 
riti
al temperature (that is thetemperature below whi
h the segregation starts). Ansatz (19) 
an be explained
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al me
hani
s. Formula (20) is a Taylor expansion of (19) for 
ertainvalues of � and �.In (18), the elasti
 energy is de�ned byV (%h; uh) := 12�"(uh)� "(%h)� : C�"(uh)� "(%h)�where the lo
al strain is given by"(uh) := 12�ruh + (ruh)t�and "(%h) := %%hIddenotes the elasti
 energy of the unstressed solid, % the latti
e mis�t. C is thepositive de�nite fourth order elasti
ity tensor.%h is the solution of the di�usion equation�t%h = div(M(%h)r�h) in 
;where the mobility M(%h) is frequently set to the 
onstant 1 and �h denotes the
hemi
al potential. �h is the �rst variation of fh(%h; uh) with respe
t to %h, whereFh(%h; uh) = R
 fh(%h; uh) and Fh is given by Eq. (18).The 
onstant 
 � 0 in (18) sets the surfa
e energy and is related to the thi
knessof the transition layer. To study this analyti
ally one 
onsiders the res
aled energyR
 1p
 W (%(x)) +p
 jr%(x)j2 +Q(%(x); u(x)) dx and for %1, %2 the metri
d(%1; %2) := inf n2Z 1�1pW (�(t))j�0(t)j dt ��� �(�1) = %1; �(1) = %2;� : [�1;+1℄! R is Lips
hitz 
ontinuouso:As proved in [15℄ and [11℄, a 
urve � that realises the in�mum in the aboveexpression is a geodesi
 with respe
t to this metri
 and the 
urve � then realisesan interfa
ial layer with minimal energy R1�1 j�0(t)j2 +W (�(t))dt. The surfa
etension �̂ is related to d by �̂ = d(%1; %2) if %1 6= %2 are the two minima of W .The relationship between Formula (18) and the �-limit of F is now the following.Let (%h; uh) be the numeri
al solution for some h > 0, that is (%h; uh) minimisesFh and % = %1 or % = %2 in 
 ex
ept for a set with a measure proportional to h.For D = 1 we have "(u) = ru = u0 and the elasti
 energy between two phases
onverges to Z
 V%(u) = Z
 12(ru� l1)C(ru� l2) (21)for some 
onstant C > 0 and l1 = %1%, l2 = %2%. This expression is relatedto Formulation (15) and we see that the limit is an elasti
 energy. Yet, in thenumeri
al s
heme, for h > 0, another e�e
t is signi�
ant. To see this let us have alook at a transition layer of two neighbouring phases. In a small region, %h jumpsbetween %1 and %2 and ruh between l1 and l2. The elasti
 energy for the dis
retes
heme with h > 0 is hen
e approximatelyZ
 C2 �uhi � uhi�1h � l1��uhi � uhi�1h � l2� = LC2 (l1� l2)2 = LC2 %2(%1� %2)2: (22)
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e energy for a given 
onstant 
 along the interfa
e isZ
 
2 jr%hj2 = 
2 Z
 (%1 � %2)2h2 = L
2h2 (%1 � %2)2: (23)The 
omparison of (22) and (23) yields the relationship
 = C%h2: (24)This means that due to the vis
osity of the 
omputational s
heme, the numeri
alsolution for 
 = 0 behaves like the solution of the Cahn-Hilliard equation with
 given by (24). As long as 
 > 0, it is well known that the term 
2 jr%j2 inthe free energy guarantees the 
oer
ivity of the fun
tional in H1;2 and ensuresthe existen
e of a solution to the dis
rete s
heme, see [11℄. Therefore, for anyh > 0, a dis
rete numeri
al solution (%h; uh) exists. Yet, the limiting equationfor h & 0 has no solution (%; u) for instan
e with % 2 C0; 14 ([0; T ℄; L2(0; L)),u 2 L1(0; T ; H1;2(0; L)) whi
h is known to be true for 
 > 0, see again [11℄.The results of some numeri
al 
omputations are presented as an illustration inFigure 2 whi
h 
ompares the numeri
al results of two 
omputations. The pi
tureson the left hand side show the 
ase 
 = 10�5, the pi
tures on the right the resultsafter setting 
 = 0 in the algorithm. All 
omputations were done for the two-dimensional domain 
 := (0; 1)2 � R2 . The �rst line shows the graph of % plottedover 
. For 
 = 0 one 
an observe small kinks 
lose to the phase boundary. These
ond line shows the distribution of the two phases. As 
an be seen, the transitionlayer for 
 = 0 is not smooth and follows strongly the underlying triangulation.This 
an be observed even better in Fig. 1. The third line shows an enlargedse
tion of the graph 
lose to the phase transition whi
h illustrates that for 
 = 0the transition follows the triangulation.Competition between elasti
 energy and surfa
e energy is also of importan
e forthe numeri
al solution of other two-phase problems of Ginzburg-Landau type.Chara
teristi
 for the Ginzburg-Landau approa
h is an expansion of the energyand a term 
2 jr%hj2 appears in Fh. Consequently, transition layers of width p
are formed and in 
ase of a linear stress strain law (22), (23) 
ontinue to hold.Thus, the results 
arry over to related models like the phase �eld equations orthe Allen-Cahn equation.

Figure 1: Enlarged pi
ture of the phase distribution for 
 = 0.
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ussion and OutlookThe present arti
le analysed 
ertain dis
rete approximation s
hemes related to the
omputation of free energies in two-phase systems. At one simple example in onespa
e dimension it was demonstrated that if the ratio of elasti
 and surfa
e energyis suitable this surfa
e energy may still be present in the �-limit. This e�e
t mayappear in numeri
al 
omputation s
hemes and may in
uen
e the 
omputationsbut is frequently not noti
ed ex
ept in border line 
ases. Therefore, the matterdeserves a deeper and more systemati
 treatment. A further problem is thateven small surfa
e tension leads to a multitude of lo
al minima. So, numeri
alalgorithms may get stu
k there. This makes it worthwile to implement globalminimisation pro
edures.

Plot of the graph

Distribution of the phases

Enlarged se
tion of the graphFigure 2: Comparison of numeri
al results for di�erent values of 
. Left: 
 = 10�5.Right: 
 = 0
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