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Abstract

This article is concerned with the mechanical properties ofdense, vertically
aligned carbon nanotube foams subject to one-dimensional compressive load-
ing. We develop a discrete model where in�nitesimal portions of the tubes
are represented by collections of uniform bi-stable springs. Wecompute the
dynamic dissipation of such a model through an analytic approach. The con-
tinuum limit of the microscopic spring chain de�nes a mesoscopicdissipative
element (micro-meso transition), which represents a �nite portion of the foam
thickness. An upper scale model formed by a chain of nonuniform mesoscopic
springs is employed to describe the entire CNT foam. A numericalapprox-
imation illustrates the main features of the proposed multiscale approach.
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Available experimental results on the compressive response of CNT foams
are �tted with excellent agreement.
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1. Introduction

Since their discovery Iijima et al. (1995), carbon nanotubes(CNTs) have
been widely studied for the understanding of di�erent aspects of their chem-
ical, electrical and mechanical responses. Because of their unique properties
and bene�ting from their multiscale nature, forests of vertically aligned car-
pets of CNTs have been proposed for a variety of applications ranging from
biomimetic highly adhesive layers (similar to spider's and gecko's feet) Yur-
dumakan et al. (2005) to nanobrushes Cao et al. (2005a), biocompatible
substrates for cells growth and treatment Polizu et al. (2006), heat sinks
Xu and Fisher (2004) and super-hydrophobic nanomanipulation substrates
Gjerde et al. (1991), structural composites Veedu et al. (2006), vibration
damping layers Daraio et al. (2004a), lithium and hydrogen storage Wang
et al. (2006), chemical sensing and �ltering Majumder et al. (2005); Ma-
heshwari and Ravi (2008), �eld emitters Manohara et al. (2005), etc. The
mechanical response of individual nanotubes under axial and radial defor-
mation, and their bending/buckling modes, have been studied extensively
using experimental, theoretical and molecular-dynamics analysis Iijima et al.
(1995); Yakobson et al. (1996); Falvo et al. (1997); Ru (2000); Belytschko et
al. (2002); Arroyo and Belytschko (2003); Pantano et al. (2004a,b); Waters
et al. (2004, 2005); Cao and Chen (2006a,b,c). The elastic modulus E of
individual carbon nanotubes has been reported to be very high: � 1 TPa
Ru (2000); Pantano et al. (2004a). However in experiments this value can
vary widely, depending on the number of defects, the CNT microstructure
and the synthesis method followed.

The study of the mechanical properties of CNTs was later extended to
bundles of nanotubes under pressure Chesnokov et al. (1999); Peters et al.
(2000); Chan et al. (2003); Liu et al. (2005); Qi et al. (2003)and to CNT
forests under nanoindentation Mesarovic et al. (2007). The study of thin
structural foams Gibson and Ashby, (1998) for cushioning Zhang etal. (2009),
energy dissipation Edwin et al. (2007) and protection Liu et al. (2008) has
recently been receiving increasing attention for several practical applications,
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including mitigation of explosive loading Nesterenko (2001).Nanotube based
�lms have been reported as an excellent alternative to regular foams, exhibit-
ing a super-compressible foam-like behavior under compressive cycling loads
Cao et al. (2005a); Suhr et al. (2007); Teo et al. (2007); Tao et al. (2008);
Deck et al. (2007); Cao et al. (2005b). Investigations on the dynamic response
of foam-like forests of CNTs under dynamic ball impacts have been also per-
formed Daraio et al. (2004a,b, 2006); Misra et al. (2009a). Results show
a strongly nonlinear response that appears to be very suitable for energy-
absorbing layered materials in noise and shock wave mitigationand as non-
linear springs for assembling nonlinear acoustic crystals. The CNTforests'
response was also found to be strongly dependent on the forests' microstruc-
ture (height, density, alignment, etc.) and growth method. In certain cases
the possible presence of plastic deformation and fracturing of the tubes was
reported Daraio et al. (2004b).

Mechanical models consisting of chains of identical bi-stablesprings have
been extensively studied by several authors, due to their ability to describe
a series of relevant nonlinear material behaviors (like e.g.phase transfor-
mations, reversible pseudo-plasticity, hysteresis, fracture, etc.), through the
interplay between macroscopic and microscopic length scales (refer e.g. to
M•uller and Villaggio (1997); Ortiz (1999); Puglisi and Truskinovsky (2000,
2002, 2005)). It is well known that such systems exhibit a `bumpy' multi-well
energy landscape, allowing for multiple inhomogeneous metastable equilibria
(cf., e.g.,Blesgen (2007); Braides and Cicalese (2007); Braides et al. (1999);
Charlotte and Truskinovsky (2002, 2008); M•uller and Villaggio (1997); Ortiz
(1999); Puglisi and Truskinovsky (2000, 2002, 2005)). In particular, Pam-
polini and Del Piero Pampolini and Del Piero (2008) have recently found that
they well describe the hysteretic response of open-cell polyurethane foams
under con�ned compression tests.

In this article we present a phenomenological model of the mechanical
response of carbon nanotube foams under compressive loading, through mul-
tiscale chains of lumped masses connected by nonlinear springs. We show
that such a modeling well describes the experimentally observed behavior
of CNT arrays under compression tests, which is characterized by asucces-
sion of inhomogeneous equilibrium con�gurations, and macroscopic hysteresis
Mesarovic et al. (2007); Suhr et al. (2007); Cao et al. (2005b); Misra et al.
(2009b). The typical response of CNT foams to compression tests encom-
passes an initial quasi-linear stress-strain regime (phasea); a buckling phase
a�ected by strain localization, in the form of progressive collapse of the CNTs
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either from the bottom side or from the top side Cao et al. (2005b); Misra et
al. (2009b) (phaseb); and a �nal densi�cation under large strains (phasec).
We here focus on the time-independent component of the hysteresis associ-
ated with such a response, which is essentially due to e�ects such asfriction,
entanglement and electrostatic interaction between individual and bundles of
carbon nanotubes Suhr et al. (2007); Teo et al. (2007); Tao etal. (2008); Deck
et al. (2007); Misra et al. (2009a); Cao et al. (2005b); Misra etal. (2009b).
The macroscopic hysteresis is described as a rate-independent phenomenon
induced by the succession of in�nitesimal viscous events at the microscopic
scale Puglisi and Truskinovsky (2005). As a result, the mechanicalmodel
presented in this work does not account for viscosity or other rate-dependent
e�ects at the macroscopic scale, which we address to future work.

Most of the available studies on bistable spring chains consider only two
spatial-temporal micro-macro scales.The formulation adopted in the present
study instead introduces three di�erent time-space scales: a `microscopic'
scale (of the order of nanometers), which is associated with the individual
bi-stable springs and an in�nitesimal portion of the total foamthicknessL tot ;
a `mesoscopic scale' (of the order of micrometers), corresponding to the limit
of an in�nite series of microscopic springs and representing a �nite portion
of L tot ; and a `macroscopic' scale (of the order of millimeters), describing
the entire foam. We start with the derivation of a discrete 1D model at the
microscopic level, showingN +1 particles having nearest neighbors connected
by N uniform nonlinear springs. The discrete spring potentials are chosen
to allow the study of softening and strain localization of the tubes. This
is discussed in Section 2. Here, we pick up the concept of bi-stablesprings
discussed by Puglisi and Truskinovsky in Puglisi and Truskinovsky (2000,
2002, 2005). In Section 3 we analytically determine the continuum limit N !
1 of the microscopic spring chain, by particularizing to the present case the
analysis presented in Puglisi and Truskinovsky (2005). Such a limit de�nes a
mesoscopic dissipative element. In Section 4 we then formulate an upper scale
model of the entire CNT foam through an information-passing approach, by
superimposing a �nite number of mesoscopic dissipative springs with di�erent
mechanical properties. We account in this way for inhomogeneities induced
by the CNT growth process.

The introduction of non-uniform mechanical properties allows us to en-
rich the formulation given in Puglisi and Truskinovsky (2000, 2002, 2005);
Pampolini and Del Piero (2008) for bistable spring chains, modeling macro-
scopic hardening, instead of a perfectly `plastic' response. Hardening-type
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post-buckling regimes are commonly observed in compression tests on CNT
foams Cao et al. (2005b); Misra et al. (2009b). We present in Section 5
a numerical micro-meso convergence study, and the �tting of mesoscopic
model parameters to di�erent available experimental data on compressed
CNT foams. We demonstrate that the proposed model and its numerical im-
plementation are capable of reproducing the physical behavior of real CNT
foams with excellent agreement. We end the article with a critical evaluation
and discussion of the results and an outlook.

2. The mechanical model at the microscopic scale

We model an in�nitesimal portion of a CNT array as a collection of N +1
lumped massesm0; : : : ; mN piled up one over the other (withN > 2). In
this con�guration, m0 is clamped at the bottom of the pile at the position
x0 = 0, whereas mN is on top at position xN = L > 0, referring to the
unstressed reference con�guration (Fig. 1c). The nearest neighboring mass
points are connected byN nonlinear microscopic springs. We assume that
the reference con�guration displays equal distanceshN := L=N between the
masses, and denote the axial displacement of the massmi (positive upward)
by ui

N (with u0
N = 0, see Fig. 1c). We setuN := f u0

N ; :::; uN
N g.

For the mechanical energyV i of the microscopic spring placed between
nearest neighborsmi � 1 and mi , we assume the three-branch expression de-
�ned by

V i (" i ) =

8
>>>><

>>>>:

V i
a (" i ) = � ki

0[" i +ln(1 � " i )]; " i < " i
a;

V i
b (" i ) = c1 + � i

a" i + 1
2ki

b("
i � " i

a)2; " i
a � " i � �" i

c;

V i
c (" i ) = c2 � ki

c["
i � " i

� +ln(1 � (" i � " i
� ))] ; �" i

c < " i ;

(1)

with " i = " i � " i
0, where

" i = " i (uN ) =
ui � 1

N � ui
N

hN
(2)

is the strain measure associated with such a spring (positive in compression).
In (1), the quantity " i

0 � 0 determines the value of" i corresponding to
the �rst minimum of V i (`equilibrium' or `initial' strain); ki

0 > 0, ki
b < 0,
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Figure 1: (Color online) (a) Schematic diagram of a vertically aligned CNTs foam, uni-
formly loaded in compression. (b) Scanning electronic micrograph of the as grown carbon
nanotube �lm showing the alignment and the microstructural layering due to the growth
process Deck and Vecchio (2005). (c) Modeling of a portion of a CNT foam as a collection
of microscopic mass-spring elements.

ki
c > 0, " i

a > 0 and " i
c � " i

a are constitutive parameters (�ve independent
parameters); the constantsc1 < 0 and c2 > 0 are such thatV i

a (" i
a) = V i

b (" i
a),

V i
b (�" i

c) = V i
c (�" i

c); and it results

" i
� = " i

c �
� i

a

ki
c + � i

a
; (3)

�" i
c =

" i
c (ki

c + � i
a)

ki
c + � i

c
+

(� i
c � � i

a) (ki
c + " i

ck
i
c + " i

c�
i
a)

(ki
c + � i

a) (ki
c + � i

c)
; (4)

with
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� i
a = ki

0
" i

a

1 � " i
a
; � i

c = � i
a + ki

b(�"
i
c � " i

a): (5)

The relationship

� i (" i ) = V i 0
=

8
>>>>><

>>>>>:

ki
0

" i

1� " i ; " i < " i
a;

� i
a + ki

b("
i � " i

a); " i
a � " i � �" i

c;

k i
c (" i � " i

� )
1� (" i � " i

� ) ; �" i
c < " i

(6)

de�nes the stress� i acting in the spring connectingmi � 1 with mi .
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We deduce from (1) thatV i owes the two-well pro�le shown in Fig. 2. Ac-
cordingly, the stress-stain relationship (6) is described by the non-monotone
pro�le depicted in Fig. 3. It is worth noting that the mechanical response
of the generic microscopic spring encompasses two stable phases, for " i < " i

a
(phasea) and " i > �" i

c (phasec), respectively; and an intermediate unstable
phaseb for " i

a � " i � �" i
c (spinodal regime). For future use, we set

� � i := � i
c � � i

a; �" i
a :=

" i
a� i

c

� i
a + " i

a � � i
(7)

and let � i
M denote the slope of the linear branch of the convex hull ofV i

(Maxwell stress, see Fig. 3). We also convene to denote the value of" i where
� i = � i

M in phasea by " i
aM

, and the value of" i such that � i = � i
M in phasec

by " i
cM

. With reference to the generic spring, Equation (6)1 highlights that
ki

0 represents the elastic sti�ness at zero stress in phasea (" i = 0). On the
other hand, Equation (6)2 points that ki

b represents the (constant) sti�ness
in the spinodal phaseb, while Equation (6)3 reveals that ki

c represents the
sti�ness at zero stress in phasec (" i = " i

� ). We name "symmetric" the case
with ki

c = ki
0 and "asymmetric" the one with ki

c 6= ki
0. The meaning of the

other quantities appearing in Equations (1) - (7) is illustrated in Figs. 2 and
3.

3. Dynamic relaxation and hysteresis at the mesoscale

There are two fundamental characteristics reported experimentally in the
bulk compressive response of dense vertically aligned CNTs forests:(i) a
good recovery of deformation even at large compressive strainsafter a suf-
�ciently large recovery time Cao et al. (2005b); Misra et al. (2009b); and
(ii) a strong hysteresis, observed in particular in as-grown foams,attributed
to several potential e�ects, including friction, entanglement and electrostatic
interaction between individual and bundles of carbon nanotubes Suhr et al.
(2007); Teo et al. (2007); Tao et al. (2008); Deck et al. (2007); Misra et al.
(2009a); Cao et al. (2005b); Misra et al. (2009b).

In the present Section we will analyze such a dissipative behavior, by
studying a dynamic switching process at the microscopic scale between the
phases (a) and (c) described in Figs. 2 and 3. This is in line with the ideas in
Puglisi and Truskinovsky (2002, 2005). Following Puglisi and Truskinovsky
(2005), we name a response of the materialplastic, if the strain " i of a single
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Figure 2: (Color online) Mechanical energyV i of the generic microscopic (bi-stable) spring.

spring exceeds" i
0 + " i

a. For a chain ofN springs, this can be characterized by
the occurrence of loading and unloading stress plateaux. However, we notice
that our analysis excludes accumulation of permanent deformation, therefore
the end point of one hysteresis cycle coincides with the start point of the next
cycle. In this sense, the present hysteresis model is time-independent. We will
show in Section 5.2 that it is nevertheless capable of capturing a previously
accumulated permanent deformation (mechanical preconditioning), through
suitable de�nition of the initial strains " i

0.
Within the current Section, we rescale for simplicityL to unity, and

assume thatV i is independent of the spatial position. Accordingly, we drop
the superscript i in front of the spring properties. This because we refer
the following analysis to a �nite portion of the CNT foam, regarding such
a mesoscopic element as the limit forN ! 1 of a series ofN identical
microscopic springs. Furthermore, we restrict our attention tothe case with
kc = k0 ("symmetric" model), and "0 = 0. For the present analysis we
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Figure 3: (Color online) Stress� i versus strain " i relationship in the generic microscopic
spring.

require a certain smallness condition on"a and " c relating to strong pinning
that disappears in the limit N ! 1 , see Puglisi and Truskinovsky (2002).
We de�ne the mechanical energy of the foam as

EN (uN ) =
1
N

NX

i =1

V(" i (uN )) (8)

with the e�ective potential

V(") =

8
<

:

� k0[" + ln(1 � ")] if " < " a;
c1 + � a" + kb

2 (" � "a)2 if "a � " � " c;
c2 � k0[" � " � + ln(1 � " + " � )] if " c < ":

Let � be the given total stress, coinciding at equilibrium with the stress in
each individual spring (� = � 1 = : : : = � N ). The total average strain is
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simply

"(uN ) :=
1
N

NX

i =1

" i (uN ):

We model plasticity by the gradient 
ow equations Puglisi and Truskinovsky
(2005)

� _" i (uN ) = �
@� N

@"i
("1(uN ); : : : ; "N (uN )) (9)

with the total energy

� N ("1; : : : ; "N ) :=
1
N

NX

i =1

�
V (" i ) � �" i

�
:

The evolution equation (9) lets" i evolve towards local minimizers of �N .
We are interested in the limit� ! 0 which amounts to in�nitely fast evolution
such that "(uN ) attains a local minimizer of � N . First we construct the
equilibrium points. Inside the i -th spring element, the strain must satisfy
the condition V 0(" i ) = � . For given total stress� , there are at most the
three local minimizers

�"a =
�

k0 + �
; �"b =

� � � a

kb
+ "a; �" c =

� (1 + " � ) + k0" �

k0 + �
= �"a + " � :

Let p, q, 1 � p � q denote the phase fractions of the minimizersa, b, and c,
which corresponds to havingNp, Nq, N (1 � p� q) springs in phasea, b, and
c, respectively.

As " 7! V(") is concave in Regimeb, if the elongation of a spring in the
local minimum �"b is altered by an arbitrarily small perturbation, it will move
(according to the sign of the perturbation) to either �"a or �" c. In consequence,
any system ofN springs with q 6= 0 is unstable and we may in the following
restrict to the caseq = 0.

From " = p�"a +(1 � p)�" c we compute the equilibrium stress-strain relation
to be

� (") =
k0(" � "p)

1 � (" � "p)
(10)

with
"p := (1 � p)" �

that can in a natural way be identi�ed with the plastic strain. From (10) we
see that � only depends on the elastic strain"el := " � "p.
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For the energy of the equilibrium con�guration with Np springs in phase a
we �nd

bEp(" ) = � k0

h � (")
k0 + � (")

+ ln
� k0

k0 + � (")

�i
+ (1 � p)c2

= � k0
�
(" � "p) + ln(1 � (" � "p))

�
+ (1 � p)c2:

Note that bEp has a �nite number of local minimizers (depending on the
remaining parameterp). As explained in Puglisi and Truskinovsky (2005),
the switching takes place between branches that di�er in exactly one element
in the phase state and the succession ofN such steps describes the transition
from one homogeneous state to the next. Each of these steps can bethought
of as the combination of an elastic part and a plastic part.

The stress-strain curve of the foam follows a sawtooth pattern as illus-
trated in Fig. 4. We denote by �A i the end points of thei -th branch (cf. Fig. 3,
where one such end point is denoted�A1). The �A i are the �nal states of the
elastic steps( �B i ! �A i +1 ) where the system remains on the same metastable
branch as long as possible. Theplastic steps( �A i ! �B i ) are characterized
by that the total strain is �xed and the system switches between metastable
branches that are neighbors ([Np] = 1, and [Q] generically denotes the jump
of a quantity Q). Fig. 5 shows the elastically stored energy (orcold work
Puglisi and Truskinovsky (2002, 2005))C i , and the energy dissipationD i

that are produced within the generic spring during the plasticsteps of the
overall response. We letCN , DN and FN denote the total cold work, dissi-
pation and free energy of the system, respectively, de�ned as

CN := hN

NX

i =1

C i ; DN := hN

NX

i =1

D i (11)

FN := EN + CN : (12)

These considerations lead to the representation

�A i =
�

" �A i
;

k0"a

1 � "a

�
; �B i =

�
" �A i

;
k0("a � " � =N)
1 + " � =N � "a

�
; 1 � i � N

in the ("; � )-diagram, where

" �A i
:= "a +

i � 1
N

" � : (13)
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Figure 4: Overall stress-strain pattern of a series ofN = 10 microscopic springs.

So we can compute that a plastic step is characterized by

[" ] = 0; [Np] = 1; [� ] = �
k0" �

N (1 � "a)(1 + " � =N � "a)
;

whereas an elastic step ful�lls

[" ] =
" �

N
; [Np] = 0; [� ] = +

k0" �

N (1 � "a)(1 + " � =N � "a)
:

The evolution equation (9) lets" i evolve towards local minimizers of �N .
Now we want to look at the energetics of the plastic and the elastic regime.

For an elastic step we have the energy di�erence

� bEN = k0
�

ln(1 � "a) � ln(1 � "a + " � =N)
�

+
k0" � + c2

N
:

In the same spirit, we calculate that for a system withN � 1 springs, the
plastic dissipation is

DN := k0

h
ln(1 � "a + " � =N) � ln(1 � "a)

i
�

c2 + k0" �

N

= k0
1

� N

" �

N
�

c2 + k0" �

N
for a � N 2 (1 � "a; 1 � "a + " � =N): (14)

Clearly, � N ! 1 � "a for N ! 1 .
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Figure 5: Branch snaps of an individual microscopic spring during loading (top) and
unloading (bottom), and associated cold workC i and dissipation D i . The points A1 and
C1 correspond to a suitable segment�A i ! �B i of the overall stress-strain response in Fig. 4,
whereasC1 and A1 correspond to a segmentA i ! B i of the same response.
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In one hysteresis cycle, there areN loading steps andN steps when the
system is unloaded, so we have totally 2N steps that dissipate energy. The
total dissipated energyD in a cycle becomes in the limitN ! 1

D = lim
N !1

2ND N =
�
�
�
2k0" � "a

1 � "a
� 2c2

�
�
� : (15)

We put the modulus here to ensure that the dissipation is positive.
The limit stress-stain pattern for N ! 1 is shown in Fig 6. It corre-

sponds to a "perfectly plastic" behavior with stress plateaux at� = � a =
k0"a=(1� "a) (loading plateau) and� = � c = � a+� � (unloading plateau). We
emphasize again that this ansatz only works for rate-independent plasticity
where the energy only depends on start point and end point of the evolution,
but not on the evolution path itself. The limit dissipation (15) equals the
area enclosed by the limit stress-strain response. As already observed, we
confer the behavior shown in Fig. 6 to a mesoscopic spring element, which
represents a �nite portion of the CNT foam thickness.

e

s

Figure 6: Overall stress-stain pattern for a chain ofN microscopic springs in the limit
N ! 1 .

4. Multiscale numerical modeling

We formulate in the present Section a multiscale numerical model of a
nonlinear mass-spring chain, where each spring represents either a micro-
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scopic bistable element (cf. Section 2), or a mesoscopic dissipative element
of the kind introduced in the previous Section. We introducetwo di�erent
time scales: an external (slow) time� 2 [� 0; � 1] ruling an evolution law of the
applied boundary conditions, and an internal (fast) timet 2 [t0; t1] governing
the dynamic relaxation of the system for �xed� . Depending on the adopted
model for the individual springs, we may have thet corresponds to the mi-
croscopic timescale (i.e. to the time ruling the microscopic behavior) and �
to the mesoscopic time (micro-meso transition), or, alternatively, that t cor-
responds to the mesocopic time and� to the macroscopic time (meso-macro
transition).

Let us denote a prescribed displacement time-history of the topmost mass
mN by � (� ). We introduce a discretizationf � 1; : : : ; � M g of the loading interval
[� 0; � 1] and compute the system response for �xed� = � k and �� = � (� k),
through integration with respect to t of the evolution equations

mi •̂ui
N + 
 i _̂ui

N = � i +1 � � i ; i = 1; : : : ; N; (16)

which generalize the gradient 
ow equations (9) Puglisi and Truskinovsky
(2005). In (16), ûi

N = ûi
N (t) denote transient displacement histories of the

massesm0; : : : ; mN at �xed � ; � i indicates the current stress in thei th spring
(it is understood that it results � i = 0 for i > N ); and 
 1; : : : ; 
 N denote
damping coe�cients.

Since we are only interested in the �nal equilibrium con�guration of the
transient internal motion, we `overdamp' such a motion down, by introducing
�ctitious masses and damping factors in (16). In detail, we set the integration
time step � t to unity, and introduce �ctitious masses mi = �k i � t2, with
ki = hN (V i + V i +1 )00and � � 100. This ensures �t � 0:1

p
mi =ki (i =

1; :::; N ) Fraternali et al. (2009). Moreover, we let the generic
 i be equal to
the `critical' damping de�ned as follows


 i = 2
p

mi ki (17)

The equations of motion (16) are associated with the initial conditions

ûi
N (t = t0) = ( ui

N )(k� 1); i = 0; : : : ; N � 1; ûN
N (t = t0) = ��

_̂ui
N (t = t0) = 0 ; i = 0; : : : ; N (18)
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where (ui
N )(k� 1) (i = 1; : : : ; N ) are the displacements of the masses at the

external time � = � k� 1. Equations (16), (18) are numerically integrated
through a fourth-order Runge-Kutta integration scheme, up to an internal
time t1 such that it results j� i +1 � � i j � 10� 6j� N j for all i 2 f 1; : : : ; N � 1g.
When the internal equilibrium is reached, we setk  k + 1 and re-iterate
problem (16).

For the micro-meso convergence study of Section 5.1, we consider the
stress-strain law described by Equation (6) and illustrated in Fig. 3, for each
microscopic spring. For the simulation of compression tests on real CNT
foams, we instead adopt nonuniform chains of mesoscopic spring character-
ized by a suitable numerical regularization of the stress-strainpattern shown
in Fig. 6. In detail, we introduce a `hardening' type regularization consisting
of the following stress-strain law (Fig. 7)

� i =

8
>>>>>>>>><

>>>>>>>>>:

� (a;i ) = k i
0" i

(1� " i ) ; (" i < " i
a) and (
ag (k� 1) 6= c);

� (d;i ) = � i
a + ki

h+ (" i � " i
a); (" i

a � " i � "̂ i
c) and (
ag (k� 1) = a);

� (e;i) = � i
a + � � i + ki

h� (" i � �" i
c); ("̂ i

a � " i � �" i
c) and (
ag (k� 1) = c);

� (c;i ) = k i
c (" i � " i

� )
1� (" i � " i

� ) ; (�" i
c < " i ) and (
ag (k� 1) 6= a);

(19)

where, for each� = � k (k = 1; : : : ; M ), we set


ag (k) =

8
>>>>>><

>>>>>>:

a; (" i < " i
a) and (
ag (k� 1) 6= c);

c; (�" i
c < " i ) and (
ag (k� 1) 6= a);


ag (k� 1); ((" i
a � " i � "̂ i

c) and (
ag (k� 1) = a));
or (("̂ i

a � " i � �" i
c) and (
ag (k� 1) = c)):

(20)

The quantities ki
0; � � i ; ki

c; "a
i ; " i

c; ki
h+ and ki

h� in (19) are constitutive
parameters (seven independent parameters), while ^" i

a and "̂ i
c are computed

by solving for " i the equations
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� (a;i ) = � (e;i) ; � (c;i ) = � (d;i ) (21)

respectively. One gets back to a perfectly plastic mesoscopic response by
setting the regularization (`hardening') parameterski

h+ and ki
h� equal to

zero. The quantities" i are given by (2) under the replacement ofui
N with

ûi
N .
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Figure 7: (Color online) Hardening-type regularization of the mesoscopic response.

5. Applications

The present Section deals with applications of the above numerical model
to a convergence study and the �tting of laboratory tests on thecyclic com-
pression of CNT foams. In the �rst case, series of springs with constitutive
equations (6) were considered (model # 1: micro-meso transition), letting
the total number of springs of the system increase progressively (micro-meso
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transition). In the second case, spring chains with constitutiveequations (19)
were instead examined (model # 2: meso-macro transition). The optimal �t
of available experimental stress-strain curves was performed by playing with
the constitutive parameters of equations (19) and the numberof mesoscopic
springsN . Depending on the value ofN , a signi�cant number of parameters
may need to be identi�ed. This lead us to employ a �tting procedure based
on genetic algorithms, which have been proved to be well-suited for multi-
modal non-convex optimization (cf. e.g. Schmitt (2004); ElSayed et al.
(2008); De Falco et al. (1996); Fraternali et al. (2009)). Inall the examined
examples, we nameglobal strain the quantity " = ( L � `)=L, ` denoting the
total deformed length of the chain.

5.1. Convergence study
We examined uniform chains with �xed lengthL = 860 � m and increasing

number of microscopic springsN , subject to a complete loading-unloading
compression cycle up to a global strain" = 0:85 (as in the experiments ex-
amined in Section 5.2.2). We employed model #1 withkc = k0 (`symmetric'
case);"0 = 0; and the material properties listed in Table 1 for all the springs.
Figs. 8 and 9 show the numerically computed stress� versus strain" , free
energyFN versus", and dissipationDN versus" responses of such a model
with variable number of springs (N = 5, 10, 15 and 50). The plots in Figs. 8,
9 highlight the following: the global stress-strain response alternates elastic
steps and `plastic' jumps of� at constant " ; the same response oscillating
converges to the `perfectly plastic' mesoscopic behavior shownin Fig. 6; DN

converges to the dissipation (15), according to the theoretical predictions of
Section 3. Concerning the free energy, Fig. 9 shows that theFN versus"
plots asymptotically converge to lines parallel to the Maxwell path, i.e. the
continuum limit in the absence of dissipation, for increasing values ofN , in
correspondence with the plastic steps of the system. Selected equilibrium
con�gurations of the model with N = 5 are depicted in Fig. 8. One can
easily recognize the con�gurations corresponding to the plastic steps of the
microscopic chain, displaying the snap of a single spring and the simultane-
ous elastic rearrangement of the remaining springs (cf., e.g., con�gurations
3 and 5 from the left). It is worth noting that the ordering of the springs is
of no relevance in the present case. Therefore, the succession of the spring
snaps can indi�erently proceed from the bottom to the top of the chain, as
shown in Fig. 9, from top to bottom, or in random sequence. In a real-world
chain of springs, the parameters ask0 or "a would never be perfectly identical
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and the small deviations of the di�erent springs would break the symmetry
and determine the ordering when the springs snap.

k0 [MPa] � �=� a "a " c

50:00 � 0:7 0:25 0:77

Table 1: Mechanical properties of uniform chains of microscopic bi-stable springs.

5.2. Fitting of experimental results on compressed CNT foams
We examined the experimental results of a cyclic compression test on a

doubly anchored CNT foam run at the Graduate Aerospace Laboratories of
the California Institute of Technology, and the results givenin Cao et al.
(2005b) on the cyclic compression of a foam-like CNT �lm. We considered
single loading-unloading cycles, examining data sets of the form

n
f " r � "0; �� r gr =1 ;:::;N d

o
; (22)

where " r are experimental observations of the global strain" (hard-device
tests); "0 is the permanent strain eventually accumulated during a previous
load history (mechanical preconditioning); �� r are the experimental recordings
of the overall stress� ; and Nd is the number of data points. We look for the
best-�t values of the constitutive parameters of model # 2

p =
n�

ki
0; � � i ; ki

c; "a
i ; " i

c; ki
h+ ki

h�

	
i =1 ;:::;N � 1

o
; (23)

under simple bounds of the form

p 2 D = [ plb
1 ; pub

1 ] � : : : � [plb
P ; pub

P ]; (24)

whereP is the overall number of parameters. We setP = 5N , by prescribing
the ratios ki

h+ =k0 and ki
h� =k0. In detail, we �xed ki

h+ = k0 � 10� 3 and ki
h� =

k0 � 0:5� 10� 2 for the �rst cycle of the experiment analyzed in Section 5.2.1;
ki

h+ = ki
h� = k0 � 10� 5 for the fourth cycle of the experiment analyzed in

the same Section; andki
h+ = ki

h� = k0 � 10� 2 for the experiments analyzed
in Section 5.2.2. The �tting performance of a given set of parametersp was
evaluated through the �tting �tness function

f (p) = max
r =1 ;:::;N d

j� r (p) � �� r j (25)
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which is the maximum-norm of the piecewise continuous residuals � � �� . Here,
� r (p) denotes the numerically predicted overall stress for" = " r , coinciding
at equilibrium with the stress in each individual spring. The multivariate
minimization problem

min
p2 D

f (p); (26)

is expected to be strongly non-convex Ogden et al. (2004) and well suited
for genetic algorithms Schmitt (2004); El Sayed et al. (2008). We employed
the Breeder Genetic Algorithm (BGA) presented in De Falco et al.(1996)
and successfully used as a parameter identi�cation tool in Fraternali et al.
(2009). We used a population size of 2P individuals; an initial, randomly-
chosen, truncation rate equal to 15%, extended intermediaterecombination,
mutation rate in the interval [10%; 50%], and a maximum number of gener-
ations equal to 200. We refer the reader to De Falco et al. (1996) for further
technical details of the employed BGA. We �t model # 2 both to he �rst
loading/unloading cycle of the examined foams, and to selected cycles fol-
lowing an initial mechanical preconditioning. For the �t of the �rst cycles we
assumed" i

0 = 0 in each spring, while for the cycles following the foam precon-
ditioning we set" i

0 = "0 in each spring,"0 being the macroscopic (permanent
or transient) strain observed at zero stress at the end of the previous loading
cycle. For the cycles following the preconditioning, we considered two dif-
ferent �tting models: one accounting for hysteresis (numerical (1): � � i < 0
in each mesoscopic spring), and the other without hysteresis (numerical (2):
� � i = 0 in each mesoscopic spring). Since all the adopted �tting models
account for macroscopic time-independent behavior (cf. Sect. 3), our �tting
results are independent of the strain rate actually applied inthe experiments.

5.2.1. Fitting of compression tests on a doubly anchored CNTfoam
We performed cyclic compression tests on vertically aligned multi-walled

carbon nanotube forests (800�m in length with sample area� 14mm2) grown
by chemical vapor deposition (CVD) using ferrocene and tolueneas precur-
sors. The average diameter of the as-grown CNTs was� 50nm. The as-grown
CNTs foams were partially anchored between two polymer layers to provide
structural support and sample transportability.

For anchoring the CNT foams on a substrate we spin-coated polydimethyl-
siloxane (PDMS) on top of a glass slide at 800 RPM to get 50� 100�m thick
�lms. Before curing the polymer we partially embedded the CNT-foams
at 80� C for 1 hour. After curing, the carbon nanotubes protruding from
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the substrate showed excellent vertical alignment with an average height of
� 750�m . The process was repeated turning the sample upside down to
obtain a `doubly anchored' system (i.e. sandwich structure withpolymer on
both sides and the CNT foam in the middle). Typical experimental results
obtained from cyclic compression tests are shown in Fig. 11 (top).

We separately �tted the �rst and the fourth stress-strain cycles shown in
Fig. 11 to model # 2, considering the general `asymmetric' case with ki

c 6= ki
0

(i = 0; : : : ; N � 1) and a chain with N = 4 springs. For the fourth cycle we
accounted for an initial strain "0 = 0:20, which approximatively corresponds
to the strain measured at zero stress at the end of the third loading cycle
(Fig. 11, top). The best �t parameters obtained through BGA optimization
are given in Table 2. A comparison between best-�t and experimental overall
stress-strain curves is shown in Fig. 11 (center and bottom). One observes
that the non-uniform dissipative mass-spring model is able to capture the real
hysteretical behavior of the examined CNT foam, both at their pristine state
(�rst cycle) and after mechanical preconditioning (fourth cycle), through a
multi-plateaux overall stress-strain pro�le. In particular, Fig. 11-bottom and
Table 2 show that the response after preconditioning can be roughly described
through a suitable non-dissipative model.

5.2.2. Fitting of results by Cao et al. Cao et al. (2005b) on a foamlike CNT
�lm

We �tted a cyclic compression test given in Cao et al. (2005b) fora
CNT foamlike �lm with thickness L = 860 � m. The analyzed experiment
performed 1000 loading/unloading cycles up to a global strain " = 0:85 (cf.
Fig. 3B of Cao et al. (2005b) and Fig. 12). We initially focusedon the �rst cy-
cle using a `symmetric' formulation of model # 2 (ki

c = ki
0 in each spring) and

chains with 3, 5 and 10 mesoscopic springs. The best �t parameters obtained
for this case are given in Table 3, and the corresponding stress-strain plots are
shown in Fig. 12. One observes that the matching between predictions and
experimental recordings appreciably increases by progressively adding meso-
scopic springs to the model under consideration (the �tting �tness function
f decreases from 1:586 MPa to 1:462 MPa, by letting the number of springs
increase from 3 to 10). A good matching between theory and experiments
was also obtained regarding the localization of the CNT deformation during
the buckling (`plastic') phase. Fig. 13 shows selected equilibrium con�gu-
rations of the BGA-optimized model with 5 springs and highlights that the
predicted spring snaps well simulate the real CNT kinking observed during
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4 springs, 1. cycle, "0 = 0, f = 0:491 MPa
spring # ki

0 [MPa] � � i =� i
a " i

a " i
c ki

c=ki
0

3 11:82 � 0:82 0:09 0:95 9:06
2 48:89 � 0:88 0:05 0:93 8:66
1 86:95 � 0:75 0:06 0:61 9:58
0 16:92 � 0:79 0:27 0:56 9:77

4 springs, 4. cycle, "0 = 0:20, numerical (1),f = 0:484 MPa
spring # ki

0 [MPa] � � i =� i
a " i

a " i
c ki

c=ki
0

3 35:93 � 0:69 0:03 0:84 92:73
2 10:76 � 0:98 0:88 0:88 59:37
1 20:42 � 0:86 0:19 0:27 25:93
0 7:16 � 0:16 0:02 0:95 96:70

4 springs, 4. cycle, "0 = 0:20, numerical (2),f = 0:746 MPa
spring # ki

0 [MPa] � � i =� i
a " i

a " i
c ki

c=ki
0

3 76:29 0:00 0:62 0:62 84:16
2 10:76 0:00 0:88 0:88 59:37
1 1:66 0:00 0:73 0:73 76:13
0 2:24 0:00 0:13 0:72 92:55

Table 2: Mechanical properties of `asymmetric' spring models �tting compressiontests on
a doubly anchored CNT foam.
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the experiment. The latter is clearly described by Figs. 1 and 4A of Cao et
al. (2005b).

A dramatic improvement of the �tting ability of the model # 2 w as ob-
tained by considering the `asymmetric' case (ki

c 6= ki
0). As shown in Tab. 4, we

were indeed able to reduce the �tting �tness to 0:808 MPa by using a BGA-
optimized "asymmetric" multiscale model with 10 springs. Such a�tness
value is markedly lower than that obtained for the corresponding "symmet-
ric" case (1:462 MPa, cf. Tab. 3). We were able to optimally �t also the
1000th cycle of the examined experiment to the `asymmetric' model, obtain-
ing a �tting �tness of 0 :444 MPa through the BGA-optimized 5 spring model
described in Tab. 4. The excellent match between numerical and experimen-
tal results for the present case is illustrated by Fig. 14, which compares
predicted and measured overall stress-strain responses. For the �rstcycle
we observe that the numerical multi-plateaux response closely approaches
the continuous experimental recording as the number of mesoscopic springs
increases from 5 to 10 (Fig. 14, top and center). Regarding the1000th cycle,
we assumed"0 = 0:14 as suggested in Cao et al. (2005b). Fig. 14, bottom
shows that the experimental stress-strain pro�le corresponding to the 1000th
cycle is already excellently approximated by a 5 spring modelwith dissipa-
tion (numerical (1)), and roughly described by an analogous model without
dissipation (numerical (2)). One observes from Tables 3 and 4 that the aver-
age value of the sti�nesski

0, among all the springs, is approximatively equal
to the elastic modulus estimated by Cao et al. (2005b) for the present CNT
foam (� 50 MPa).
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3 springs, 1. cycle, f = 1:568 MPa
spring # ki

0 [MPa] � � i =� i
a " i

a " i
c

2 52:30 � 0:78 0:17 0:78
1 52:30 � 0:78 0:23 0:88
0 52:30 � 0:78 0:27 0:73

5 springs, 1. cycle, f = 1:512 MPa
spring # ki

0 [MPa] � � i =� i
a " i

a " i
c

4 45:97 � 0:92 0:24 0:78
3 44:55 � 0:76 0:23 0:72
2 44:58 � 0:78 0:21 0:80
1 44:45 � 0:76 0:30 0:84
0 47:76 � 0:73 0:25 0:83

10 springs, 1. cycle, f = 1:462 MPa
spring # ki

0 [MPa] � � i =� i
a " i

a " i
c

9 46:76 � 0:81 0:20 0:86
8 58:04 � 0:86 0:58 0:54
7 51:92 � 0:80 0:25 0:87
6 48:27 � 0:88 0:22 0:87
5 60:76 � 0:86 0:21 0:60
4 58:10 � 0:72 0:25 0:81
3 53:87 � 0:70 0:18 0:80
2 44:27 � 0:66 0:25 0:89
1 59:50 � 0:64 0:19 0:64
0 59:73 � 0:76 0:21 0:88

Table 3: Mechanical properties of `symmetric' spring models �tting results by Cao et al.
Cao et al. (2005b).
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5 springs, 1. cycle, "0 = 0, f = 0:870 MPa
spring # ki

0 [MPa] � � i =� i
a " i

a " i
c ki

c=ki
0

4 39:06 � 0:69 0:28 0:86 4:70
3 43:41 � 0:65 0:31 0:81 4:71
2 48:48 � 0:90 0:21 0:81 3:90
1 38:15 � 0:73 0:24 0:76 5:00
0 46:89 � 0:77 0:26 0:80 4:33

10 springs, 1. cycle, "0 = 0, f = 0:808 MPa
spring # ki

0 [MPa] � � i =� i
a " i

a " i
c ki

c=ki
0

9 45:15 � 0:70 0:24 0:85 1:85
8 48:16 � 0:56 0:30 0:66 5:82
7 39:88 � 0:60 0:25 0:72 7:91
6 41:73 � 0:61 0:19 0:76 2:70
5 54:97 � 0:69 0:21 0:86 7:58
4 59:29 � 0:92 0:21 0:86 2:20
3 44:24 � 0:89 0:24 0:86 4:97
2 48:96 � 0:79 0:27 0:88 9:68
1 61:24 � 0:69 0:16 0:83 7:16
0 43:92 � 0:67 0:29 0:83 6:69

5 springs, 1000. cycle, "0 = 0:14, numerical (1),f = 0:444 MPa
spring # ki

0 [MPa] � � i =� i
a " i

a " i
c ki

c=ki
0

4 8:66 � 0:28 0:19 0:90 27:35
3 2:55 � 0:27 0:74 0:74 47:35
2 86:24 � 0:96 0:59 0:63 49:84
1 57:13 � 0:31 0:44 0:60 20:15
0 2:95 � 0:71 0:49 0:85 38:13

5 springs, 1000. cycle, "0 = 0:14, numerical (2),f = 0:926 MPa
spring # ki

0 [MPa] � � i =� i
a " i

a " i
c ki

c=ki
0

4 4:40 0:00 0:37 0:89 45:19
3 54:24 0:00 0:44 0:71 35:32
2 4:62 0:00 0:59 0:63 26:10
1 1:83 0:00 0:87 0:87 32:26
0 11:38 0:00 0:09 0:75 33:84

Table 4: Mechanical properties of `asymmetric' spring models �tting results by Cao, Cao
et al. (2005b).
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6. Discussion and Outlook

In this article we derived a phenomenological model describing the be-
havior of CNT foams under uniform compression, through the concept of
bi-stable springs presented in Puglisi and Truskinovsky (2000, 2002, 2005),
which has been recently applied to open-cell polyurethane foams Pampolini
and Del Piero (2008).

The proposed model di�ers from other bi-stable mass-spring models avail-
able in the literature (refer e.g. to Blesgen (2007); Braidesand Cicalese
(2007); Braides et al. (1999); Charlotte and Truskinovsky (2002, 2008); M•uller
and Villaggio (1997); Ortiz (1999); Puglisi and Truskinovsky (2000, 2002,
2005) and references therein), due to the presence of an intermediate, meso-
scopic scale, placed in between the microscopic scale of the bi-stable springs,
and the macroscopic scale of the entire structure. The microscopic scale
aims to describe the dynamic snapping of the carbon nanotubes, due to local
buckling Zbib et al. (2008), while the mesoscopic scale is intended to describe
the time-independent hysteretic behavior of �nite portionsof the CNT foam.
The latter typically follows from kinking, entanglement ofthe tubes, friction
and other microscopic dissipative e�ects Suhr et al. (2007); Teo et al. (2007);
Tao et al. (2008); Deck et al. (2007); Misra et al. (2009a).

Another relevant di�erence between the present model and most of the
available bi-stable mass-spring models consists of the fact that the current
model accounts for nonuniform mesoscopic spring properties, while other
models usually consider uniform chains of bi-stable springs (seee.g.
Puglisi and Truskinovsky (2000, 2002, 2005); Pampolini and DelPiero (2008)).
Such a mechanical inhomogeneity allows us to account for hardening of the
macroscopic response in the post-buckling range Cao et al. (2005b); Misra et
al. (2009b).

The numerical results given in Section 5 demonstrated that ourmethods
are capable of recovering available experimental results onthe compression of
CNT foams with excellent agreement. We �tted the parameters of the meso-
scopic springs through a Breeder Genetic Algorithm, which is well suited
for global non-convex optimization De Falco et al. (1996). The �tting of
experimental stress-strain curves allowed us to recognize thatnon-uniform
dissipative mass-spring models are well suited to capture the mainfeatures
of the real compressive response of CNT foams, and speci�cally strainlo-
calization due to CNT kinking and time-independent hysteresis.The latter
was found to be relevant during loading/unloading from the pristine state,
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and progressively decaying after mechanical preconditioning. By setting to
zero the dissipation of the model, we were led to obtain a rough,non-linearly
elastic approximation of the examined experimental behaviors after precon-
ditioning.

The distinctive features of the multiscale model presented in this work
highlight its potential use to describe the mechanical behavior of multilayered
systems composed of alternating CNT foams and anchoring polymeric �lms
Misra et al. (2009b). Such an extension of the current model; the description
of permanent deformation through fatigue or damage mechanisms; and the
inclusion of rate-dependent dissipative e�ects at the macroscopic scale are
addressed to future work.
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Figure 8: (Color online) Response of uniform chains of microscopic bi-stable springs with
properties shown in Table 1: FN free energy (kJ/mq); DN dissipation (kJ/mq); � global
stress (MPa); " global strain (�lled marks: loading; un�lled marks: unloading).
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microscopic spring chains in correspondence with the plastic steps of the system (�lled
marks: loading; un�lled marks: unloading). The notation Sa indicates that currently S
springs are in phasea.
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Figure 10: (Color online) Selected equilibrium con�gurations of the model with �ve springs
described in Tab. 1.
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Figure 11: (Color online) Fitting of compression tests on a doubly anchored CNT foam
(top) to non-uniform `asymmetric' spring models (properties in Tab. 2).
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Figure 12: (Color online) Fitting of the �rst cycle of a compression test on a foamlike
CNT �lm Cao et al. (2005b) to non-uniform spring models (properties in Tab. 3).
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Figure 13: (Color online) Selected equilibrium con�gurations of the model with �ve springs
described in Tab. 3.
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Figure 14: (Color online) Fitting of experimental compressive stress-strain curves of CNT
foams Cao et al. (2005b) to non-uniform `asymmetric' spring models (properties in Tab. 4).
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