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Abstract—Decay estimates for the electronic den-

sity in equations of Schrödinger type as the Helmholtz

problem are derived. For radially-symmetric solu-

tions, these decay estimates are improved and made

quantitative. Decay results of the elastic field are also

recalled. The analytic results are applied to imple-

ment a coarsening strategy to numerically solve the

Kohn-Sham problem of quantum mechanics for multi-

millions of atoms. In the framework of Γ-convergence,

minimizers of the Rayleigh quotient in the weighted

L
2-topology are studied and monotonicity results for

the perturbed and the unperturbed eigenvalue prob-

lem are established. In one-dimensional case-studies

typical properties of the solutions are investigated and

non-exponential decay in 1D is demonstrated.
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1 Introduction

In fundamental work by Thomas and Fermi, [22], [7], it
was discovered that the electronic structure of solids in
their ground states can be formulated solely in terms of
their electron density ρ. This was the foundation of the
celebrated Density-Functional Theory (DFT), introduced
by Hohenberg and Kohn, [12], [17]. Based on work by
Kohn and Sham, [16], the ground state energy in the
presence of an external potential v can be obtained by
minimizing the energy

E(ρ) = FH(ρ) + FXC(ρ) + Fs(ρ) +

∫

Ω

v(x)ρ(x) dx.

In this expression, FH(ρ) describes the electrostatic or
Hartree energy between electrons, given as the convolu-
tion integral

FH(ρ) :=
1

2

∫

Ω

∫

Ω

ρ(x)ρ(y)

‖x − y‖
dxdy,
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FXC(ρ) describes the exchange and correlation energy, of-
ten stated within the local density approximation (LDA),
[17], [16]. Finally, Fs is the kinetic energy of a system of
non-interacting electrons with density ρ. If N denotes
the number of electrons in the system, the exact compu-
tation of the Kohn-Sham kinetic energy requires the com-
putation of N non-interacting electron orbitals, which
amounts to solving a system of N coupled Schrödinger
equations. To be consistent with the ideas of the Thomas-
Fermi ansatz, it is advantageous to represent the kinetic
energy solely as a functional of ρ. Several such approx-
imations have been proposed in what is called now the
Orbital-Free Density Functional Theory (OFDFT). One
prominent example is the Thomas-Fermi-von Weizäcker-
formulation, [26],

Fs(ρ) =
1

8

∫

Ω

|∇ρ(x)|2

ρ(x)
dx+CTF

∫

Ω

ρ(x)5/3 dx+FWT (ρ),

with the Thomas-Fermi constant CTF = 0.3(2π2)1/3 and
the Wang and Teter correction [25],

FWT (ρ) = −
32

25
CTF

∫

Ω

ρ(x)5/3

+0.8CTF

∫

Ω

ρ(x)5/6KWT (x) ∗ ρ(x)5/6 dx,

where KWT is the Wang-Teter convolution kernel.

In [9], a real-space formulation was derived to solve the
orbital-free formulation of quantum mechanics for non-
periodic structures. In [10], the quasi-continuum method
was applied to solve these equations for millions of atoms.
The algorithm is based on a coarse-graining strategy of
the numerical mesh away from the local defect. OFDFT
yields good results for simple metals, but fails already for
covalent bonds. Therefore, in this article we are inter-
ested in a numerical solution strategy for the Kohn-Sham
problem that works as efficiently as the one documented
in [10] for the OFDFT case.

To this end we derive analytic estimates of the decay rate
of perturbations to the electron density ρ caused by local
defects. These are used later to estimate the numerical
error when cutting the long tail of the perturbations to
the wave functions caused by the local defects.



The Kohn-Sham problem amounts to solving the eigen-
value problem

[
−

h

2m
△ + Vion(r) + VH(r) + VXC

]
ψi(r) = εiψi(r),

where ψi is the i-th wave function of electronic state i
and εi is the eigenvalue (energy state) of the system.

This article is organized as follows. In Section 2 we formu-
late the Helmholtz problem that will serve us as a model
problem. In Section 3 we recall the class of functions
Kd and summarize some well-established theorems on
the eigenfunctions and the eigenvalues of the Helmholtz
problem. In Section 4 we derive the exponential decay
of perturbations of eigenfunctions for Ω = R

3, also for
the periodic case. In the subsequent section 5 we dis-
cuss the radially symmetric case where Ω is a ball around
0. By introducing spherical coordinates, we simplify to a
system of ordinary differential equations. This is studied
explicitly for V (r) = r−1 and V (r) = r−2 which are the
two relevant limiting cases of physical significance.

In Section 6 the minimizers of the Rayleigh functional
are investigated in the framework of Γ-convergence and
the weighted L2(Ω)-norm. Section 7 summarizes some
known decay results about the elastic field which are also
essential for the numerics. In Section 8, the numerical
coarse-graining strategy for the Kohn-Sham problem is
presented. We end with practical numerical examples
that demonstrate that the decay of the integral kernel is
necessary for the decay of perturbations to the eigenfunc-
tions.

2 Statement of the problem

If Ω ⊂ R
d is a bounded domain, we are interested in the

behavior of eigenvalues and eigenfunctions of the problem

[−△ + Vε(x)]uε(x) = λεuε(x) in Ω, (1)

uε(x) = 0 on ∂Ω. (2)

The term Vε(x) represents a potential with small support
(depending on ε) that originates from a localized point
defect. In the case that Ω is unbounded, one is tempted
to replace (2) by

lim
‖x‖→∞

uε(x) = 0. (3)

Below we will show that in many cases the condition (3)
is automatically satisfied by the solution and need not be
imposed.

As Hε := −△+Vε is symmetric, any eigenvalue λε in (1)
is real. We assume that Vε is well-behaved such that the
operator Hε has a spectrum of the form

σ(Hε) = σc(Hε) ∪ σp(Hε).

Here, σc(Hε) is the continuous spectrum. For bounded
domains Ω we have σc(Hε) = ∅, for Ω = R

3 it holds

σc(Hε) = [0,∞]. We are interested in the point spectrum
σp(Hε) = {λε

j | j ∈ N} of the operator Hε located be-
low σc(Hε). The eigenfunctions corresponding to λε

j will
be denoted by uε

j . The fact that σp(Hε) consists of the
negative eigenvalues is shown in [6] by a monotonicity
argument comparing to the eigenvalues in the unit ball
similar to the proof of Theorem 13 below.

3 The Rayleigh functional and funda-
mental properties of the eigenfunctions

Definition 1 A measurable function V : R
d → R is said

to lie in Kd if

(a) for d ≥ 3

lim
α→0

[

sup
x∈Rd

∫

|x−y|≤α

|x − y|−(d−2)|V (y)| dy
]

= 0;

(b) for d = 2

lim
α→0

[

sup
x∈Rd

∫

|x−y|≤α

ln(|x − y|−1)|V (y)| dy
]

= 0;

(c) for d = 1

sup
x∈Rd

∫

|x−y|≤1

|V (y)| dy < ∞.

We say that V ∈ Kd
loc if V

|BR(0)
∈ Kd for all R > 0.

The following is helpful to decide if a potential lies in Kd.
For a proof see [3].

Lemma 1 (Characterization of Kd) (i) If d1 ≤ d2,
then Kd1 ⊂ Kd2 .

(ii) Let

Lp
unif :=

{

v
∣
∣
∣ sup

x∈Rd

∫

|x−y|≤1

|v(y)|p dy < ∞
}

.

Then Lp
unif ⊂ Kd if p > d

2 (for d ≥ 2) or if p = 2 (for
d = 1).

Lemma 1 ensures by immediate inspection that the radial
symmetric potentials V (r) = |r|−l lie in K3 for l < 2.

The first theorem is a sub-solution estimate. For a proof
see [11], [3], [19].
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Theorem 1 Let Vε ∈ Kd
loc and let uε be a solution to

(1) in the sense of distributions, i.e.

〈−△ϕ, uε〉+ 〈(Vε − λε)ϕ, uε〉 = 0 for all ϕ ∈ C∞
0 (Ω).

Then the following is true.

(i) The function uε has a continuous representative in Ω.

(ii) For x ∈ Ω and Br(x) ⊂⊂ Ω there is a constant c =
c(Ω, r, ‖V ε‖Kd) with

|uε(x)| ≤ c

∫

|x−y|≤r

|uε(y)| dy. (4)

Above, we denoted by 〈·, ·〉 the duality pairing

〈ϕ,ψ〉 :=

∫

Ω

ϕ(x)ψ(x) dx.

Theorem 1 is helpful to obtain pointwise properties from
average estimates on uε. If uε ∈ L2(Ω), then by (4) we
find that uε(x) satisfies (3).

Theorem 2 (Harnack inequality) Let Vε ∈ Kd
loc and

uε be a non-negative function that fulfills Hε(u) = λεuε

in the sense of distributions. Then for any compact set
M ⊂ Ω there exists a constant 0 < c < ∞ with c =
c(Ω,M, Vε) such that

c−1 ≤
uε(x)

uε(y)
≤ c for all x, y ∈ M. (5)

For a proof of Theorem 2, see, e.g., [11], [3], [19], [24].
The inequality (5) states in particular that uε ≥ 0 in Ω
implies uε > 0.

Let Hm(Ω) denote the Sobolev space of m-times weakly
differentiable functions in L2(Ω) and Hm

0 (Ω) be the clo-
sure with respect to ‖ · ‖Hm(Ω) of the infinitely often dif-
ferentiable functions in Ω with compact support. For
u ∈ H1

0 (Ω) we introduce the Rayleigh quotient

Fε(u) :=

∫

Ω
|∇u(x)|2 dx

∫

Ω
u(x)2 dx

︸ ︷︷ ︸

=:F0(u)

+

∫

Ω
Vε(x)u(x)2 dx
∫

Ω
u(x)2 dx

. (6)

The Euler-Lagrange equation to (6) shows that minimiz-
ers uε ∈ H1

0 (Ω) of Fε solve (1), (2).

Subsequently we collect basic properties of the minimiza-
tion problem (6) and its minimizers.

For given ε > 0 the existence of a minimizer in (6) follows
from the following theorem which is a consequence of the
Banach-Alaoglu compactness theorem in H1(Ω) and the
Rellich-Kondrakov theorem. For a proof see for instance
[27].

Theorem 3 Let (uε,k)k∈N ⊂ H1
0 (Ω) be a sequence such

that ‖∇uε,k‖L2 is bounded uniformly in k. Then there
exists a function uε ∈ H1

0 (Ω) such that for a subsequence
uε,kl

→ uε in L2(Ω) and ∇uε,kl
⇀ ∇uε in L2(Ω) as

l → ∞.

From Theorem 3 we directly conclude that

λε
1 := min

uε∈H1
0
(Ω)

Fε(u
ε) (7)

exists and is the smallest eigenvalue to (1), (2). A mini-
mizer uε

1 := uε that does not vanish completely is a first
eigenfunction.

If uε is a minimizer in (7), so is |uε|, and by Theorem 2
it follows that |uε| > 0. By continuity, (Theorem 1),
either uε > 0 or uε < 0 in Ω. Therefore, the smallest
eigenfunction does not change signs.

There are continuous functions in the Sobolev space
H1

0 (Ω) that are unbounded. The following theorem is
thus of importance if the domain Ω is not regular or if Vε

does not fulfill the requirements of Theorem 1.

Theorem 4 Let Ω be a bounded domain and assume
V (·) ≥ 0. Then the eigenfunctions uε

j are bounded,

sup
x∈Ω

|uε
j(x)| < ∞.

Proof The proof uses a very interesting technique based
on [15], Lemma 5.1.

For simplicity of notation, we set in this proof u := uε
j ,

λ := λε
j , V := Vε, and assume that u is positive in some

subset of Ω with non-zero measure. For k ≥ 0 we plug in
max{u(x)− k, 0} as a test function in the weak formula-
tion of (1), (2) to find

∫

Ak

(|∇u|2 + V u(u − k)) dx = λ

∫

Ak

u(u − k) dx, (8)

where
Ak := {x ∈ Ω |u(x) > k}.

It holds k|Ak| ≤ ‖u‖L1 and |Ak| → 0 as k → ∞. When
we apply the Poincaré-Sobolev inequality to each compo-
nent of Ak we get

∫

Ak

(u − k)2 dx ≤ |Ak|
2
n

∫

Ak

|∇u|2 dx. (9)

The combination of (8) and (9) yields
∫

Ak

(u − k)2 dx + |Ak|
2
n

∫

Ak

V u(u − k) dx

≤ λ|Ak|
2
n

∫

Ak

u(u − k) dx.
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For the integral on the right hand side we observe
∫

Ak

u(u− k) dx ≤ 2

∫

Ak

(u− k)2 dx + 2k

∫

Ak

(u− k) dx, (10)

which is an easy consequence of the elementary inequality
u ≤ 2(u − k) + 2k which holds on Ak. We arrive at
[

1 − 2λ|Ak|
2
n

] ∫

Ak

(u−k)2 dx + |Ak|
2
n

∫

Ak

V u(u−k) dx

≤ 2kλ|Ak|
2
n

∫

Ak

(u − k) dx.

The second integral on the left is non-negative. For k ≥
k0 := 2λ

n
2 ‖u‖L1 , the term in brackets [1− 2λ|Ak|

2
n ] ≥ 1

2 .
From the Hölder inequality we also infer





∫

Ak

(u − k) dx





2

≤ |Ak|

∫

Ak

(u − k)2 dx.

After cancellation of
∫

Ak

(u − k) dx we thus conclude

∫

Ak

(u − k) dx ≤ 4kλ |Ak|
1+ 2

n . (11)

Estimate (11) is the crucial estimate and we can now
apply Lemma 5.1 in [15]. In fact, introducing

f(k) :=

∫

Ak

(u − k) dx =

∞∫

k

|At| dt,

it holds f ′(k) = −|Ak| and consequently we can write
(11) as

f(k) ≤ 4kλ[−f ′(k)]1+
2
n (12)

whenever k ≥ k0. If f is non-negative in the interval
[k0, k], the integration of (12) leads to

k
2

n+2 ≤ k
2

n+2

0 + (4λ)
2

n+2

[

f(k0)
2

n+2 − f(k)
2

n+2

]

.

Since f(k0) ≤ f(0) = ‖u‖L1 and f(k) ≥ 0 on the right
hand side, this bounds k and therefore f(k) is zero for
large k. The precise estimate is

f(k) = 0 for k ≥ 41+nλ
n
2 ‖u‖L1 ,

especially ess supΩ u is bounded by the right hand side of
this estimate.

For the estimate of ess inf u, we can repeat the above
discussion for −u. ¤

Theorem 5 (Higher regularity of eigenfunctions)
Assume that Vε ∈ Cm(Rd) ∩ L2(Rd) for some m ≥ 0.
Then any eigenfunction uε

j of (1) fulfills

uε
j ∈ Cm+2(Rd) ∩ L2(Rd).

The proof of Theorem 5 follows directly from standard
elliptic regularity theory and the Sobolev embedding the-
orem.

4 Decay of eigenfunctions and decay of
local perturbations in R

3

One possibility to derive decay properties of the eigen-
functions in the L2 setting is the use of the Agmon met-
ric. The following statements are introduced and proved
in [2].

For a given smooth curve γ introduce the length

Lε
j(γ) :=

1∫

0

(V ε(γ(t)) − λε
j)

1/2
+ ‖γ̇‖ dt,

where ‖ · ‖ is the Euclidean norm in R
d and (z)+ :=

max(z, 0).

The Agmon metric is given by

ρε
j(x, y) := inf

γ∈Px,y

Lε
j(γ),

where

Px,y := {γ ∈ AC([0, 1]; Rd) | γ(0) = x, γ(1) = y}

and AC denotes the space of absolutely continuous func-
tions.

The following integral decay is shown in [2].

Theorem 6 For V ε real and continuous, let Hε :=
−△+V ε be a closed operator bounded below with σ(Hε) ⊂
R. Suppose λε

j is an eigenvalue of Hε and that supp(λε
j −

V ε(x))+ is a compact subset of R
d. Let ψ ∈ L2(Rd) be

an eigenfunction of Hε such that Hεψ = λε
jψ. Then, for

any δ > 0, there exists a positive constant Cδ such that
∫

Rd

exp(2(1 − δ)ρε
j(x))|ψ(x)|2 dx ≤ Cδ,

where ρε
j(x) := ρε

j(x, 0).

We note that with the regularity of the eigenfunctions we
can use this integral decay to obtain pointwise bounds.
Proceeding as in the proof of Theorem 4 we can obtain
the estimate

max
x∈B1/2(x0)

|uε
j(x)| ≤ C3‖u

ε
j‖L1(B1/2(x0))

for a constant C3 independent of x0. This follows
by choosing the test function max{u(x) − k, 0}|B1/2(x0),
where we now have Ak = {x ∈ B1/2(x0) |u(x) > k}. So
it also holds

max
x∈B1/2(x0)

|uε
j(x)| ≤ C3‖u

ε
j‖L2(B1(x0)).
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So we may compute

max
x∈B1/2(x0)

|uε
j(x)ex|

≤ C3

[

max
x∈B1(x0)

ex
][

max
y∈B1(x0)

e−y
]

‖uε
j exp(·)‖L2(B1(x0))

≤ C4.

We have shown

|uε
j(x0)| ≤ Ce−x0 .

As x0 was arbitrary, the eigenfunction satisfies a point-
wise exponential bound. The Agmon metric is in partic-
ular a useful tool to derive anisotropic estimates.

Next we show how one can derive the exponential decay
of uε

j in R
3 in a more direct and very natural way using

decay properties of the Green’s function. For the subse-
quent theorem it is convenient to make the assumption

|Vε(x)| ≤ q(‖x‖), for x ∈ R
3 \ {0} (13)

uniformly in ε > 0, and q is a non-negative square-
integrable function that fulfills for a positive constant c0

the growth conditions

lim
r→∞

q(r) = 0, (14)

lim
r→0

(rq(r)) ≤ c0. (15)

Theorem 7 Let Vε ∈ K3
loc fulfill (13)-(15) and let uε

j be

a solution to (1) for Ω = R
3 in the sense of distributions.

Then, for any 0 < αj < |λε
j |

1/2, there exists a constant

0 < c1(αj) < ∞ such that for all x ∈ R
3

|uε
j(x)| ≤ c1(αj) exp(−αj‖x‖). (16)

Proof The proof exploits the decay properties of the
Green’s function. The same construction fails for space
dimensions d < 3.

The key observation is that the eigenfunctions uε
j fulfill

the integral identity

uε
j(x) =

∫

R3

exp(−|λε
j |

1/2‖x − y‖)

4π‖x − y‖
Vε(y)uε

j(y) dy. (17)

[

With the abbreviation

I(y) :=

∫

R3

exp(−|λε
j |

1/2‖x−y‖)

‖x−y‖
△ϕ(x) dx

it holds

−4π[△uε
j ](ϕ) = −4π

∫

R3

uε
j(x)△ϕ(x) dx

= −

∫

R3

Vε(y)uε
j(y)I(y) dy

and

I(y) =

∫

R3

exp(−|λε
j |

1/2‖x‖)

‖x‖
△ϕ(x + y) dx

=

∫

R3

[

△
(exp(−|λε

j |
1/2‖x‖)

‖x‖

)

+div(N )
]

ϕ(x+y) dx

=

∫

R3

[−λε
j exp(−|λε

j |
1/2‖x‖)

‖x‖

+exp(−|λε
j |

1/2‖x‖)△
( 1

‖x‖

)]

ϕ(x+y) dx.

Here we used the symbol

N := exp
(
− |λε

j |
1/2‖x‖

)
∇(‖x‖−1)

−|λε
j |

1/2
exp(−|λε

j |
1/2‖x‖)

‖x‖
.

As Ω = R
3 is unbounded we get

∫

R3 div(N ) = 0.

Using

∫

R3

exp(−|λε
j |

1/2‖x‖)△
( 1

‖x‖

)
ϕ(x + y) dx

= 4π[δy](ϕ) = 4π ϕ(y)

this implies

−4π[△uε
j ](ϕ) = 4πλε

j [u
ε
j ](ϕ)−4π

∫

R3

ϕ(y)Vε(y)uε
j(y) dy.

]

With (13), the identity (17) yields

|uε
j(x)| ≤

∫

R3

exp(−|λε
j |

1/2‖x − y‖)

4π‖x − y‖
q(‖y‖)|uε

j(y)| dy.

(18)

For 0 < αj < |λε
j |

1
2 we introduce the functions

p(x) := sup
y∈R3

{
|uε

j(y)| exp(−αj‖x − y‖)
}
,

Gαj
(x) :=

∫

R3

exp(−(|λε
j |

1/2 − αj)‖x − y‖)

4π‖x − y‖
q(‖y‖) dy.

The function Gαj
is continuous and rotationally invari-

ant. From (18) we infer

|uε
j(x)| ≤ Gαj

(x)p(x). (19)

We next show that

lim
‖x‖→∞

Gαj
(x) = 0. (20)

To this end, for a parameter s > 0, consider Gαj
sepa-

rately on the two domains

I1(s) := {y ∈ R
3 | ‖x − y‖ < s},

I2(s) := {y ∈ R
3 | ‖x − y‖ > s}.
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Introducing polar coordinates and exploiting (15) we find
for Gαj

(x) on I1(s)

∫

Bs(x)

exp(−(|λε
j |

1/2−αj)‖x−y‖)

4π‖x−y‖
q(‖y‖) dy

≤
C

‖x‖

s∫

0

r2 exp(−(|λε
j |

1/2−αj)r)

4πr
q(r) dr

≤
C

‖x‖

s∫

0

r exp(−(|λε
j |

1/2−αj)r)q(r) dr

≤ C(c0)s
2‖x‖−1.

On I2(s) we find by direct estimates

∫

I2

exp(−(|λε
j |

1/2−αj)‖x−y‖)

4π‖x−y‖
q(‖y‖) dy

<
1

4πs

∫

I2

exp(−(|λε
j |

1/2−αj)‖x−y‖)q(‖y‖) dy

≤
C

s

∫

I2

exp(−(|λε
j |

1/2 − αj)‖z‖) dz

≤
C

s

∫

R3

exp(−(|λε
j |

1/2 − αj)‖z‖) dz,

where in the second line of this estimate (14) was used.

Choosing s := ‖x‖1/4 we get that both estimates for
Gαj

(x) on I1(s) and on I2(s) tend to 0 as ‖x‖ → ∞
which implies (20).

Theorem 1 states that uε
j is continuous and decays point-

wise to 0 as ‖x‖ → ∞. Together with (20) it follows that
for a sufficiently large 0 < R < ∞ we have that

Gαj
(x) < 1 for all x ∈ R

3 \ BR(0)

and that p attains its supremum in BR(0), i.e.

p(x) = max
y∈BR(0)

{
|uε

j(y)| exp(−αj‖x − y‖)
}
. (21)

From the boundedness of uε
j in BR(0) and from (21) we

obtain now directly for a positive constant c2 = c2(R,αj)

p(x) ≤ c2 exp(−αj‖x‖) for all x ∈ R
3.

The last estimate in combination with (19) and the
boundedness of Gαj

proves the theorem. ¤

Let u0
j denote the j-th eigenfunction to (1), (3) on the

whole space with V ≡ 0.

Theorem 8 (Exp. decay of perturbations,Ω=R
3)

Additional to the assumptions of Theorem 7 assume

that Hε is a self-adjoint operator. Then it holds for
sufficiently large x

|uε
j(x) − u0

j (x)| ≤ C exp(−γj‖x‖)

for constants C > 0 and 0 < γj < |λε
j |

1/2.

Proof For u0
j we use the explicit representation in [23],

p.78f. For Ω = R
k, Im(

√

λ0
j ) > 0 and r = ‖x‖ this is

u0
j (r) = r1− k

2 CkjH
(1)
k
2
−1

(
r
√

λ0
j

)
, (22)

where

Ckj := i2−
k
2
−1π1−

λ0
j
2 (λ0

j )
k
4
− 1

2

and H
(1)
n (x) := Jn(x)+iYn(x) is the first Hankel function

(and Jn and Yn are Bessel functions). The solution given
by (22) decays for large ‖x‖ like exp(−|λ0

j |
1/2‖x‖) since

for z ∈ C with ‖z‖ sufficiently large

H(1)
n (z) ∼

√

2

π‖z‖
ei(z−π

4
−nπ

2 ), (23)

evaluated at the imaginary z := r|λ0
j |

1/2i for large r.

In Theorem 7 we have already found that uε
j for ε > 0

decays exponentially in R
3. With (23) this proves the

theorem. ¤

4.1 The case Ω = R
3 with periodic potential

Now we consider potentials with periodic contributions,
again in Ω = R

3. We consider the problem

[−△ + Vε(x) + V#(x)]uε
j(x) = λε

ju
ε
j(x) in R

3. (24)

In (24), by V# we denote a periodic potential (usually
with

∫

R3 V#(y) dy = 0) that we assume to be bounded
almost everywhere. We can state the following modifica-
tion of Theorem 8.

Theorem 9 (Decay in R
3 with periodic potential)

Let Vε ∈ K3
loc fulfill the assumptions (13)-(15) and as-

sume that V# ∈ L∞(R3) is a periodic potential. Let uε
j

be an eigenfunction to problem (24) with corresponding
eigenvalue λε

j and 0 < αj < |λε
j |

1/2. Then there exists a
constant c2 = c2(αj) < ∞ such that for sufficiently large
x

|uε
j(x)| ≤ c2(αj) exp(−αj‖x‖). (25)

Furthermore, for sufficiently large x, a constant C > 0
and any 0 < γj < |λε

j |
1/2 it holds

|uε
j(x) − u0

j (x)| ≤ C exp(−γj‖x‖). (26)
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Proof: As in Theorem 7 we have for any 0 < αj < |λε
j |

1/2

|uε
j(x)| ≤

[
G1,αj

(x) + G2,αj
(x)

]
p(x) (27)

with

p(x) := sup
y∈R3

{

exp(−αj‖x−y‖)|uε
j(y)|

}

,

G1,αj
(x) :=

∫

R3

exp(−(|λε
j |

1/2−αj)‖x−y‖)

4π‖x−y‖
q(‖y‖) dy,

G2,αj
(x) :=

∣
∣
∣
∣
∣

∫

R3

exp(−(|λε
j |

1/2−αj)‖x−y‖)

4π‖x−y‖
V#(y) dy

∣
∣
∣
∣
∣
.

The functionals G1,αj
and G2,αj

are continuous and ro-
tationally invariant.

Based on the assumptions (13)-(15) we can show exactly
as in Theorem 7 that

lim
‖x‖→∞

G1,αj
(x) = 0. (28)

From V#∈L∞(R3) we infer for a non-negative constant c

lim
‖x‖→∞

G2,αj
(x) ≤ c.

In combination with (28), this implies the boundedness
of G1,αj

+ G2,αj
in R

3.

Lemma 1, (ii) shows that V# ∈ K3
loc, thus Theorem 1

applies, yielding the continuity of uε
j and the pointwise

convergence uε
j(x) → 0 as ‖x‖ → ∞.

So we find again for some large enough R > 0

p(x) = sup
y∈BR(0)

{

|uε
j(y)| exp(−αj‖x − y‖)

}

.

With the continuity of uε
j , this results directly in

p(x) ≤ c3 exp(−αj‖x‖)

for a constant c3 > 0. This proves (25).

Inequality (26) follows since (25) holds also if Vε ≡ 0 and,
by assumption, u0

j 6≡ 0. This confirms the exponential

decay of u0
j . ¤

5 The local decay of perturbations in a
bounded, spherical domain

We study (1), (2) by introducing spherical polar coor-
dinates (r, ϕ, θ) in R

3. We assume that V is radially
symmetric, V (x) = V (r), r = ‖x‖2, and study the decay
properties of perturbations of the solution in Ω = BR(0)
for given R > 0.

The separation ansatz

u(r, ϕ, θ) = u1(r)u2(ϕ)u3(θ) (29)

for the n-th eigenfunction leads to the equation

1

r2u1(r)

d

dr

(
r2u′

1(r)
)

+
1

r2u2(ϕ) sin2 θ
u′′

2(ϕ)

+
1

r2u3(θ) sin θ

d

dθ

(
sin θ u′

3(θ)
)
− V (r) = −λj ,

and λj is the j-th eigenvalue as before.

We multiply with r2 sin2 θ and resolve with respect to
u′′

2(ϕ) to find

1

u2(ϕ)
u′′

2(ϕ)

= r2 sin2 θ
[

− λj + V (r) −
1

r2u1(r)

d

dr

(
r2u′

1(r)
)

−
1

r2 sin θ u3(θ)

d

dθ

(
sin θ u′

3(θ)
)]

.

The left hand side is a function of ϕ only, the right hand
side is a function of r and θ only. Choosing −L2 as inte-
gration constant, we therefore have

1

u2(ϕ)
u′′

2(ϕ) = −L2, (30)

1

r2u1(r)

d

dr

(
r2u′

1(r)
)
+

1

r2u3(θ) sin θ

d

dθ

(
sin θ u′

3(θ)
)

−
L2

r2 sin2 θ
− V (r) = −λj . (31)

Multiplication with r2 and rearrangement leads to

1

u1(r)

d

dr

(
r2u′

1(r)
)

+ r2(λj − V (r))

= −
1

sin θ u3(θ)

d

dθ

(
sin θ u′

3(θ)
)

+
L2

sin2 θ
. (32)

The separation of (32) yields for a constant b

1

sin θ

d

dθ

(
sin θ u′

3(θ)
)
+

(

b−
L2

sin2 θ

)

u3(θ) = 0, (33)

1

r2

d

dr

(
r2u′

1(r)
)
+

(
λj−V (r)

)
u1(r)−

b

r2
u1(r) = 0. (34)

So we have converted the partial differential equation into
the three ordinary differential equations (30), (33) and
(34).

For certain V (r) the solutions to (34) can be expressed
by Bessel functions, (33) is Legendre’s equation. Once
the solutions u1, u2, u3 have been calculated, the most
general solution based on (29) is of the form

um(r, ϕ, θ) =
∑

m

u1,m(r)u2(ϕ)u3,m(θ), (35)
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where u1,m(R) = 0 in order to fulfill the boundary con-
dition (2).

With the substitution u3,m(θ) = v3,m(ξ) and ξ = cos(θ)
we obtain

(1 − ξ)2
d2

dξ2
v3,m(ξ) − 2ξ

d

dξ
v3,m(ξ)

+
[

m(m + 1) −
L2

1 − ξ2

]

v3,m(ξ) = 0.

The solutions are given by the associated Legendre poly-
nomials

v3,m(ξ) ≡ PL
m(ξ) = (1 − ξ2)L/2 dL

dξL
Pm(ξ),

where

Pm(ξ) =
1

2mm!

dm

dξm

[

(ξ2 − 1)m
]

is the Legendre polynomial of order m.

The remaining key step is the solution of (34). We discuss
different solutions depending on the choice of V .

5.1 Decay of the radial solution, V (r) = r−1

In (34) it holds b = m(m + 1). This originates from the
solution of the Legendre equation (33). With V (r) = r−1

we therefore have to solve

r2ũ′′
1(r) + 2rũ′

1(r) + [λjr
2 − r − m(m + 1)]ũ1(r) = 0.

The substitution ũ1(r) = rmv(r) leads to the equation

rv′′(r) + 2(m + 1)v′(r) + [λjr − 1]v(r) = 0. (36)

The unperturbed case V (r) = 0 is analogously repre-
sented by

rw′′(r) + 2(m + 1)w′(r) + λjr w(r) = 0, (37)

where u1(r) := rmw(r) solves (34) with V (r) = 0.

With the parameters

αm = m + 1, βm = 2(m + 1), ̺j = −2
√

−λjr ≤ 0

the solution to (37) is given by

w(r) = exp
(√

−λjr
)
Φ

(
αm, βm, ̺j), (38)

where Φ(α, β, ̺) solves the degenerate hypergeometric
equation

̺Φ′′(̺) + (β − ̺)Φ′(̺) − αΦ(̺) = 0. (39)

A particular solution is given by the Kummer series rep-
resentation

Φ(α, β, ̺) = 1 +
∞∑

l=1

(α)l

(β)ll!
̺l (40)

with (α)l := α(α + 1) · . . . · (α + l − 1) = Γ(α + l)/Γ(α)
and the general solution to (39) can be constructed with
this ansatz (40).

The equations (36) and (37) only differ by one factor, i.e.
(λjr− 1) instead of λjr, so we expect the solutions to be
very similar. In fact, proceeding as before, we can verify
that the solution to (36) is

v(r) = exp
(√

−λjr
)
Φ

(
αm − µj , βm, ̺j),

with

µj :=
1

2
√

−λj

> 0

and the other parameters αm = m + 1, βm = 2(m + 1),
̺j = −2

√
−λjr are unchanged.

For the difference ũ1(r)− u1(r) of the perturbed and the
unperturbed solution we compute, summing over all m ∈
N as explained in (35)

|ũ1(r)−u1(r)| =

∞∑

m=1

rm exp
(√

−λjr
)

×
∣
∣Φ(αm−µj , βm, ̺j)−Φ(αm, βm, ̺j)

∣
∣.

Using the representation (40) we find

∞∑

m=1

rm
∣
∣Φ(αm − µj , βm, ̺j) − Φ(αm, βm, ̺j)

∣
∣

=

∞∑

m=1

rm
∞∑

k=1

|(m + 1 − µj)k − (m + 1)k|

(2m + 2)k

̺k
j

k!

=
∞∑

k=1

∞∑

m=1

rm
∣
∣
∣
Γ(m+1−µj +k)

Γ(m+1−µj)
−

Γ(m+1+k)

Γ(m+1)

∣
∣
∣

×
Γ(2m+2)

Γ(2m+2+k)

̺k
j

k!

<

∞∑

k=1

∞∑

m=1

rm
∣
∣
∣
Γ(m+1−µj +k) − Γ(m+1+k)

Γ(m+1−µj)

∣
∣
∣

×
Γ(2m+2)

Γ(2m+2+k)

̺k
j

k!
.

We can show directly that
∞∑

m=1

rm
∣
∣
∣
Γ(m + 1 − µj + k) − Γ(m + 1 + k)

Γ(m + 1 − µj)

∣
∣
∣

×
Γ(2m + 2)

Γ(2m + 2 + k)
≤ C (41)

uniformly in k ≥ 1. Estimate (41) holds since for fixed k

lim
m→∞

rm Γ(m + 1 − µj + k) − Γ(m + 1 + k)

Γ(m + 1 − µj)
= 0.

So we may conclude

|ũ1(r) − u1(r)| ≤
∞∑

m=1

rm exp(
√

−λjr)

×
∣
∣Φ(αm−µj , βm, ̺j)−Φ(αm, βm, ̺j)

∣
∣

≤ C exp(
√

−λjr + ̺j) = C exp(−
√

−λjr).
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Actually, in Estimate (41) we do not exploit that µj → 0
as j → ∞. Consequently, the estimate could be sharp-
ened for large j.

We summarize the result in the following theorem.

Theorem 10 (Decay of perturbed uj, V(r) = r−1)
Let ũj be an eigenvector to (1), (2) with V (r) = r−1

and j-th eigenvalue λj in Ω = BR(0) that permits the
separation ansatz (29). Let uj be the corresponding
eigenvector to the unperturbed problem with V (r) = 0,
also satisfying (29).

Then, for the positive constants

Cj = sup
ϕ∈[0,2π]

|u2(ϕ)| sup
m∈N

sup
θ∈[0,π]

|u3,m(θ)|

×max
k≥1

{ ∞∑

m=1

∣
∣
∣
Γ(m+1−µj +k)−Γ(m+1+k)

Γ(m + 1 − µj)

∣
∣
∣

×
Γ(2m + 2)

Γ(2m + 2 + k)
Rm

}

,

it holds

|ũj(r) − uj(r)| ≤ Cj exp(−|λj |
1/2r). (42)

Remark 1 (i) Estimate (42) extends the analysis of
Theorem 8 to the case of a bounded spherical domain and
V (r) = r−1 without additional constraints on the radial
distance r away from the defect at 0.

(ii) The unperturbed radial solution u1(r) has itself expo-
nential decay. This can be read off the Kummer series
representation for u1 noting αm < βm. The argument is
made precise in the proof of Theorem 11 below.

(iii) The calculations to Theorem 10 asssumed for sim-
plicity that λ̃j = λj, ie. that the eigenvalues of the per-
turbed and the unperturbed systems are identical. The
general case can be optained from that computation since
both u1(r) and ũ1(r) decay exponentially away from 0. In
addition, |λj − λ̃j | can be estimated by Theorem 13 below.

5.2 Radial solution for V (r) = cr0

The methods of the previous subsection also allow to in-
vestigate the case V (r) = c for a constant c > 0. Equal-
ity (34) with V (r) = c becomes

r2û′′
1(r) + 2rû′

1 + [(λj − c)r2 − b]û1(r) = 0.

After the substitution û1(r) = rmŵ(r) we are led to the
ordinary differential equation

rŵ′′(r) + 2(m + 1)ŵ′(r) + (λj − c)rŵ(r) = 0. (43)

The solution to (43) is

ŵ(r) = exp(
√

c − λjr)Φ(m + 1, 2(m + 1),−2
√

c − λjr).

We compare the solution û1(r) to the solution u1(r) of
the unperturbed system with V (r) = 0 given by (38). Let
αm := m + 1, βm := 2(m + 1) as in the previous section.
We estimate

|u1(r)−û1(r)| ≤
∞∑

m=1

rm[exp(
√

c−λjr) − exp(
√

−λjr)]

×Φ(αm, βm,−2
√

c−λjr)

+

∞∑

m=1

rm exp(
√

−λjr)

×
∣
∣Φ(αm, βm,−2

√

c−λjr)−Φ(αm, βm,−2
√

−λjr)
∣
∣.

(44)

For estimating the second sum in (44), we observe similar
to (41)

∞∑

m=1

rm|Φ(αm, βm,−2
√

c−λjr)−Φ(αm, βm,−2
√

−λjr)|

=

∞∑

k=1

∞∑

m=1

rm Γ(m + 1 + k)Γ(2m + 2)

Γ(m + 1)Γ(2m + 2 + k)

×
[−2

√
c − λjr]

k − [2
√

−λjr]
k

k!

≤ Ĉj

[
exp(−2

√

c − λjr) − exp(−2
√

−λjr)
]

for a suitable constant Ĉj specified below similar to the
estimate (41). Thus, the second sum in (44) is estimated
by

Ĉj exp(−
√

c − λjr).

Analogously we find

∞∑

m=1

rm|Φ(αm, βm,−2
√

c−λjr)| < Ĉj exp
(
− 2

√

c−λjr
)

and the first sum in (44) is estimated by

Ĉj exp
(
−

√

c−λjr
)
.

So we have shown

Theorem 11 (Decay of perturbed uj for V(r)=c)
Let ûj be an eigenvector to (1), (2) with V (r) = c and
j-th eigenvalue λj in Ω = BR(0) that permits the
separation ansatz (29). Let uj be the corresponding
eigenvector to the unperturbed problem with V (r) = 0,
also satisfying (29).

Then, for the positive constants

Ĉj = sup
ϕ∈[0,2π]

|u2(ϕ)| sup
m∈N

sup
θ∈[0,π]

|u3,m(θ)|

×max
k≥1

{ ∞∑

m=1

Γ(m+1+k)Γ(2m + 2)

Γ(m + 1)Γ(2m + 2 + k)
Rm

}

it holds

|ûj(r) − uj(r)| ≤ 2Ĉj exp(−
√

c − λjr). (45)
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5.3 Radial solution for V (r) = r−2

The relevant cases for applications include

A

rα
≤ V (r) <

B

rβ

with positive constants A and B and 0 ≤ β ≤ α < 2.
Therefore, the choice V (r) = r−2 made here is unphysi-
cal and only interesting as a limiting situation. In addi-
tion, V (r) = r−2 does not satisfy the assumption (15) of
Theorem 7 and Theorem 8.

Starting from (34) we arrive at

r2 ˜̃u′′
1(r) + 2r ˜̃u′

1(r) + [λjr
2 − 1 − m(m + 1)]˜̃u1(r) = 0.

This ordinary differential equation is well-studied.

With ν =
√

m(m + 1) + 5/4 the general solutions are
given by

˜̃u1(r) = r−1/2
[

C1Jν(
√

λjr) + C2Yν(
√

λjr)
]

(46)

for arbitrary constants C1, C2.

But, in this case, the solution ˜̃u1 becomes complex and
the analysis breaks down.

6 Γ-limit of the Rayleigh functional

For α > 0 we introduce the weighted L2-norm

‖u‖L2
α

:=

∫

Ω

(1 + |x|)αu(x)2 dx

and

L2
α(Ω) := {u ∈ L2(Ω) | ‖u‖L2

α
< ∞}.

The family of functionals (Fε)ε>0 defined on L2
α(Ω) with

values in R ∪ {∞} is said to Γ-converge for ε ց 0 to F0

for a chosen argument u ∈ L2
α(Ω), if the following two

conditions are met:

(i) Let (uε)ε>0 ⊂ L2
α(Ω) be an arbitrary sequence with

limεց0 ‖uε − u‖L2
α

= 0. Then

F0(u) ≤ lim inf
εց0

Fε(uε).

(ii) There exists a sequence (uε)ε>0 ⊂ L2
α(Ω) such that

‖uε − u‖L2
α

= 0 and

F (u) ≥ lim sup
εց0

Fε(uε).

The convergence ‖uε − u‖L2
α
→ 0 implies for α ≥ 2 the

convergence of the areas.

The subsequent Theorem is the main theorem of Γ-
convergence. For a proof see for instance [5].

Theorem 12 ( Minimum property of the Γ-limit)
Suppose that uε is a minimizer of Fε in L2

α(Ω) and
uε → u0 in L2

α(Ω) as ε ց 0. If Fε additionally Γ-
converges for fixed u0 ∈ L2

α(Ω) to F0 as ε ց 0, then u0

is a minimizer of F0 and

lim
εց0

Fε(u
ε) = F0(u

0).

To demonstrate the strength of the Γ-convergence tech-
nique, we study the limit behavior of localized potentials
in three dimensions that satisfy the assumptions

|supp Vε| = Cε, (47)

‖Vεu‖L2 ≤ q‖∇u‖L2 (48)

for some q > 0 and small ε > 0.

We recall the definition (6) of the Rayleigh quotient.
From this definition and (47) we get that (Fε)ε>0 is a
monotonically decreasing sequence. Therefore we get di-
rectly Γ − limεց0 Fε = F0. In connection with Theo-
rem 12 this tells us that the family of eigenfunctions
(uε

1)ε>0 to the smallest eigenvalue λε
1 converges uniformly

to the eigenfunction u0
1 of the linear eigenvalue problem,

i.e. to (1), (2) with V ≡ 0.

For the analysis of the eigenvalues λε
j for j > 1, we require

for the rest of this section that Fε is even, that is Fε(u) =
Fε(−u) for every u ∈ H1

0 (Ω).

The estimate of the eigenvalues λε
j , j ≥ 2 requires an

additional tool, the Krasnoselskii genus. Subsequently
we shortly introduce this concept, but refer to [21] and
[4] for a more complete presentation.

We call a set S ⊂ H1
0 (Ω) symmetric with respect to the

origin if v ∈ S implies −v ∈ S. The Krasnoselskii genus
γ(S) is defined as the smallest number j ∈ N such that
there exists a continuous odd mapping Φ : S → R

j \ {0}.
If no such mapping Φ exists, we set γ(S) := +∞. In
particular, if 0 ∈ S, then γ(S) = +∞, as Φ(0) = 0 for any
odd mapping Φ. If Φ exists, then it holds Φ(v) = −Φ(−v)
for any v ∈ S.

Let Sj denote the collection of all subsets S ∈ H1
0 (Ω),

symmetric with respect to the origin, such that γ(S) ≥ j
and the set {v ∈ S | ‖v‖L2 = 1} is compact.

As shown in [21], the Palais-Smale theory yields that

λε
j := inf

S∈Sj

max
u∈S

Fε(u) (49)

is a critical value of Fε. From the Euler-Lagrange equa-
tion it follows as before that λε

j is an eigenvalue of (1),
(2).

Due to the monotonicity of Fε the Γ-limit of Fε can be
easily computed as before, now restricted to the set Sj .
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We summarize the results in the following

Theorem 13 Let Fε be an even functional. Suppose that
Vε satisfies (47), (48). Then it holds for every j ∈ N:

(i) The eigenfunction uε
j minimizes the Rayleigh quotient

among all functions in Sj ⊂ H1
0 (Ω). A minimizer to the

first eigenfunction does not change sign.

(ii) The family of eigenvalues (λε
j)ε>0 of (1), (2) con-

verges for ε ց 0 to the eigenvalue λ0
j of the linear eigen-

value problem.

(iii) The eigenvector uε
j to the eigenvalue λε

j is a mini-

mizer of Fε in Sj ⊂ H1
0 (Ω) and converges in the strong

topology of L2
α(Ω) to the eigenvector u0

j of the linear
eigenvalue problem.

(iv) λε
j ≥ λ0

j , λε
j ≤ λ0

j + qε.

Remark 2 By the 2. Poincaré inequality (or by Hardy’s
inequality), Condition (48) is satisfied for V (r) = 1/r,
since for any v ∈ C∞

0 (Ω)

∥
∥
∥

v(·)

| · |

∥
∥
∥

L2
≤ 2‖∇v‖L2 .

Proof (i)-(iii) have been shown above.

(iv) Fix j ∈ N and let S ∈ Sj , u ∈ S. With (49) the
estimate Fε ≥ F0 yields directly λε

j ≥ λ0
j . The estimate

λε
j ≤ λ0

j + qε follows from (49) with the decomposition

Fε(u) = F0(u) +

∫

Ω
Vε(x)u2(x) dx
∫

Ω
u2(x) dx

and the assumptions (47), (48). ¤

7 Decay estimates for the elastic field

We shortly summarize some results about the decay es-
timates of the elastic field. This is needed later for the
numerical implementation. The results are taken from
the review articles [13], [14].

Theorem 14 Let R be a cylinder in R
3 of length l > 0

whose cross section is bounded. Let u ∈ C2(R) be the
solution of the elasticity problem

div(∇u) = 0 in R,

subject to the boundary conditions

∂

∂x1
u(0, x2) = f(x2),

∂

∂x1
u(l, x2) = 0,

Then it holds for a constants K, M0, and µ1 > 0

|u(x1, x2, x3)| ≤ KM0 exp(−µ1x3), 0 ≤ x3 ≤ l,

where the x3-coordinate runs parallel to the generators
of the cylinder. The constant µ1 can be determined by
solving an eigenvalue problem and it holds µ1l ≫ 1.

8 A coarsening strategy for the numeri-
cal solution of the Kohn-Sham problem
with millions of atoms

In [20], a non-periodic finite element formulation of the
Kohn-Sham problem of quantum mechanics was formu-
lated. In [10], an orbital-free formulation was solved
numerically for millions of atoms, relying on a coarse-
graining strategy of the numerical mesh away from the
local defects. In case of the Kohn-Sham problem, this
objective is non-trivial, since the wave functions must be
computed which is non-trivial. Based on the estimates
found in the preceding parts of this article, we subse-
quently derive and present a coarse-graining strategy for
the Kohn-Sham problem which works as efficiently as in
[10]. [. . . ]

9 Decay of perturbations in a bounded
one-dimensional interval

Theorem 7 shows exponential decay for eigenfunctions to
problem (1), (3) in R

3. Its proof fails for space dimen-
sions smaller than 3 as then the Green’s function does
not have suitable decay properties. A natural question is
whether this is a shortcoming of the mathematical proof
or whether the decay properties in these space dimen-
sions are actually not good enough. In this subsection
we answer this question for d = 1.

For given L > 0, we solve (1), (2) numerically, sub-
dividing the domain Ω = (0, L) ⊂ R equidistantly
with discretization points xi = ih, 1 ≤ i ≤ N for

small h > 0. The second derivative d2

dx2 ψ is resolved
with a central difference quotient. The eigenvalues and
eigenfunctions of the resulting discrete system are com-
puted with the Linear Algebra PACKage LAPACK, see
www.netlib.org/lapack/.

For V (x) ≡ 0, the solutions are given by the Bloch waves

ψl(x) = sin(π ∗ l ∗ x/L), l ∈ N.

In our numerical studies, we set L = 10.

For the first test we choose

V (x) = V1(x) := M1XB(x)

with M1 := 256 and B := B0.1(5). Figure 1 shows the
first 16 eigenfunctions for h = 1/64000 and V (truncated,
as M1 is too large).

First we notice that in accordance to Theorem 2, the
smallest two eigenfunctions do not change sign. Next
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Figure 1: Eigenfunctions in 1-d for V = V1

we observe that the eigenfunctions are approximately 0
in B ⊂ Ω where V1 is large. This perfectly agrees with
Theorem 13, as any eigenfunction u is a minimizer of
the Rayleigh quotient. Notice also that the zeros of the
eigenfunctions near B are not exactly on ∂B, as the term
∫

Ω
|∇u|2 contributes to the Rayleigh quotient.

As B is located exactly at the center of Ω, the problem of
Figure 1 is symmetric and this symmetry is reflected in
the eigenfunctions, revealing pairs of uj with only the sign
changed. This is a frequently encountered case in quan-
tum mechanics. Figure 2 displays what happens when we
shift B to the left.
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Figure 2: Eigenfunctions in 1-d for shifted potential V1

Finally, the following Figure 3 documents the effect of M
on the eigenfunctions. We set M := 320 and observe as
explained above only a moderate effect on the eigenfunc-
tions. Also, in Figure 3 we increased the resolution to
h = 1/80000 to improve the quality of the output.

Most importantly, all the computed results show that
there is no exponential decay of the eigenfunctions away
from the defect around B. This makes clear that the
statements of Theorem 7 cannot be generalized to R

1.
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Figure 3: Influence of M on the eigenfunctions
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