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Summary. We derive a general theory for elastic phase transitions in solids subject
to diffusion under possibly large deformations. After stating the physical model, we
derive an existence result for measure-valued solutions that relies on a new approx-
imation result for cylinder functions in infinite settings.

1 Introduction

The general idea of the present work is to derive a satisfying mathematical
theory of phase transitions in single-crystals where the elastic properties of the
material are described by nonlinear laws, see [Ogd97], [Hol00]. This generalises
common existing models with linear stress-strain laws, starting with pioneer-
ing works by Khattchaturyan, [Kha83], and makes the model applicable to a
somewhat broader class of materials.

Beside prescribing the elastic behaviour of the material, the other funda-
mental assumption is that all occuring phase transitions are reconstitutive,
i.e. that there are no plastic deformations of the crystal.

For the proof of existence of solutions to our new model, the experiences
with the Stefan problem, [Vis96] and [LS95], were found to be very valuable.
But as it turns out, due to the nonlinear aspects of elasticity, a formulation
within the framework of Sobolev functions is not general enough. This leads in
a natural way to the formulation of the solution as Young measures presented
in Sect. 4.1.

Historically, there is a variety of approaches to phase transitions in solids
and it is not possible to give here a comprehensive overview. Instead, we refer
the interested reader to the monographs and survey articles [Vis96, WS*93,
Mül98, BS96, SR86] and [GHM01]. After these classifying comments we give
now a general survey of this article.
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We consider the elastic theory of single crystals at constant temperature
where the free energy density depends on the local concentration of one or
more species of particles in such a way that for a given local concentration
vector certain lattice geometries (phases) are preferred.

The local concentration of the molecules may change due to diffusion. The
time scales typical of diffusion and of elastic deformation are usually signif-
icantly different and in good approximation it is admissible to assume that
the deformation adjusts infinitely fast to the local situation. In the developed
model there is surface energy contributing to the free energy of the crystal and
the model allows for m different coexisting macroscopic phases. We will as-
sume that the crystal does not possess interstitials and that the time-evolution
of the boundary of the domain is known.

After deriving the physical model with the above properties we will discuss
the existence of solutions to this model by means of an implicit time discreti-
sation and will show that in the limit of vanishing time step the time-discrete
solutions converge in the sense of Young measures on suitable Banach spaces
with separable dual. To achieve this goal, we will derive a general approxima-
tion result for cylinder functions in the infinite setting. Finally we can proof
an energy inequality for the limit solution.

2 Model and implicit time discretisation

In this section we present our model. In the first subsection the mathematical
equations are derived whereas the second subsection presents a reasonable
solution strategy. This section is only heuristic and shall make the reader
familiar with the general ideas. A deep mathematical treatment is done later.

2.1 Derivation of the model

To describe the physical phenomenon presented in the introduction, we make
use of non-equilibrium thermodynamics, see [dGM84], [KP98], and of contin-
uum mechanics, see [Gur81], [Cia88]. We neglect the atomistic structure of
the crystal and disregard possible effects of the microstructure. The model is
based upon the following basic considerations: The diffusion is caused by the
gradients of the chemical potentials. The diffusive flux causes a local change of
the free energy of the crystal. The free energy shall depend on particle density,
elasticity of the crystal and phase parameter only with a term representing
the surface energy of the boundary layers.

In good approximation we can assume that the system is in mechanical
equilibrium. For the analytical treatment, we will assume in this work that
deformation and phase parameters are global minimisers of the free energy
with respect to the present particle densities.

At starting time t = 0 the crystal is described by a non-empty, bounded
Lipschitz domain Ω ⊂ R3. Let R+ := [0,∞[. The evolution of Ω is given by a
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family of C2-diffeomorphisms {Ψt : R3 → R3 : t ∈ R+} with

Ψ0(x) = x for all x ∈ Ω, (2.1)(
R+ × R3  (t, x) �→ Ψt(x) ∈ R3

)
∈ C2(R+ × R3,R3), (2.2)(

R+ × R3  (t, x) �→ Ψ−1
t (x) ∈ R3

)
∈ C2(R+ × R3,R3). (2.3)

The domain occupied by the crystal at time t ≥ 0 is denoted by Ωt := Ψt(Ω).
The mechanical deformation is given by a family of mappings {Φt : R+ ×

Ω → Ωt : t ∈ R+} that satisfy for all t ∈ R+ and for all x ∈ Ω

Φ0(x) = x, (2.4)
Φt ∈ W1,3+δ(Ω,R3) and Φ−1

t ∈ W1,3+δ(Ωt,R
3) exists, (2.5)

det∇Φt > 0 a.e. in Ω. (2.6)

Here, δ > 0 can be arbitrary. The conditions (2.5) and (2.6) ensure that
Φt are deformations. The condition δ > 0 guarantees the integrability of the
functional determinant and therefore that the volume is finite. Condition (2.4)
reflects the fact that the initial state is undeformed.

The space- and time-dependent particle densities of the n ∈ N different
species of molecules are described by ρi : R+ × R3 → R, i = 1, . . . , n. The
following natural conditions are postulated for t ∈ R+ and 1 ≤ i ≤ n:

ρi(t) ∈ L1(Ωt), (2.7)
ρi(t) ≥ 0 a.e. in Ωt, (2.8)∫
Ωt

ρi(t, x) dx =
∫
Ω

ρ0i(x) dx > 0, (2.9)

n∑
i=1

ρi(t) ◦ Φt det∇Φt ≤ 1 a.e. in Ω. (2.10)

The functions ρ0i are given initial values with

ρ0i ∈ L1(Ω), 0 <
∫
Ω

ρ0i(x) dx, 0 ≤ ρ0i a.e. in Ω, (2.11)

n∑
i=1

ρi ≤ 1 a.e. in Ω,
∫
Ω

n∑
i=1

ρ0i(x) dx < |Ω|. (2.12)

Equation (2.9) ensures the conservation of mass, (2.10) is due to the fact
that the crystal does not possess interstitials and that the number of lattice
positions in a volume element is a uniform constant. We assume (2.12)2 with
strict inequality as we assume a non-vanishing vacancy density.

Let m ∈ N denote the number of different possible phases. The phases are
described by a family of phase vectors

{
χt := (χjt)

m
j=1 : Ωt → R : t ∈ R+

}
,
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where the initial value χ0 is given. Here, χjt(x) determines whether the mate-
rial point x at time t ∈ R+ is in phase j, 1 ≤ j ≤ m, i.e. χjt are characteristic
functions. As any point in the crystal belongs to exactly one phase, the func-
tions χjt fulfil for any 1 ≤ j ≤ m and t ∈ R+

χjt(1− χjt) = 0, (2.13)
m∑
j=1

χjt = 1, (2.14)

χjt ∈ BV( Ωt ). (2.15)

With (2.14) we may write the surface energy between phase i and j at time t
as

St : L1(Ωt)× L1(Ωt) → R̄+ := R+ ∪ {+∞},

(p1, p2) �→

⎧⎨⎩
1
2

∫
Ωt

(|∇p1|+ |∇p2| − |∇(p1 + p2)|) , if
∫
Ωt

|∇pi| <∞, i = 1, 2,

∞, otherwise.
(2.16)

Assuming further that the densities of the surface energy ςij on the interface
between phase i and phase j are positive constants with ςij = ςji, the surface
energy F s

t (χt) at time t ∈ R+ can be introduced by

F s
t : L1 (Ωt,R

m) → R+, p = (pk)mk=1 �→
m∑
i=1

m∑
j=1

σijSt(pi, pj) (2.17)

with σij := ςij

2 , 1 ≤ i, j ≤ m. Additionally we postulate for 1 ≤ i, j, k ≤ m

σij = σji, (2.18)
(i �= j and k /∈ {i, j}) ⇒ σij ≤ σik + σkj . (2.19)

So, energetically it is not favourable to add a third phase between two other
existing phases.

We assume that the volume density of phase j depends on the particle
concentrations and the gradients of the deformations. It is given by a mea-
surable function (see p.9 in [Bau92]) fj : Rn ×M3 → R̄+, Mk := M(k × k,R),
k ∈ N.

Let for t ∈ R+

Bt := L1 (Ωt,R
n)×W1,3+δ

(
Ωt,R

3
)
× L1 (Ωt,R

m) , (2.20)
Deft := {(r, d, p) ∈ Bt : det∇d �= 0 a.e. in Ωt}, (2.21)
F v
t : Def t → R̄ := R ∪ {−∞,+∞},

(r, d, p = (pk)mk=1) �→
m∑
j=1

∫
Ωt

pj(x)fj
(
r(x), (∇d)−1(x)

)
dx.(2.22)
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By (2.22) the volumetric free energy F v
t

(
ρt, Φ

−1
t , χt

)
of the crystal at time

t ∈ R+ is introduced. For the total free energy of the system at time t ∈ R+

we write Ft(ρ(t), Φ−1
t , χt) with

Ft : Deft → R̄, (r, d, p) �→ F v
t (r, d, p) + F s

t (p). (2.23)

For the subsequent formal derivation we assume that all functions are suffi-
ciently smooth. We extend the density vector ρ(t) by 0 to a function on the
whole of Rn. We use the notation ∂v := (∂vl)

k
l=1, where ∂ is an arbitrary

differential operator.
The evolution in time of the particle densities is described by the continuity

equation

∂tρ(t) = −divFt in Ωt, (2.24)

where Ft := (Fit)
n
i=1, and Fit is the particle flux of species i, 1 ≤ i ≤ n, at

time t ∈ R+. In our case, Fit consists of two components, the diffusive flux
J̃it , and the mechanical flux Mit .

We write

Ft = −Jt +Mt,
(
Jt := (−J̃it)ni=1,Mt := (Mit)

n
i=1

)
, t ∈ R+. (2.25)

For the mechanical flux we easily find

Mit = ρi(t)∂tΦt ◦ Φ−1
t in Ωt, t ∈ R+, 1 ≤ i ≤ n. (2.26)

We introduce the notations ρ(t)∂tΦt ◦ Φ−1
t :=

(
ρi(t)∂tΦt ◦ Φ−1

t

)n
i=1

and write
(2.24) as

∂tρ(t) = div
(
Jt − ρ(t)∂tΦt ◦ Φ−1

t

)
in Ωt, t ∈ R+, (2.27)

or equivalently

∂t (ρ(t) ◦ Φtdet∇Φt) = divJt ◦ Φtdet∇Φt in Ω, t ∈ R+. (2.28)

At fixed constant temperature the diffusive fluxes are caused by the neg-
ative gradients of the chemical potentials which are the thermodynamic
forces, [KK93], [dGM84]. According to Onsager’s postulate, [KY87], [Ons31a],
[Ons31b], [dGM84], every thermodynamic flux is a linear combination of the
thermodynamic forces. So we set

Jit =
n∑

k=1

Lik∇µkt in Ωt, 1 ≤ i ≤ n, t ∈ R+, (2.29)

or Jt = L∇µt in Ωt, (µt = (µkt)
n
k=1) , t ∈ R+ (2.30)

with a symmetric and positive definite matrix L := (Lik)
n
i,k=1 and the chem-

ical potential µi of species i, where the symmetry and positive definiteness of
L comes from Onsager’s reciprocity relation, [Ons31a], [Ons31b], [dGM84].
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According to the definition of the chemical potential one has in Ωt for any
t ∈ R+ and i = 1, . . . , n

µit =
m∑
j=1

χjt∂rifj
(
ρ(t),∇Φt ◦ Φ−1

t

)
=

m∑
j=1

χjt∂rifj(ρ(t), (∇Φ−1
t )−1). (2.31)

Now we formulate the aforementioned minimality condition on the free energy.
Considering the time-evolution of the deformation of a representative volume
element and keeping in mind that the number of particles only changes due
to diffusion, we find for two possible deformations Φ1

t , Φ
2
t the relation

ρ1(t) ◦ Φ1
tdet∇Φ1

t = ρ2(t) ◦ Φ2
tdet∇Φ2

t in Ω, (2.32)

where ρ1(t), ρ2(t) are the densities corresponding to Φ1
t , Φ

2
t . So the minimality

condition for any t ∈ R+ reads

Ft
(
ρ(t), Φ−1

t , χt
)

= min
Φ̃∈Dt,χ̃∈Pt

Ft

(
ρ̂(t) ◦ Φ̃−1 det∇Φ̃−1, Φ̃−1, χ̃

)
, (2.33)

with

Dt :=
{
Φ∈Wδ : Φ̃(Ω)=Ωt, ∃Φ−1∈Wδ

t , det∇Φ > 0 a.e. in Ω
}
, (2.34)

Pt :=

⎧⎨⎩χ∈BV :
m∑
j=1

χj =1, χj(1− χj)=0, j = 1, . . . ,m

⎫⎬⎭ , (2.35)

ρ̂(t) := ρ(t) ◦ Φtdet∇Φt (2.36)

for t ∈ R+ and the setting BV := BV(Ωt,R
m), Wδ := W1,3+δ(Ω,R3), Wδ

t :=
W1,3+δ(Ωt,R

3).
To conclude, our model consists of the equations (2.4)–(2.6), (2.7)–(2.10),

(2.13)–(2.15), (2.27) or (2.28), (2.29) or (2.30), (2.31) and (2.33).

2.2 Solution strategy - implicit time discretisation

The objective is to solve the model equations. To this end we discretise the
equations implicitly in time. The ansatz is the same as in [Vis96], [Luc94],
[LS95].

The following argument is only heuristic. We exploit the minimality con-
dition on the free energy (2.33) and choose a suitable approximation of (2.28).

If we formally consider the time derivative of F = F (ρ, Φ, χ), we find
(omitting the dependence on t)

dtF = ∂ρF∂tρ+ ∂ΦF∂tΦ+ ∂χF∂tχ.

From (2.33) it follows ∂χF∂tχ = 0, ∂ρF∂Φρ+ ∂ΦF = 0. Consequently,
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dtF = ∂ρF (∂tρ− ∂Φρ∂tΦ). (2.37)

Now we compute ∂Φρ∂tΦ from (2.32) to obtain

∂Φρ∂tΦ = −ρTr(∇Φ−1∇∂tΦ ◦ Φ−1)− 〈∇ρ, ∂tΦ ◦ Φ−1〉 (2.38)
= −div(ρ∂tΦ ◦ Φ−1) = −divM, (2.39)

where Tr(A) :=
3∑

k=1

Akk is the trace of A ∈ M3. If we plug (2.27) and (2.39)

into (2.37) we find

dtF = ∂ρF (divJ − divM + divM) = ∂ρFdivJ.

Assuming that the surface terms do not depend on ρ, it follows, see [BB92]
p.58,

dtF (t) =
n∑
i=1

∫
Ωt

m∑
j=1

χjt(x)∂rifj
(
ρt(x),∇Φt ◦ Φ−1

t (x)
)
divJit(x) dx

=
n∑
i=1

∫
Ωt

µit(x)divJit(x) dx, t ∈ R+. (2.40)

Assuming further that the normal component of Ji,t vanishes on ∂Ωt, which

follows from (2.28) and (2.9), we get with the inner product 〈a, b〉 :=
3∑

k=1

akbk

in R3
n∑
i=1

µitdivJit =
n∑
i=1

div(µitJit)− 〈∇µit , Jit〉, t ∈ R+.

With the divergence theorem and (2.30) we find

dtF (t) = −
∫
Ωt

n∑
i=1

〈∇µit(x), Jit(x)〉 dx = −2Qt(Jt) = −2Q∗
t (∇µt) (2.41)

= −Qt(Jt)−Q∗
t (∇µt), (2.42)

where for t ∈ R+

Qt :
(
L2(Ωt,R

3)
)n → R, G �→ 1

2

∫
Ωt

(L−1G,G) dx, (2.43)

Q∗
t :

(
L2(Ωt,R

3)
)n → R, G �→ 1

2

∫
Ωt

(G,LG) dx. (2.44)

Here we introduced the symbol
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(·, ·) :
(
R3

)n → R, (a, b) �→
n∑

k=1

〈ak, bk〉. (2.45)

In (2.41) and (2.42), Q∗
t denotes the Fenchel conjugate to Qt. We call (2.42)

the Q−Q∗-formulation of the problem. In general, every system of equations
originating from non-equilibrium thermodynamics can be written in the form

dtF +Q+Q∗ +G+G∗ ≤ 0,

where Q and G are certain convex functionals and Q∗, G∗ are their convex
conjugates. Therefore, Eq. (2.41) can be written in the form∫

Ωt

〈∇rf(x), divJt(x)〉 dx + ∂JQt(Jt)(Jt) = 0, t ∈ R+, (2.46)

with 〈∇rf, divJt〉 :=
n∑
i=1

m∑
j=1

χjt∂rifj

(
ρt,

(
∇Φ−1

t

)−1
)

divJit .

Now we approximate (2.28) for given discrete step size h > 0 by

ρ(t+ h) = ρ̂(t) ◦ Φ−1
t+hdet∇Φ−1

t+h + hdivJt+h. (2.47)

We see that for known (ρ(t), Φt, χt), a minimiser (Φ, χ, J) of the functional

(Φ̃, χ̃, J̃) �→ Et+h(Φ̃, χ̃, J̃) := Ft+h

(
ρ̂(t) ◦ Φ̃−1det∇Φ̃−1, Φ̃−1, χ̃

)
+ hQt(J̃)

(2.48)
satisfies (2.46). Additionally, due to ρ := ρ̂(t) ◦ Φ̃−1det∇Φ̃−1 + hdivJ , every
minimiser fulfils the equation

0 = ∂JEt+h(Φ, χ, J)(δJ) = h

∫
Ωt+h

〈∇ρf(ρ,∇Φ, χ), divδJ〉 dx+ h∂JQ(J)(δJ)

= −h
∫

Ωt+h

(∇µ, δJ) dx + h

∫
Ωt+h

(L−1J, δJ) dx

and it holds J = L∇µ and (2.33) is fulfilled.
Motivated by these considerations we arrive at the following implicit time

discrete version of our original problem:
Let ρ(t), Φt, χt be the solutions of the problem at time t. Then ρ(t+ h),

Φt+h and χt+h are given by ρ(t+ h) := ρ̂(t) ◦ Φ̃−1det∇Φ̃−1 + hdivJ , Φt := Φ,
χt := χ, where (Φ, χ, J) is a minimiser of (2.48).

3 The time-discrete system

In this paragraph we show the existence of minimisers of (2.48) in a suitable
function space. To this end it is necessary to make (2.48) precise. We make
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further assumptions on the structure of f1, . . . , fm, which are motivated by
the direct method in the calculus of variations, see [BB92], [Dac89] and (2.6),
(2.10).

First we want to extend Deft on Bt (see (2.20), (2.21) ) and want to ensure
that the domain where Ft is finite is closed. The difficulty here is that in the
definition of Ft the inverse of the gradients of the deformations occur. The
following ansatz solves this problem, taking (2.6) and (2.10) into account.

For A ∈ M3 let

cofA :=

⎛⎝A22A33 −A23A32 A13A32 −A12A33 A12A23 −A22A23

A23A31 −A21A33 A11A33 −A13A31 A13A21 −A11A23

A21A32 −A22A32 A12A31 −A11A32 A11A22 −A12A21

⎞⎠ .

With this definition we have A cofA=(cofA)A=(detA)E3 :=(detA)(δkl)3k,l=1.
It is important to notice that for invertible A ∈ M3 it holds 1

detAcofA = A−1.
Therefore we make the following conditions on f1, . . . , fm:

There exist gj : Rn×M3×M3×R → R̄+ such that for all (r, A) ∈ Rn×M3

fj(r, A−1) = gj(r, A, cofA, detA), if detA �= 0. (3.1)

Furthermore we demand that for all (r, A,B, d) ∈ Rn ×M3 ×M3 × R

gj(r, A,B, d) ∈ R+ iff (r, A,B, d) ∈ Z, 1 ≤ j ≤ m, (3.2)

with the admissible set

Z :=

{
(r, A,B, d)∈Rn×M3×M3×R : d ≥ 0,

n∑
i=1

rid ≤ 1 and r ≥ 0

}
.(3.3)

Here, the condition r ≥ 0 for r ∈ Rn has to be understood componentwise.
As given in (3.1), gj denotes the argument of F v

t in the position of fj. Now
we define for t ∈ R+ with the abbreviation d := (∇d, cof∇d, det∇d), d ∈ Wδ

t ,

F v
t : Bt → R̄, (r, d, p) �→⎧⎨⎩

m∑
j=1

∫
Ωt

pj(x)gj(r(x),d(x))dx, if
m

sup
j=1

∫
Ωt

|pj(x)| gj(r(x),d(x)) dx <∞,

+∞, otherwise,
(3.4)

Ft : Bt → R̄, (r, d, p) �→ F s
t (p) + F v

t (r, d, p). (3.5)

Since Qt is defined on
(
L2(Ωt,R

3)
)n, it remains to define the divergence on

L2(Ωt,R
3). This is done in a way adapted to the equations such that the

conservation of mass (2.9) and the implication (2.40)⇒(2.41) holds.

divt : L2(Ωt,R
3) →W 1,−2(Ωt),

divtj(ξ) := −
∫
Ω̂

〈j,∇ξ〉 dx, ξ ∈ W 1,2(Ω̂,Rn). (3.6)
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In the following we write div instead of divt.

Remark.As is shown in [Anr06], for a lower semicontinuous convex function
g : Rn → R̄ that satisfies C1g(x) + C2 ≥ ‖x‖q for all x ∈ Rn and positive
constants C1, C2 and q > 1, one can define

∫
Ω
g(divJ) in a natural way by

setting ∫
Ω

g(divJ) = +∞, if divJ /∈ Lq(Ω,Rn).

Now we are in the position to formulate (2.48) appropriately. Let t ∈ R+,
h > 0, ρ(t) and Φt be given such that (2.4)–(2.6) and (2.7)–(2.10) are satisfied.
Then introduce

Et+h : Bt ×
(
L2(Ωt,R

3)
)n �→ R̄,

(d, p,G) �→ Ft+h(ρ̂(t) ◦ ddet∇d+ hdivG, d, p) + hQt(G). (3.7)

We call the variational problem Et+h → min the time-discrete system. The
existence of minimisers is ensured by the following theorem.

Theorem 3.1. Let t ∈ R+ and h > 0. In addition to the earlier assumptions,
let f1, . . . , fm be lower semicontinuous and convex, satisfying

cj1fj(r, A,B, d) + cj2 ≥ ‖A‖3+δ, (3.8)

cj3fj(r, A,B, d) + cj4 ≥
‖B‖3+δ

|d|2+δ
, (3.9)

cj5fj(r, A,B, d) + cj6 ≥ |d|1+ δ
3 (3.10)

for all (r, A,B, d) ∈ Rn ×M3 ×M3 × R with non-negative constants cjk, k =
1, . . . , 6. Then Et+h possesses a minimiser (Φ, χ, J) that fulfils (2.5), (2.6),
(2.7)–(2.10) and (2.13)–(2.15) with ρ := ρ̂(t) ◦ Φ̃−1det∇Φ̃−1 + hdivJ .

The proof of this theorem can be found in [Anr06].
Idea of proof: We use the direct method in the calculus of variations. First
we show the lower semicontinuity of the functionals in a suitable topology
(weak topology for J and Φ, strong topology for χ; a new proof for the
lower semicontinuity of F s

t with methods from elementary convex algebra is
given in [Anr04]). For a minimising sequence (Φk, χk, Jk)k∈N, Eq. (3.8) yields
the boundedness of ‖Φ−1

k ‖Wδ
t
, (3.9) gives the boundedness of ‖Φk‖Wδ , (3.10)

gives the boundedness of ‖ det∇Φ−1
k ‖

L1+ δ
3

which implies the boundedness of
‖divJk‖

L1+ δ
3
.

The norm ‖χk‖BV can be estimated by F s
t , see [Anr04], which guarantees

the compactness in L1, whereas the L2-norm of Jk is estimated by Qt.
Exploiting the differentiability properties of functions inWδ

t , see [GMS98],
and properties of the weak convergence in these spaces, see [Cia88], the exis-
tence of minimisers with the stated properties can be proved.
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Corollary 3.2. If for 1 ≤ i ≤ n, 1 ≤ j ≤ m the derivatives ∂rifj exist in
◦
Z

and if lim
k→∞

|∂rifj(rk, Ak, Bk, dk)| = +∞ for every sequence (rk, Ak, Bk, dk)k∈N

with lim
k→∞

(rk, Ak, Bk, dk) = (r, A,B, d) ∈ ∂Z, then for a minimiser of Thm. 3.1

it holds J = ∇µ with µi =
m∑
j=1

χj∂rifj(ρ,Φ), 1 ≤ i ≤ n.

The complete proof of this statement is given in [Anr06].
Idea of proof: Since the formal method presented at the end of Sect. 2.2
cannot be applied, we approximate fj by suitable smooth and convex functions
fkj from below and solve the corresponding variational problem Ek

t+h → min
for which we have Jk = ∇µk, µk = ∇rf

k(ρk,Φk) ∈ W1,2(Ωt).
Using convexity arguments and elementary measure-theoretic results one

can then show with the Poincaré inequality the existence of a subsequence
with Jkl → J , ∇µkl → ∇µ and ∇rf

kl(ρkl ,Φkl) → ∇rf(ρ,Φ) as l→∞.

4 The continuous system

According to Thm. 3.1 we can construct for given h > 0 a sequence of time-
discrete solutions. We discuss the limit h → 0 and show that the discrete
solutions converge in a sense that has yet to be specified to a solution of
the original problem. As we have at most weak convergence, due to the non-
linearity of Ft we cannot expect that the weak limit satisfies (2.33). Addi-
tionally, the equations do not provide a condition on Φt and χt in time. If we
consider the problem on a fixed given time interval [0, T ] for T > 0 and regard
ρ, Φ, χ, J, µ as mappings from [0, T ] to a certain topological space X , we notice
the analogy to Young measures that yield solutions to our problem in case X
is finite-dimensional (or locally compact), see [Eva91], [Mül04], [Ped99].

4.1 Formulation of the problem with Young measures

As the domain Ωt is time dependent, so is the function space Xt containing
ρ(t), Φt, χt, Jt, µt. The space X :=

⋃
t∈[0,T ]Xt has no ’nice’ topological prop-

erties. Therefore we consider the quantities ρ̂(t) := ρ(t) ◦ Φtdet∇Φt, Φ̂t :=
Ψ−1
t ◦Φt, χ̂t := χt ◦Ψt, Ĵt := Jt ◦Ψt, µ̂t := µt ◦Ψt on the reference domain Ω to

formulate the equations. So we transform with Φt respectively Ψt for t ∈ R+.
The corresponding time-discrete solutions exist according to Thm. 3.1 since
Φt possesses the transformation property, see [GMS98]. In the following, α̂ al-
ways denotes the transform of α. In analogy to the common weak formulation,
the measure-valued formulation reads:

Let X̂ := L2(Ω,Rn)×Wδ × L1+ 3
δ (Ω,Rm)×

(
L2(Ω,R3)

)n ×W1,2(Ω,Rn)
be equipped with the product topology of the weak topology in coordinates
2, 4, 5 and the strong topology in coordinates 1 and 3. We look for a mapping
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P : [0, T ] → R(X̂), t �→ Pt, whereR(X̂) is the space of signed Radon measures
over X̂ with Pt ≥ 0 and Pt(X̂) = 1 for almost all t ∈ [0, T ] such that (with
x̂ := (ρ̂, φ̂, χ̂, Ĵ , µ̂))

T∫
0

ϑ′(t)
∫
X̂

∫
Ω

ρ̂(y)ξ̂(y) dy dPt(x̂) dt

=

T∫
0

ϑ(t)
∫
X̂

∫
Ω

Ĵ(y)∇(ξ̂ ◦ Φ̂−1 ◦ Ψ−1
t ) ◦ Ψt(y)det∇Ψt(y) dy dPt(x̂) dt,(4.1)

T∫
0

ϑ(t)
∫
X̂

∫
Ω

ξ̂(y)L−1Ĵ(y)det∇Ψt(y) dy dPt(x̂) dt

= −
T∫

0

ϑ(t)
∫
X̂

∫
Ω

µ̂(y)div(ξ̂ ◦ Ψ−1
t ) ◦ Ψt(y)det∇Ψt(y) dy dPt(x̂) dt, (4.2)

T∫
0

ϑ(t)
∫
X̂

∫
Ω

µ̂(y)ξ̂(y)det∇Ψt(y) dy dPt(x̂) dt

=

T∫
0

ϑ(t)
∫
X̂

∫
Ω

m∑
j=1

χ̂j ◦ Φ̂(y)∂r f̂j
(
ρ̂(y), Φ̂(y)

)
ξ̂(y) dy dPt(x̂) dt (4.3)

for all ϑ ∈ C∞
0 ([0, T ]), ξ̂ ∈ C∞

0 (Ω̄,Rn) and

suppPt ⊂
{
(ρ̂, φ̂, χ̂, Ĵ , µ̂) ∈ X̂ : ρ̂ ∈ suppPt

∣∣
X̂1
,

F̂ (ρ̂, φ̂, χ̂) = min
(Φ̃,χ̃)∈X̂2×X̂3

F (ρ̂, Φ̃, χ̃)
}

(4.4)

for almost all t ∈ [0, T ]. Here, X̂l denotes the l-th component of X̂ , 1 ≤ l ≤ 5.
Furthermore, let the conditions analogous to (2.4)–(2.6), (2.7)–(2.10), (2.13)–
(2.15) be fulfilled for almost all t ∈ [0, T ] on suppPt.

4.2 Construction of the Young measures

The key to the proof of existence of measure-valued solutions to the continuous
problem is given by the following theorem.

Theorem 4.1. (Analogon to Young measures in the infinite setting)
Let IT := [0, T ] ⊂ R for T > 0 and λT be the Lebesgue measure on IT , (νi)i∈N
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be a sequence of positive Radon measures on IT with νi
∗→ λT for i→∞, let

X1, X2 be Banach spaces with separable X∗
1 , X∗

2 , define

(X, ‖ · ‖X) := (X1×X2, ‖ · ‖X1 +‖ · ‖X2), (X, τ) := (X1×X2, ‖ · ‖X1 ×wX2),

and (γi : [0, T ] → X)i∈N be a mapping.
If Kn

1 ⊂⊂ (X1, ‖ · ‖X1), Kn
2 ⊂⊂ (X2, wX2) and

νi (Mn
i := {t ∈ IT : γi(t) /∈ Kn

1 ×Kn
2 }) <

1
n

for i ∈ N, (4.5)

then there exists a subsequence (γik)k∈N and a mapping P : IT →R(X) with

Pt ≥ 0, Pt(X) = 1 for almost all t ∈ IT (4.6)

and (
[0, T ]  t �→

∫
X

f(t, x) dPt(x) ∈ R

)
∈ L∞([0, T ]), (4.7)

lim
k→∞

T∫
0

f(t, γik(t)) dνik (t) =

T∫
0

∫
X

f(t, x) dPt(x) dt (4.8)

for all f ∈ Cb([0, T ]×X).

Corollary 4.2. Additional to the assumptions of Thm. 4.1 let there exist a
q ≥ 0 such that for all i ∈ N

‖γi‖X ∈ L1(IT ) and
∫
Mn

i

‖γi‖qX dνi(t) <
1
n
. (4.9)

Let f : (IT ×X, | · | × τ) → R fulfil for a constant C > 0

f(t, x) ≤ C (1 + ‖x‖q) for all (t, x) ∈ IT ×X. (4.10)

Let f be bounded from below and let f be either lower semi-continuous or lower
semicontinuous with respect to the second argument and satisfy a uniform
continuity in time, i.e. for any n ∈ N and given ε > 0 there exists a δ(n, ε)
with |f(x, t)−f(x, t′)| < ε for |t− t′| < δ(n, ε), t, t′ ∈ IT and all x ∈ Kn

1 ×Kn
2 .

If one of these two conditions is met, it follows

f(t, ·) ∈ L1 (X,BX ,Pt) for almost all t ∈ IT , (4.11)⎛⎝[0, T ]  t �→
∫
X

f(t, x) dPt(x) dt ∈ R

⎞⎠ ∈ L1([0, T ]), (4.12)

lim inf
k→∞

T∫
0

f (t, γik(t)) dνik (t) ≥
T∫

0

∫
X

f(t, x) dPt(x) dt. (4.13)
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A continuous function f that is not necessarily bounded from below and sat-
isfies (4.10) fulfils

lim
k→∞

T∫
0

f (t, γik(t)) dνik(t) =

T∫
0

∫
X

f(t, x) dPt(x) dt. (4.14)

We remind that a cylinder function is defined as follows:

Definition 4.3. Let X be a topological vector space. A function f : X → R

is called a cylinder function on X if for some p ∈ N there exists a α ∈ X∗p

and a g ∈ Cb(Rp) such that f has the representation f = g ◦ α. The symbol
ZX denotes the set of all cylinder functions on X.

Corollary 4.4. From the assumptions of Thm. 4.1 it follows

Pt

(
X \

∞⋃
n=1

Kn
1 ×Kn

2

)
= 0 for almost all t ∈ IT . (4.15)

The longer, technical proofs of this statement can be found in [Anr06]. Crucial
is the following Lemma that is also proved in [Anr06].

Lemma 4.5. (Approximation Lemma.) Let X be a Banach space, f : X → R

be strongly continuous, g : X → R be weakly continuous, K ⊂ X strongly
compact and L ⊂ X weakly compact. Then for any ε > 0 there exist cylinder
functions Γε : X → R and Θε : X → R with

max
x∈K

|f(x) − Γε(x)| < ε and max
x∈L

|g(x)−Θε(x)| < ε.

In addition it holds max
x∈X

|Γε(x)| ≤ max
x∈K

|f(x)| and max
x∈X

|Θε(x)| ≤ max
x∈L

|g(x)|

Remark. The approximating cylinder functions can be chosen as elements of
a fixed countable set.

Idea of proof: The strategy to prove Thm. 4.1 is to first show the statements
in the finite-dimensional case using slicing theorems, [Ped04],, and then to
approximate with cylinder functions. Essentially, the extension to the infinite-
dimensional case is an application of Riesz’ representation theorem for positive
linear forms on the space of continuous functions on completely regular spaces.

The proofs of the corollaries rely on the fact that lower continuous func-
tions can be approximated on compact sets from below by continuous func-
tions, see [Anr06].

4.3 Measure valued solutions

In earlier sections we have established the mathematical tools needed to formu-
late the final theorem. The proof of the next theorem is contained in [Anr06].
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Theorem 4.6. The continuous system (2.4)-(2.6), (2.7)-(2.10), (2.13)-(2.15),
(2.27) or (2.28), (2.29) or (2.30), (2.31) and (2.33) possesses a solution in
the sense of Sect. 4.1 if the requirements of Thm. 3.1 and Corollary 3.2 are
met. There exists ρ̂ ∈ L2([0, T ] × Ω,Rn) with Pt = δρ̂(t) × P̃t for almost all
t ∈ [0, T ] and the following energy inequality holds:

E (τ2)− E (τ1) ≤ −
τ2∫

τ1

Q(t) + Q∗(t) dt for almost all τ1, τ2 ∈ [0, T ], (4.16)

where

E : [0, T ] → R, t �→
∫
X̂

F̂ (ρ̂, Φ̂, χ̂, t) dPt(x̂), (4.17)

Q : [0, T ] → R, t �→
∫
X̂

Q̂(Ĵ , t) dPt(x̂), (4.18)

Q∗ : [0, T ] → R, t �→
∫
X̂

Q̂∗(∇µ̂, t) dPt(x̂). (4.19)

Idea of proof: (All subsequences are labelled as the original sequence; we
use the abbreviation x̂ := (ρ̂, Φ̂, χ̂, Ĵ , µ̂).)

For i ∈ N let h(i) := T
2i . Then, according to Thm. 3.1 and Corollary 3.2,

we can construct recursively a finite sequence
(
x̂lh(i)

)2i

l=0
which solves the

time-discrete problem. Now we define x̂i for i ∈ N as the step function cor-
responding to the sequence which is continuous from left. One can show that(
γi := (ρ̂i, Φ̂i, χ̂i, Ĵi, µ̂i)

)
i∈N

satisfies the assumptions of Thm. 4.1. In the next

step one proves with the help of Kolmogoroff’s compactness criterium, see
[Wlo82], the existence of a subsequence with the property

For a given smooth Dirac sequence (φj)j∈N there exists for every j ∈ N a
ρ̂j ∈ L2([0, T ]×Ω,Rn) such that

lim
k→∞

T∫
0

∫
Ω

∣∣∣ρ̂ji (t, x)− ρ̂j(t, x)∣∣∣2 dx dt = 0.

Furthermore we need:

Lemma 4.7. Let X be a T3a-space, ν ∈ PM(X) with ν(X) = 1 and g ∈
C(X,X). If for every f ∈ Cb(X)

∫
X

f2(g(x)) dν(x) −

⎛⎝∫
X

f(g(x)) dν(x)

⎞⎠2

= 0, (4.20)

then there exists x0 ∈ X with g(x) = x0 for all x ∈ supp ν.
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Applying Thm. 4.1 and the above Lemma on the subsequence (γi)i∈N, we find
the existence of ρ̂ with Pt = δρ̂(t) × P̃t for almost all t ∈ [0, T ].

With the exception of (4.2) and (4.4), the remaining equations follow es-
sentially from Thm. 4.1 and the Corollaries 4.2 and 4.4.

For the proof of the minimality condition (4.4), we show with (4.1) that

E(t) = min
(Φ,χ)∈X̂2×X̂3

F̂ (t, ρ̂(t), Φ, χ) for t ∈ [0, T ].

The validity of (4.2) relies on the subgradient-inequality∫
X̂

∫
Ω

µ(ρ̃− ρ) dy dPt(x̂) ≤
∫
X̂

∫
Ω

f(ρ̃)− f(ρ) dy dPt(x̂),

where (4.4) is used.
The proof of the energy inequality is based on the following considerations.
Define for i ∈ N, 1 ≤ k ≤ 2i and t := kh(i)

J inf
ti := argmin

J∈L2(Ωt,R3)n

[Ft (ρi(t) + h(i)divJ, Φti , χti) + h(i)Qt(J)] ,

ρinf
i (t) := ρi(t) + hdivJ inf

ti

and the corresponding continuation for t �= kh(i). Then it holds

h(i)µinf
ji

divJ inf
i = µinf

ji

(
ρinf
i − ρi

)
≥ fj

(
ρinf
i ,Φi

)
− fj (ρi,Φi)

and (Young’s inequality)

Qt

(
J inf
ti

)
+Q∗

t

(
∇µinf

ti , t
)

=
∫
Ωt

〈
J inf
ti ,∇µ

inf
ti

〉
dx

= −
m∑
j=1

∫
Ωt

χjti
µinf
jti

divJ inf
ti dx

for i ∈ N, 1 ≤ j ≤ m, t ∈ [0, T ] and x ∈ Ωt. This yields

Ft
(
ρinf
i (t), Φti , χti

)
− F (ρi(t), Φti , χti)

≤ −h(i)
[
Qt

(
J inf
ti

)
+Q∗

t

(
∇µinf

ti

)]
which can be rewritten as

Ft
(
ρinf
i (t), Φti , χti

)
+ h(i)Qt

(
J inf
ti

)
≤ Ft (ρi(t), Φti , χti)− h(i)Q∗

t

(
∇µinf

ti

)
.

Therefore, due to
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Ft+h(i)

(
ρi(t+ h(i)), Φ(t+h(i))i

, χ(t+h(i))i

)
+ h(i)Qt+h(i)

(
J(t+h(i))i

)
≤ Ft

(
ρinf
i (t), Φti , χti

)
+ h(i)Qt

(
J inf
ti

)
,

we obtain the estimate

Ft+h(i)

(
ρi(t+ h(i)), Φ(t+h(i))i

, χ(t+h(i))i

)
− Ft

(
ρinf
i (t), Φti , χti

)
≤ −h(i)

[
Qt+h(i)

(
J(t+h(i))i

)
+Q∗

t

(
∇µinf

ti

)]
. (4.21)

Next, the inequality (4.21) is rewritten in terms of F̂ , Q̂, Q̂inf . Then we con-
sider the two sequences(
γ1
i := (ρ̂i, Φ̂i, χ̂i, Ĵi, µ̂i, µ̂infi)

)
i∈N

and
(
γ2
i := (ρ̂infi , Φ̂i, χ̂i, Ĵi, µ̂i, µ̂infi)

)
i∈N

and show that they generate the same measure P̆t = δρ̂(t) × P̄t for almost all
t ∈ [0, T ]. From (4.21) it follows (4.16) with the corresponding Q∗

inf . Estimating
the subgradient inequality we can finally show Q∗

inf = Q∗.
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